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PTER 6
ations of Integration

6.1 Area of a Region Between Two Curves

0 — (52 — 6x)] dx = —r&’ -~ 6x) dx
0
[(2 + 8 — (x* + 2x + l)]dx=J1 {(—x2+ 4) dx
s -2
[i—1% + 2+ 3) —(x2—4x+3)]dx=r(-2x’+ﬁx)dx
[1]

(x?— ) dx

I'l!'-r"-x)dx=6fl(x3—x)dx or —GJ. (x’—x)c{x
Pitr— 12— (x - 1)]dx
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i
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Section 6.1  Area of a Rezion Between Two

13. The points of intersection are given by;
2 —4x=0
x(x—4)=0 when x=0,4

4
A= J' [s(s) - £)] dx
0

] “'.E'...x
- [e- e
- _[%S_zx:]: i
_z
3

15. The points of intersection are given by:
P+ ua+1=3c+3
(x—2)x+1)=0 when x=-1,2

n J' [e(e) — £0)] dx

=-f= [(3x + 3) — (x® + 2 + 1)] dx

17. The points of intersection are given by:
x=2—-xand x=0 and 2—x=0

x=1. x=0 x=2

A=L1[(2—y)—(y)]dy=[2y-y’];=1

Note that if we intsgrate with respect to x, we need two
integrals. Also, note that the region is a triangle.

14. The points of intersection are given by:
3I-%-x2=0
(3+x(1-x)=0 when x=-3,1

A=r [F&) — z(:)) dx
-1

=.r (3 —2x—aYdx
-3

l j
= [Sx - x? = %]_ 3,0/

—4 -l -]
-2 [

16. The points of intersection are given by:
- +dx+2=x+2
*3—x)=0 when x=0,3

3 .
A-f L) — 0] d
.0
- J”t(—x’ +4x +2) = (x + 2)]dx

= L! (—x" + 3.::)dx = I.% +'%x2]: ==

b




¢r 6 Applications of Integration

nis of mtersection are giv by:

v+ l=x+1

-
N

~3x=x when x=10,3
[flx) — gl dx
V3 +1) - (x+ 1)dx

(G4 ~ A dx

e x2]3_3
iaxiw= = —| = —
202
34
S
= T

nte of intersection are given by:
y=y+2
-2} +1)=0 when y=—1,2

L&) — ol dy

{tv + 2) = y3dy

1

[ — gyl dy y

1) - 0ldy

| =
J =
3 - vJ—l 6 -2 u'—lh‘\‘_

20. The points of intersection are given by:
Yr=x
x=-10,1

A= J:I'_f(x)—g(x)]dx
1
=2L(e/;-x)4x
=2L1(x1/3—x)dx

o3 _ 1. _1
_2[4’”3 2* ]o 2

22. The points of intersectionaregiﬁen by:
y—y=-y
y(y=3)=0 when y=10,3

]
A= f Uy — g3l dy
Q
3
= J; [(2y — 3 - (—=y)]dy

=J:(3y—y’)dy= [%y’—%y’]:=%




Section 6.1  Area of a Region Between Two

3
2.4 = [ L) - sy ;
] ¥ )
=L[716"‘=—=ﬁy _o]d” 7 (F)
. 3 z-H’
=-%J; (16 — y)~V2(-2y) dy A
=[_ /—*-16_,,2]::4-\/’1-1.354 ! R
4 4 y by o 4
B.y--=>x=; ."l”"' 26.A=J;(4—2_x)dx
f[ & =[4s+4mp2-a]
-[4ln|y|] =4—4In2
! —f—* "’1.2_27
=4In4
= 81In2 ~ 5.545
27, The points of intersection are given by:
TR Wy T
(9]
xx—1Dx—3)=0 when x=0,1,3
1 3 ol P (1, 1) 12
a= [ 169 - s1as + [ Lato) - e -
[/] 1

=jl[(x’—3x2+3x)—x’]dx+j3[xz—(x3—3x’+3x)]dx
0 1
=fl&’—4ﬁ+3x)a+J3(—£+u=—k)a

0 - 1

f2_4, 3.1 [z is_éz]’_ﬂ
_[4 3"+2"2]o+[4 R L M T

Numerical Approximation: 0.417 + 2.667 =~ 3.083

28. The point of intersection is given by:
-2%+1=-2% -

X+1=0 when x= -1

A-fll'.f(x)-s(x)]dx

=J-_llt(x3-2x+ 1) - (-2 dx

=£l(x3+1)dx=[%+x]l_l=2

Numerical Approximation: 2.0



v & Applications of Integration

its of intersection are given by:
drv+3=3+4dx—x*
wx —4) =0 when x=0,4

[13+ da—x) — (x2 —4x + 3)]dx
{—2¢ + 8x) dx

22 4 64
ML a2 =02
3 & ]o 3

4

:al Approximation: 21,333

42 px) =x2~4
s of intersection are given by:
i —4x? =2 =4
S +4=0
44a*=1)=0 when x =2 +1

netry

30. The points of intersection are given by:

X — 252 = 22
x(x2—4)=0 when x=0,22

2
A=2J. [2x2'— (x4 — 2x))] dx
0
2
=2f (4x2 — x*) dx
0
. [ﬁ_x_’]’=l%§
3 5Je 15
Numerical Approximation: 8,533

. f"w—m—(x=—4)]dx+zf[(x=—4)-(x4—4x=)1dx

[ 2
2 " £.14—5x’+4)dx+2.j (—x* + 5x* — d)dx
"] 1

P o5 3 1 2
:j"?—£+4.1co+2[—“°—5+g—4.:r:|1

5 3
ul Approximation: 5.067 + 2.933 = 8.0

<o, gl = - 4x
1= of intersection are given by:

M -dxl=x—-dx
oS-+ 4x=0
-~ 1)lr +2)(x—2)=0 when £=-2,0,1,2

(e -4x)—w—m1dz+£[(x*—4x=>—(x=—4xndx+f[w—«)—w—w)]dx

oL s
6 60 30
al Approximation: 8.267 + 0.617 + 0.883 =~ 9.767

S0 P - BT O | Y




Section 6.1  Area of a Region Between Two

33, The points of intersection are given by:
1 x?

1+2 2
*+x2-2=0
(+2)x*-1)=0

x =1l al

4= ) - see

371
=2|:arctanx——]

0
Hfx_LN_=7_1
- (4 6) e

Numerical Approximation: 1.237

3. VITE s 2z +2al0,2]
Numerical approximation: 1.759

2
A=I [%x+2—\/1+5c3]dx-1.759
]

raf3
3. A= 2J; [r(x) — glx)] dx

='2rﬁ(2sinx—tanx)dx
0

/3
= 2[—2 cosx + 1n|¢x:s.1r|:|o

=2(1 —In2) ~ 0.614

3"“*,[:[;26:1' ]dx
= [3m62 + 0]}

=3n10
= §.908

Numerical Approximation: 6.908

(3.3)

4
4-x
36.A—J;x, .n’.4+xdx=-3.434

-1

=1

w/2
3. 4 =le6 L) - g(a)] d

2 J"'ﬂ [sin 2x — cos x] dx

/6
w/2
= 2[——cos2x = smx]
w/6
-1
2
15 (%'T)
o= #
(%9)
-0.52 314

()



er i Applications of Integration

{xe™= - 0]dx
| 1) ..
3¢ Jo_Z(l 'e) 0.316

i 1le)
e B
[(2 sinx + sin 2x) — 0] dx

-:-mn—lcoszx]'=4.o
2 o

'] =¢— eV m 1323

: \/Tx_’_xl y=0 x=3
_[‘ \/4'151&:,

. it cannot be evaluated by hand.

, It cannot be evaluated by hand.

40, From the graph we see that fand g intersect twice at x = 0
and x = 1.

i f[g(x) — fds

ol 1,3

=f [@x + 1) - 3] dx
Q0

- [x’ z= ﬁ(ax)];

. _1 - -1 i e
-2(1 M) 0.180 /

2 A= I'[(zmx+ co8 22) — 0] dx
]

1 L
= —2mx+isin2x] =4
o

2
(x 1)

o [ -

5
MA-I [m—O]dx
1 X

_ [Zun,)z]: = 2(In 5)2 ~ 5.181

{c) 4.7721 L

-1 S P

{(c) 1.2556




Section 6.1  Area of a Region Beiween Two

48.A=j:[(%x—lZ)—(x—S)]dx+f[(—§x+lﬁ)—(x—S)]dx
=J:(%x—7)dx+f(—%x+zl)dx

7 T O R
=l=x2-Tx| +|=5x2+21x| =T+7=14
4 2 4 4

49. f(x) = x*
fix) =322
At(1,1), F(1) =3
Tangent line:
y—1=3@x~-1ory=3x—2
The tangent line intersects f(x) = x? at x = —2.

A=L[xa—(3x—z)]dx=[£4‘;—3—’2‘f+zx]’ ¢

-2 4

50. 76) = iy

2
)= “E+ 1

At (1%) F) = —%.
Tangent line:

1 1 1
y-3= 2(x—])0ry——ix+l

The tangent line intersects f(x) = ﬁatx= 0.

1
= L= X -'l' = E-z-— l—"__i..
A—L [x2+l ( zx+l)]dx [arctanx+ 3 x]o— 2 0.0354



ter & Applications of Integration

I+1<€1-x2on[-1,1] :
0 =) = (# ~ 22 + D]ds 1

. on
(a* — x dx

I, )| 4 Lol a0
%]

use 2 single integral becanse x* — 2x2+ 1 € 1 —x2 on[-1,1].

53, A=J:(9-x')dx=36
J'..FS B
_ﬂ[@-x’)—b]dx—ls
5
L [0-b —x]dx=9
37/5-F
[(9—5).:—%]0 =9
20-pm=y

©-pve=2

qui[(9—b)—x]dx=%
/]

o517+

©-ho-5=2

2
2
V2

b=9—i-2.ﬁ?|l€1

V2

9-b=



Secu'o_n 6.1 Area of a Recion Between Two (

]
= i —x2
5. Jim, 3 (¢~ x7) Az 5"@’302‘1(4 x?) Ax
i 1, 4 4.
wherex,-;andAxszlsthesameas wherex,=—2+;andAx=;|sthesam

[-ma =31, -3

5
0'13'2] = $1.625 biltion

-] 5
57. J; [(7.21 + 0.58)) — (7.21 + 0.451)]dt = J; 0.13¢ dt = [T .

] L]
58, I [(7.21 + 0.26¢ + 0.0212) — (7.21 + 0.1¢ + 0.0113)] dt = f {0.0122 + 0.161) d¢
o b :
- [0.01!’ o 0.16:’]’
3 2 Jo

= %—:-billion ~ $2.417 billion

_f2177-036 5s:510
.16 = [21.00 +027t 10 ¢< 14

(2 0

14 14
® I [(21.00 + 0.27¢) — (27.77 — 0.361)] d¢ = J. [—6.77 + 0.63¢] dt
10 10

14
= [—6.77: + 0.315:"] 0" 3.16 billion pounds

10 10 10
60. [(568.50 + 7.151) — (525.60 + 6.439)} dt = (4290 + 0.720) dt = [42.901‘ + 0.36!2]0 = $465 million
0 0

61. 5% : P, = 893,000 ¢0%K
#%: P, = 893,000 £O5SK
Difference. in profits over 5 years:
5 20051 ,0038]S
J; [893,000£00% — 893,000200%) d¢ = 893.000[W = m]o
~ 893,000[(25.6805 — 34.0356) — (20 — 28.5714)]

== 893,000(0.2163) ~ $193,156

WY.L WY P PR B T | ] I ey e ALL TN



rer fi Applications of Integration

1 2 is better, since the cuommulative deficit (the area under the curve) is less.

1 area i3 8 times the area of the shaded region to the right. A peint {x, ) is on the upper
y of the region if

tvi=2-y
2 ..!-4 4)’+)'2
=4 - dy

.i_}- -=4.—.x2

x2

yel—==—

determine where this curve intersects the liney = x.
x=1 _xT’
rdr—4=0

S "216+16=—2tzﬁ = x=-2+2J2

—2+2./2
:n—i[ (l—x—z-x)dx
0 4 /

: ¥} 2 -2+2./3 B
: .‘{[x E 2]0 . 8(0.4379) = 3.503

&5 intersect at the point where the slope of v, equals that of y,, 1.

B+ k => y,=016x =1 =>x—i—6.25

.16
625
value of k is given by (b)Area=2f (32 —y)dx
¥i =Dz ) 25
6.25 = (0.08)(6.25)% + k =2 r (0.08x% + 3.125 — x) dx
A =13.125,
=2 [9@ + 3.125x — 2
2o
= 2(6.510417) =~ 13.02083
L 3.5
[l ( —x)dx+ (l—O)dx]
LJn 5
1([”%(5—::)’/2] [] ) ( ;/5+ss 5) 6.031 m?
24 = 2(6.031) ~ 12.062 m® (c) 5000 V ~ 5000(12.062) = 60,310 pounds

cor -2 s

24 = 2(5.908) ~ 11.816 m? (c) 5000V = 5000(11.816) = 59,082 pounds



Section 6.2 Volume: The Disc }

67. 50 — 0.5x = 0.125x 68. 1000 — 0.4x2 = 42x
x= B0 x=20
,(80) = p,(80) = 10 P1(20) = p,(20) =
Point of equilibrium: (80, 10) Point of equilibrium: (20, 840)
cs = ro [(50 — 0.5x) — 10] dx CcS= r[(looo - 0.4x) — 840] dx
0
= [—% + 40:] = 1600 [160:: - %] ~ 213333
PS=I [10 — 0.125x] dx PS=F[840—42x]dx
(1] 0
0.125x2]% x
69, Troe 70. True

Section 6.2 Volume: The Disc Method

Lymn[ ot pamu[ @zt namdS 0] -]

V= 'ﬂ'r(‘* x’)’dx=-rrf(a." 822 + 16) dx = ﬂ[——-aai 15,;:=@

15
veef s ren i) -5

4 V=1rf(m)’dx-er:(4—x=)dx=ar[4x-"?’]:=lg—“’

sv-wf [?)3 ~ (x=)=:|dx-=rf(r‘ ) dx = ’r[—"— *";—;'

x
6.244

8§=16 — 2
*=8
x=+22

e of o -l

x
ZwL [i-6-~2x’+ 12]dx

—on -2 o
=5 3+12x]o

1zsf 32J' N f]

- y;fs___./_i“ ~ 132.69



#r 6 Applications of Integration

e

ra 4
vyildy = ﬂ'f ydy
n 0

=4-y,ry)=0
2

w| 14— y22dy
Jo

!'.'Jr‘ (16 — 8y? + y¥) dy

By=J16- = x= /16 -2

V= wf(m i «rf(ls - y)dy

374
- o3 2

10. V=w:(-y’+4y)’dy=1r (y* - & + 16y%) dy
I

=2 _ E’L’]‘
"’[s ¥+

_ 4597 _ 153%

15 5

) R(y) =4, r(3) =»*
v=«rj:(16—r')dy

1.,]>_128
- a1y - 3], = 15

ot

D RO)=6-y%, ry)=2

V= w:[(ﬁ-y“—4]dy
= r(sz— 122 + y9) dy
0

1.,.]% 1927w
= — 4y 4 28| ="2Z2T
‘n[SZy 4y + Sy]o 3

L3 55t




Section 6.2 Volume: The Disc A

12.y=%% y=0,x=2
@ R() =2, iy} = 52

V=wf(4~§)dy=n[4y—§]:= 167

L

(©) R(x) = 8, r(x) = 8 — 22
V== z[64-— (64 — 32x2 + 4x9)) dx

= J-(32x‘ 4#‘)dx=41r (8x2 — x%) dx

4”[_ - x,]: 8961?

4 -2 2 4

13. y = x?, y = 4x — x? intersect at (0, 0) and (2, 4).
(a) R(x) = 4x — 3% r(x) =

=] [(4x — x%)2 — x¥] dx
o
= Jﬂ(lﬁx" — & dx

”[ gx, 2x‘] 32«

-1

®) R(x)

= 23, rx) =0

2
= “[g:r: 128
] 5 o

¥
A

@ RO =2-572, (3 =0

V=

(- Vi) o

ol wdietle

=’[4y_4fy,,,+£] =_3"_"

0

®) R(x) =

6— 2 r(x) =6 — (4x — x?)

V= woz[(ﬁ—x’)’— (6 — 4x + x9 dx

2
= 87| (x* — 522 + 6x) dx
o

YL PP
—817[4 3.7;5'+!*]Jt: 0= 3

$ =
=1 1 2 ¥ s



er & Applications of Integration

9r — 52, y = x + § intersect at (—3, 3) and (0, 6).

=6—-2x—x, rfx)=x+6
rfj[iﬁ—?.x—x’}’—(x+6)’]dx

wf{.#+w-9ﬂ—m)#

® R@) = (6 - 26~ ) = 3, ) = (s + )~ 3

= s[(3—2:::—:::’)’—(x+3)’-]dx:

wjo(x‘+4x’-——3x’—18x)dx

n{—x +xt = 3.1:3—18:’]

¥

4

24

fE N
(Y]

d—=x r(x) =]
[t - a2 - s

L]

¥
! (x* —~ 8x + 15)dx

3 3
T4+ 15.:] = 187
3 o

2431r ﬂ[%x’ +xt—x3 — 9x’] 108'”

_______ J.

16. R(x}) =4 — %, rix) =0
V=2r z(4-—.1:2)’d:c
0

= 2!];-.Ilz(x4 - 8x% + l6)dx

codf- 4]

o k2w
15

4, il =4 —secx
i
i(4)2 — (4 — secx)¥} dx

(R eec x — sec? x) dx

=/2
8 lijsec x + tanx| — tanx]n

[Bin}2 + V3| - 3) — (81n]1 + 0]
2182 + /3) — 3] ~ 27.66

- oj




Section 6.2 Volume: The Disc |

19, R =6—y ry) =0
V=1 4(6—3:)34')!
0
= o[ (2= 12y + 3900y
0

5o

_ 2087
3
y
i .
E '
1
e
34
Pus
"
II!;.Slx
)
1

= 36#[(—— 2ln 6) (—— 21n2)]

= 36ar( 133 +2In3 1) 127(13 — 61n 3) ~ 241.59

3

20. R(y) = 6, 1)) =6—(6—y) =y

21 R(y) =6 — y2, r(y)

4 2
V=1 [(6)‘ - (yPldy V=mo _2[(6 - y9)?
“{%y 3]* 368 _
=27| (- 1%
1]
= 2'»[% —4y% +
= 384w
5
- ) =0
Je+1

v=of () o
‘“J:x:-ldx

i,
= ['rrlrllx + ll]o =7lh4

¥
'

m_
1 2 3

2. R0y =+/A=F, ) =0 5. R = 3. ) = 0 ;
el e
(i . 1
_ 2‘”[4::3 x’] '_;—'Uz 1 2 1 _ §4£ 1
g .

15



«r & Applications of Integration

—— A} =0
lu : l)zdx
- ]]:= g

ﬁ%i - y)]zdy

{3 — 12y + y3 dy

376
Wy — r.y2+23-]u
216 —315+ﬁ]

3
P o o S
Y4 5 8

}r fein x]? dx =~ 4.9348

27. R(x) = e7%, Hx) =0

1
V=m| (e*)2dx
o

1

}EL 4
all PR ——

i

28. R(x) =2, rx) =0

V= wf(e"”)’ dx

4
.‘ﬂ'j e*dx
o

[+].

= mle* — 1) ~ 168.38

3. y=9—x%, y=0,x=2,x=3

-

v= =57 - 7o

= J:(S —y)dy

-]
=(25—%)-(1o—2)=%

¥
i

(-4}

- RO 0D

w2
32.V= wf [cos x]* dx =~ 2.4674
]

¥

x



Section 6.2 Volume: The Disc A

2 3
B.V=r f [e*T? dx =~ 1.9686 M V=mn f [in x]? dx =~ 3.2332
0 1
2 5 .
3B V=mn f [e¥? + e 4/2]2 dx =~ 49,0218 % V=1 f [2 arctan (0.2x)]2 dx = 15.4115
-1 ]
37. A3 38 A~}
Matches (a) Matches (b}
¥ ¥y
L
i
2
.’. L
1 1
\H\ A
| Il I’ = —  — ]
1 i
39, (8) R(x) = 4x — % r{x) = 0 ;

V=] (4x — x)2dx
o
4
=1rf (162* — &2 + %) dx i
o

16 ., £]4_512'ﬂ' !
1![3.\: ?.x‘+5 o 15 B 1 1 4

(b) Completing the square we have 4x — x2 = 4 — (x2 = 4x + 4) = 4 — (x — 2)2 Thus,y = 4 — x? has the sa
as in part () since the solid has been translated only horizontally.

x

®

16

a<c<bh
y 42 R() = 7x, 1) = 0 y
&
4
] "
V=1rJ’ %x’dx b V=1rf %x’dx Ij| y=
0. 24 1]
L °= ] ._.[!'..ZI a]h s
Fi L R R EoT |
1 ) riq 1 il
. == - = —d = e
Note: V 3-:rrzh 2 3h2h 31rr’h
1
= 3736



er 6  Applications of Integration

TR A =0

(r — ) dx

{¥ — xDdx

- PRI _!. 3 '

Eaes ax ]D

= Lr’) = %ﬂr’
]
|

Y

T we

=3 w0 o= 3 000

H.] -%)]zdy= -Jrr’f(l —%y+#y’)dy

= .,"z[ = l 2 4+ L l]k
YT Tw |,

_ B OR

= ﬂr’(h H +. SHz)

h h?
= wr’h(] = H + ﬁﬁ)

w ‘(J;)zdx = wj‘xdx= [“Tﬁ]‘ = 8w

15, when x = Zﬁ, the solid is divided into two
= of equal volume.

Mx=VF-y RN =VP =¥y =0

v (A=) ay
- o[-y
3]
fr-3-(n-2]
et

- %’(2:3 - 3h + W)

3
4 167
Toﬁndtheothervalue,setwf xdx = (two thirds
of the volume). Then

wd® 16w 32 V32 4/6

— — 2= I e— —
2 3'd »d 3"

The x-values that divide the solid into three parts of equal
volume are x = (4./3)/3 and x = (4-/6)/3.



Section 6.2 Volume: The Disc A

47. V= wr(;x’ﬂ) dx——Jﬂx‘(Z x)dx=a[£’__x_‘]2=l

@ 4= [YOIF — 227+ 109+ 222, 0S5 < 115
¥ = 1208, 115<x515

115
V= j (VO = 2227 + 109x + 222)%dx + = j 2,952 dx
0 115

3 2 11.5 15
0.1x* 22 + 10.9x - 222:] IS 1![2.95’:]
4 3 2 0 1158

= 1031.9016 cubic centimeters

®. @ R =3 /B=2, ) =0 ® Ry) =3 VT ) =0, 5 2 0
V= %;—'f (25 - 4% dx V=—f(9 ¥) dy

—2-—5-J:(25—x2)dx =T"[9y-§]o=50w

50. (a) First find where y = b intersects the parabola:

b= 4—-&'

x’=16—4b=4(4—b)
x=2./4

fzrn{4———b dx+ﬁ/47ﬂ{b 4+ ]
f"["r”]"*

r[i—w+—+bz—86+16]dx

16 2
=ar_’s"0 z;s+bx7+b=x—sbx+16x]
=w%——§-§ 33b+4b=—3zb+54]
o5

—CONTINUED—



er 0. Applications of Integration

MNNUED—
512 64 8
<;fViJ:)—1|-[4b=—-—b+15 (c)V'(b)=n[8b—T]=0=a =—8L=§ ‘
Vb)=8mr>0= b= %isarelaﬁve minimum.
‘_1;4

imum Volume is 17.87 for b = 2.67

nme: ¥V =

44(50)° - 500,000 £ 7
3 3 o0

of waler in the tank:
. e 2

V3500 = y2) dy = «rf (2500 — y%) dy
e 50

- foom -3,

3 250,000
- ofasouy, - % + 2000

1z wnk i one-fourﬂl of its capacity:

{052)« o -3+ 220
125,000 = 7500y, — y§ + 250,000
- 7500y, ~ 125,000 = 0
Yo~ —17.36
—17.36 = (—50) = 32.64 feet
1e tank is three-fourths of its capacity the depth is 100 — 32.64 = 67.36 feet.

{14
| s
pson‘sRule: b —a=10-0=10, n=10

< TURL? + 419 + 2212 + 42357 + 2026)* + 4(2.85)7 + 229)? + 42T)* + 2(245)? + 4(22)" + (23]

- "5' 73.405] =~ 186.83 cm?

= 1.00249x% — 0.05292% + 0.3314x — 0.4999x + 2.112

‘._*_...‘r""--._._,

————a—e g |}

. Jl  2f(0)? dx ~= 186.35 cm?



Section 6.2 Volume: The Disc A

A
53. (@ =] rPdx (i)
0

is the volume of a right circu-
lar cylinder with radius r and

height h.

¥

thr}

R 2
@ = J; (%) dx (i)

is the volume of & right circular cone with the radius

of the base as r and height A.

54, V= 1(8)(1)(2) = 8 m?

Base of Cross Section = 2./4 — x2
(@ A() = 5 = (2/4— 27)*

V=£24(4—x’)dx
o3, -2
I
'ML,:
l

b 2 r
®) -.rL(a, /1= g) dx (iv) © = _r(,/—rz -2 dx

is the volume of an ellipsoid with is the volume of a sp
axes 2a and 2b, redius r,
¥ ¥
i
@
- | tr
-5, 0) .0

() wJ.:r[(R + A= - (R- S F)

is the volume of a torus with the radius of its
section as r and the distance from the axis of
the center of its cross section as R,

x

B+ Jr’—:!jj

® Al) = 35k = 2 (V- F)VAVA—2)
= it-
V= ﬁ£(4—x’)dx

B Pl 7 V£
—ﬁ[4x 3]_2— 3

£ AN

st Wa-2

=g T



er 6 Applications of Integration

INUED—

e

pa | —

- =P =Ja-2)

o’ _af, £ lex
';i- _H—x’)dx—z[‘kv 3]_2 3

.-—:_‘,', o Se—]

=4a+4r—3t-2u3+ 2t

-Jf (& + 4x - 3% — 2® + ) dx

i g 14,1 8L

24x-x2

1

=1 ¥ n = -y

L ]

P 3 & !
f Cross Section =1 — é/;
ATINUED—

(@ Als) = 36k

= /A=A /A= F) =4~ 2

V=J:(4-x’)dx= [4;—5;-]2_;%3

) AR =bh=(2 +x—x31

V=£l(2+x—x’)dx=[2x+§—-';—a]:=%
g
1
ot 2 4 K = X3 i
@ Ay =2 =(1- %) 1
V=Ll(1—e/§)’dy T

b= 1-3F =

- f -2y 4y
0

byl



Section 6.2 Volume: The Disc M

(© () = 3bh = (1 - é/'y)(—3 (1- %)

2
- L - %)
v-g[u-sre-26)- 5

@ AG) = Laub = Za)(1 - P2
=701 - %)

v-5[0-95r0-5{5) -5

58. The cross sections are squares. By symmetry, we can set
up an integral for an eighth of the volume and multiply
by 8. '

AQ) = 1 = (VP =Y)
V= SJ:(F-’ -y)dy
4]

16
=37

£

ftp— 1 —F

/AN

1= 1-¥5

/ \

e | = e

ot | = o]

59. Assume that the oil just hits the top of the cyl
means that the volume of oil is ope-half of th
the cylinder. Then we have

d sin 70°

8in 20° =

h
d sin 70°
sin 20°

b=
Volume = %(n'r’h)
-5/ Ce)

_ wd?sin 70°

=2 T = 3
8 sin 20° 7d? cot 20°,

60. Let A, (x) and A,(x) equal the areas of the cross sections of the two solids fora < x < b. Since A,(x) = A,(x), we

b b
%=fmm#=fa®¢=%
Thus, the volumes are the same.



ter 6§  Applications of Integration

cethe cross sections are isosceles right triangles:

Alx) = %b}. = %( JA=y)(Jr =)= %(,.: - y?)

yi= %J-_rr(r2 —y)dy= Lr(r2 —y)dy = [r’y - %3]0 = %r’

[ -y mmo [0 -y - ] - S
- -r 0

AU, V—ooo.

= S

[ [(VR=2) - ras 6. $wias - pn = HE) nr29)
= 3 2\3
R (25 — 2 = 12
rlif_k" -)x — -J;i]o A 25-pr= (-1725)3/3

Fias IR? — rY)¥2 25
'rim' — Pz — 3 ] 25,_(2__”3_)_,.2
=0 .,.z)sp 25(1_2-”3)=r2
r= 51— 2% m 30415
.I ‘I.'njz-rz .

wena = 1: [x| + [y| = 1 represents a square.
nena = 2 |x|2 + |y|? = 1 represents a circle.

={1 - |x|n)llu

x| 1 -—x
2 [ - pmdsma 0 - \M
-1 0

approximate the volume of the solid, form n slices, each of whose area is -1
proximated by the integral above. Then sum the volumes of these n slices. !
1 6.3  Volume: The Shell Method

: 2. plx)=x

L h(x) =1-x

: 3 1
:!f ,-.{.-.-)a!:c=[2’;"]2 =IET” v=2a| (1 - Ddx
Je 0 o

1 2 31
L 4
—21ro (x x")dx—z'lr[—z- 3]0— 3



