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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus
Solutions to Exercises

1. Precalculus: (20 ft/sec)(15 seconds) = 300 feet

2. Calculus required; velocity is not constant
Distance = (20 ft/sec)(15 seconds) = 300 feet

3. Calculus required: slope of tengent line at x = 2 is rate 4, Precalculus: rate of change = slope = 0.08
of change, and equals about 0.16. : '
5, Precalculus: Area = 1bh = 1(5)3) = § 6. Celculus required; Area =~ $ar(37 = §rr
7. Precalculus: Volume = (2)(4)(3) = 24 8. Precalculus: Volume = m(3)26 = 54
9, (a) 10
10 1

-10

(b) The graphs of y, are approximations to the tangent lineto y; at x = 1.
(c) The slope is approximately 2, For a better appreximation make the list numbers smaller:
{0.2,0.1, 0.01, 0.001}

5. 5 5§
10.(a)Area-5+E+3+4 10417
1 5 5 5 5 5 5" §
AI'&&"E(S-I‘1-s+2+zs+§+ﬁ+z+1’§)~9.]4«5

_ (b) You could improve the approximation by using more rectangles.

1L @ D, =/5-1F+(1-5%= .J16+ .16 =~ 5.66
O D= V1+ @+ Vi+ G-+ 1+ G-+ 1+ G-
= 2693 + 1.302 + 1,083 + 1.031 =~ 6.11
(c) Increase the number of line segments.
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Finding Limits Graphically and Numerically

1. C(0) = 0.75 = 0.50[~ (¢ — 1]] ® ¢ ]s [33 [347[35 [36 [37 |4
@ s c|175 | 225 Tz.zs 225 | 225 | 225 | 2.25 |
-— J—
L
— lim C() = 2.25
>~—0 =35

I — - = e —————
ok 4 ©TeJz [2s [29 [3 [31 [as [+ |
c|125 | 175 | 175 | 175 | 225 | 225 | 225 |

}1_{1; C(1) does not exist. The values of C jump from 1.75to 2.25 at ¢ = 3.

2. lim f (x) = 25 mearis that the values of f{x) approach 25 as x approaches 8, from both sides of 8.
X

31x | 19 1.99 | 1999 | 2001 |201 |21
f(x) | 03448 [ 03344 | 0.3334 | 03332 | 0.3322 | 03226 |
e = o S |
lim 5~ 03333 (Actual limitis §.)
415 |15 199 [1999 2001 |20 ]2,1
£ | 0.2564 |'o.2505 0.2501 | 0.2499 | 0.2494 | 0.2439 ‘
X b A
lim == = 025 {Actual limit is 4.}
lx | -01 [-o00t | -0001 [0001 [001 |01
| 76 | 02911 | 02889 | 02887 | 0.2887 | 0.2884 | 0.2863
lim —""z“‘/g =~ 0.2887 (Actual limit is 1/{2+/3).)
6 | x | -3.1 -301 | -3001 | -2999 | -299 | -29 |
£(x) | —02485 | —0.2498 | —0.2500 | —0.2500 | —0.2502 | —0.2516 |
J1—x—2 T |
Jm, = —0.25 (Actual limit is —4.)
7|z 29 | 299 2999 | 3001 | 301 3.1
l f(x)| —00641 | ~0.0627 | —0.0625 | —0.0625 | —0.0623 | —0.0610

fim G+ D1 = 1/4) 5 5ers

=3

x—3

(Actual limit is —1.)



10. lim (4 - ) =1
13, lim f(z) = lim (4 — x) = 2

15, lim Ji—:%ldoes not exist. For values of x to the left of 5,

|x = 5|/(x ~ 5) equals — 1, whereas for values of x to
the right of 5, |x — 5|/(x — 5) equals 1.

17. 'HE}I tan x does not exist since the function increases and
decreases without bound as x approaches 7/2,

19, li_% cos(1/x) does not exist since the function oscillates
between —1 and 1 as x approaches 0.

2. Hm (3x+2)=8=1L
=2

{(3x + 2) — 8| < 0.01

|3 — 6| < 0.01

3]x — 2| < 0,01

0<|x—2| <%~0.0033=8
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8 | |39 i3.99 3999 |4001 |401 |41
f(x) | 0.0408 | 0.0401 | 0.0400 | 0.0400 | 0.0399 | 0.0392 |
tim FET DI G 004 (Actual timitis )
x4 x—4
M | -0a [—0.01 -0001 |0001 | 001 |01 |
(&) | 09983 | 099998 | 10000 | 1.0000 099998 | 0.9983
li_%%f w 1.0000 (Actual limit is 1.) (Make sure you use radian mode.)
01, |-01 |[-001 |-0001 | 0om1 | oo | oa
F(x | 00500 | 00050 | 0.0005 | —0.0005 | —0.0050 | —0.0500
im %%~ 1w 00000  (Actual limitis 0)
x—0

12. 11-'5(“2 +2)=3
14. }i_.n}f(x) =}li_,ﬂ}(z’+2)= 3
16. Jl‘l'_lgx+doel not exist since the function increases and

3
decreases without bound as x approaches 3,

18. limsecx =1
x=p0

20. lim sin{mx) =0
=51

22. lim (4 —-'5-) =2
=i 2
< 0.01
X
) < 0.01

. < 0.01

Dclx—4| <002=5
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23, lim{(2—3)=1=L 24, lim (2 + 4) = 29
=2 . ) x5
162 =~ 3) — 1] < 0.01 (2 + 4) — 29] < 0.01
12 — 4| < 001 |2 - 25| < 0.01
e + 2)(x - 2)| < 0.01 |G + $)x — 5)] < 0.01
+ 2| |x—2| <« 001
b+ 2| = 2| e — 5| < Q0L
|x + 5]
0.01
x—2] < =57 _
x + 2| If wé assume 4 < x < 6, then & = 0.01/11 = 0.0009.
If we assume 1 < x < 3, then 8 = 0.01/5 = 0.002.
25 lim(x+3)=5 26, lim (2 +5) = —1
=2 x—-3
Given e > 0: Given € > 0:
[ +3) -5/ <e l@x +35) - (-1)] < ¢
lx-2l<e=28 |2: + 6] < €
Hence,let 8 = e 2dx+3| < e
|x + 3| <§=
Hence, let § = &/2.
27. 11;1;@4(%x‘—1)=%(—4)—1=-—3 zs.ym(éx+9)=§(1)+9=? 2. lim3 =3
Given € > O Givene > O: Given e > O:
(3 —1) - (-3) < e |Gx+9)-% < B-3<e
-}x+2|<e |§1‘§|<5 O<e
Je—(-4)| < e x-1]<e Hence, any & > 0 will work.
lx—(—4)| < 2 - 1] < 3e
Hence, let § = 2¢, Hence, let § = (3/2)e.
— im3/x =
30. lim (-1} = -1 31 l;_%JE 0
Givene > 0: |[-1-(-1)| <. Givene > O: Ié/-—0|<e
0O<e |\’/x—1<e
Hence, any 8 > 0 will work. Xl<e=38
Hence, let 8 = €.
32.113}J'=JZ=2 3. lim -2 =|(-2)-2| =4
Given e > O: |J§—-2| <€ Givene > O:
|ﬁ—2||ﬁ+2|<elﬁ+2l k=2 -4| <€
= 4| < vz +2] |-G-2) -4 <e (x—2<0)
Assuming 1 < x < 9, you can choose § = 3e. Then, f=x—2|=|x+2}=lx—-(-2) <€
0<|x—4|<8=3€=>|x—{4|<£|\/;+2| Hence, § = €

=>|JJ_c—21<E.
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34, im |x- 3| =0
3

35, Iim (2 + 1) = 2
x=»1

36, lim (Z+3W)=0
-3

Givene > 0: Givene > O: Givene > (:
lx—=3)—-0 <€ (@ +1)-2|<e |x+3x) = 0] < €
x—3| <e=28 -1 <e [x(x +3)| < €
Hence, let § = «. [+ 1)x—1)] <€ |x+3|<i
l«l
&
== 1] < I+ 1] If we assume —4 < x < —2,
then 8 = /4.
If we assume 0 < x < 2, then
8 = €/3.
Jx+5-3 28 -3 4
MW = 38-f(x)=m 'g
. _l . 1 —3# = B
lim fx) = ¢ . ’ lim () = 5 \
=0.1887 =y

The domain is [— 5, 4) U (4, oo).
The graphing utility does not show the hole at (4, ),

39. f() = };_93 10

lim f(x) = 6

Q9 10
]

The domain is all x 2 0 except x = 9. The graphing
utility does not show the hole at (9, 6).

41, oo

(1959, 6.001) .
ﬁ:ﬂm. 0.001),

VAN

Using the zoom and trace feature, 8 = 0.001. That is, for

0 < |x— 2| < 0.001, |’J‘:T_: - 4| < 0,001,

The domain is all x # 1, 3. The graphing utility does not
show the hole at (3. %)

x—-3

W. &) =Z—%

) 1
lim f(x) = 3 -0 3

The domain is all x # + 3. The graphing utility does not
show the hole at (3, 'é)

42, (a) No. The fact that f(2) = 4 has no bearing on the
existence of the limit of f(x) as x approaches 2.

(b) No. The fact that lin%f(x) = 4 has no bearing on the
value of fat 2. =

43, Palse; f(x) = (sin x)/x is undefined when x = 0. From Exercise 9, we have

lim——=1.
x50 X

44, True
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45, False; let 46, False; let
_ A —dx, x=4 | —dx, x+4
s =f5 £t O
f@ =10 lim f(x) = lim (* — 4z) = Oand f(4) = 10 # 0

lim f(x) = lim (* — 4x) = 0 % 10

47. Answers will vary.

4. ,imx’ —x-12_, n |4 +[01] | 4 + [017) | n|a=-[017 ] fi4 - [0.11 |
x4 x—4 -
1| 41 7.1 1| 39 6.9
2 | 401 7.01 2| 39 6.99
3| 4.001 7.001 3| 399 6.999
4 | 4.0001 70001 || 4 | 39999 6.9999

9. If].in:f(x)=L1and11pi_’n'1:f(x) = L,, then for every € > 0, there exists §, > Oand 8, > Osuchthatfx — ¢| < 8, =

|fJ(:i ~L| < eand |x ~ ¢| < & = |f(x) — L,| < € Let & equal the smaller of §, and &,. Then for |x — ¢| < §, we have

Ly = Lo = |Ly —fG} +f(®) — Ly| < L, —fQ@)} + |fx) — Ly| < e+ e
Therefore, |L, — L,| < 2e. Since € > 0 is arbitrary, it follows that L, = L,.

50. fO) =mx+b,m#0 51. lim [f(x) — L] = 0 means that for every € > 0 there

lim{mcx+ B =mc+b exists § > O such that if
X

|mx + B) — (mec + b)| < € 0<|x—c| <38
|mix = c)f < € then

I(f&) - L} - 0] < e

= — ¢ <|T€I=8
This means the same as | f(x) —~ L| < ¢ when

Hence for € > 0, let 8 = &/|m|. o< <
Cix—c¢l <0

Thus, JI!i_’n:f(x) =1L,

52 f(x) = (1 + 2 x ) |[= £

lim (1 + )/ = e ~ 271828 -0.1 28679712 || 01 2.593742

, 0.1 2731999 || 001 2704814
4 —0001 | 2719642 || 0001 2716942
¢ ~0.0001 | 2718418 || 00001  |2.718146
N ~0.00001 | 2718295 || 000001 | 2.718268
:¥ —0000001 | 2718283 || 0.000001 | 2.718280

I T e
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Section 1.3  Evaluating Limits Analytically
L 10 (@) lllgh(x) =0 2. 1 : (@ ,l,i_ﬁg(") =24
0 \i ' l o ® lim k) =6 | @® lim glx) = 4
h(x) = x* — 5x _12(Vx-3
W) =="—5
3, 4 (a) 1;1% S =0 4, . (@ k_'n;l fiH=0.
AN / L ® lm f6)~ 052 . _ O fm =-S5
/ -4 \j | ( B %) =10
flx) = xcosx fly =1t — 4|

5 lim# =4 =16 6 lim (x+2)=3(-3)+2=7 7. lim (2x - 1).=2(0) - 1 = -1
8 Im (-2 +1)=-(1f+1=0 9. lim(-a*+x-2)=-Q2P+(2)-2=—4
10. lim (37 - 2% + 4) = 3(1f - 201 + 4 =5 11.)1:'_’11;\/.7:7-=s/3T=2

lz.lﬁ_ﬂi’/x-l-—ll=3/4_+—.4=2 13. 3@4.&+3)==_(—4+3)==1

14. lim (2x ~ 1Y = [2(0) - 1P = -1

15.11'1:1l=l
22X 2
. 2 A+l (=1F+1 CJxt1 A1
16 A T e R - L B
19. lim sinx=sin£=l 20, limtanx=tanw=0 21. limcosmx=cosw=—1
Py, | 2 poury =1
. . WX, T . .
22, limsin—=sin— =1 23, limsec2x =sec0 =1 24. lim cos 3x = cos 3w = —1
=1 2 2 x-0 x—m
S 1 . Sm_ 1 . (m) I
T e lim = cos = == L) [IRE & o
25, Hhﬁls sin x = sin s —2 Lol cOS X = CO8 3 2 27. J1‘1_1,1%&111 2 tan 2 1
. X\ _ 11:_—2J§
2"1’-’.%‘“(6)"“5' 3
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29. (@) lim [Sg(o)] = 5 lim glx) = 5(3) = 15

©) lim [f() + g(x)] = limf(x} + lim gx) =2+ 3 = 5

© lim [F(a)gw)] = [lim )] tim 0] = (2)(3) =

5w
£(x) lmg glx) 3

(@ 11m

31. (a) lim [f()P = [lim fG)P = (4)° = 64
o) lim VFG) =/l fl = V4 =2
(©) lim [3£()] = 3 lim f(2) = 3(4) = 12

(@ lim [FP/2 = [tim FP/2 = (42 =

-2 +
-] agree except at

33. f(x) = ~2x + 1 and g{x) =
x=0

(@) lim glx) = lim f(x) = 1
®) lim glx) = lim f(x) =3

35, £3) = xlx + 1) and gle) ==

@ lip g6) = lim £6) = 2

@) lim g} = lim f(x) =

landg(x) = x — | agree exceptatx = ~1.

3. 56 = 3

SO L0 S

(=1,~3) 4"

—4

39, f(x) =

lim f(x) = rl_i,@,_,-g(x) =

agree exceptatx = 1,

=% — 2x + 4 agree except at x = —2.

30.

32.

3s.

) im () + 5(9] = limfG) + lim gl) =3 + 2=

, f(x) = x — 3 and Alx) =

@ bm[470)] = 41mst) = 4(2) = 6

2o -

(©) lim [(x)go)] = [tim (] Lim g(s)] = (g)(%) -3
lim
[} _ S @) _3/2_
@ " imgw 17277
@ Em Y7 = 3/BmfG) = V77 = 3
) lim ) B a7 3

#o¢ 18 Lml8 18 2

hm 18 18 2

(© lim [f()F = [lim f()f = (27)2 = 729

@ lim [fP” = [lim /2 = 27/%° =9

- 3x
agree exceptatx = 0.

@ lm A(z) = xl_i,n_lzf(x) =-5

() lim Alx) = lim f(x) = —

S . -
. g(x)—x_landf(x)_—xz_xagreeexceptatx—o.

(@ ,1’_’:"} Flx} does not exist,

®) limf(x) = -1

_);' (x) = 2x2x— +x1- Eand g(x) = 2x — 3 agree except at
x=-—1
Jlim f(x) = lim glx) = -5
4
. £,
/

1, —S/){

-5

14

=)

-7 7
-1
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40, f(x) = llandg(x)=x=—x+lagreeexceptatx=—1. :
Jim 1) = 1im, ) = \_/

]

41 1 =li —(x~2)
tim =55 m(x+5)(x 3 42"““;2 T e D
1 __1 — 1
=M TS~ =hm 7= s
. ®+x- (x+2)(x—l) x+2_3
43. lim x=-1 ,-.1(;+1)(x-1) Tertl 2
uﬁm‘[——_x—i 1o Jsz—f V2ix+ 2
=0 X 20 x . /2+x+f
2+x-2 — 1 __1 _+2
M(J2+x+\/—)x H°J2+x+\/§ 22 4
45. tim \/3+x—\/~_hm\/3+x_\/_ J3it+tx+ /3
"= 0 x VAtz+ /3
_1,m 34x-3 _im 1 1 _3
(fArz+ 3z =0 (SArz+/3) 243 6
11 4-(x+4)
. x+4 4 4(x+43 . -1 1
LD T LA T s 'P-?‘o4(x+4) 16
11 2= (2+2)
o2+x 2 o 2Q4x . -1 1
47. im=———==/liny x - 22+x 4
48]im‘/x+1_2 Jx+ -2 Jx+1+2 lim x—3 - lim 1 =l
"3 x—3 lim x-3 ./x+ +2 x-p:(—a)_/ T fr+1+2 4
o, i 2ETA) -2 B 2"-=1im2=2
Ax=0 Ard0 _Ax' Ax—b0
2 — 2
g0, jig EHAS - P 2ehct AP o A2t A 004 an) -
Ax—0 - Ax Ax—0 Azg Ax—0 Ax Ax—0
AP -2r+AYF1 (B 21 . P+ xAr+ (Ar2—2x~2Ax+1 -+~ 1
£l. lim = lim
Ar—0 Ax Ax—0 Ax
= lim (2x+ Ax~—2) =2x -2
Ax=30
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45

(r + Ax)? — &2 2+ 32Ax 4 3x(Ax)* + (Ax)® - X°

S2. AISIBD Ax - Alﬁn"’ ax
2
_ g AXG8 + 3xAx + (A0 _ Jim (33 + 3x8x + (Axf) = 35°
Ao Ax

~ xf;‘/i ~ 0.354

53. lim
x—0
——
r 5 = -af s
x | -0r | -001 | o001 0| 0001 | 001 | 01 -
f® | 0358 | 0.354 | 0345 | 7| 0.354 | 0.353 | 0.349 -
Y BN Sy B W T
Analytically, lim ~*———= = lim .
YV L X Jr+ 2+t ﬁ
= lip 2+ 2=2 S S YA
T SxF 2+ VD) e Sxt2 +J§ 22 4
x 1
54. f0) =~ ¢
- [ I = —F]
x | 159 [1599 | 15999 16|16.001 | 1601 | 16.1
F@) | —a252 | —125| 125 | 7 | -.125 | —.125 | —.1248 A
. 4L (4 - /3) It appears that the limit is —0.125.
Analytically, im ———¢ = xlln?o(ﬁ + 4V -9
-1 __1
x—:lﬁf +4 g
\
1 1 2
55, lim 2722« —%-
- X . & -6 | 1
x | =01 |-001 | -0001 0| 0001'| 001 | 01 ' (—
- 4 < ' -2
F | —0.263 | —0.251 | —0.250 | 7 [ -0.250 | ~0.249 | —0.238
11 N
, L 2+x 2 2-Q@+x 1_, _—x 1 ‘—1 l
Anlytically, B =M on D 'z SRC+ A x i‘_.o 20+ Ry

2-3 . 100

56. 11m

x 1.9 1.99 | 1999 | 19999 | 2.0

a2 % \_//
' 20001 | 2001 | 201 21

-4

F0) | 7239 | 7920 | 7992 | 7999 | 7 | 80.0L | 80.08 | 80.80 | 8841 =

B=32 . (x— 0+ 22 + 422 + 8x + 16)
= lim ~—
x—2 =2 x—2

= lim (x* + 2 + 422 + 8x + 16) = 80.
x—52

Analytically, l.l_rg

(Hint: Use long division to factor x° — 32.)
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. sinx o [fsimxY(1V] _ o1} _1 . 3(1 —cosx) . 1 ~cosx\] _ _
57, iy 5% =y [ (S22)(5] = (5) =3 s8. iy 202050 [ 1= 24) | < 00 = 0
59hmueco—l=hml—c.osﬂ=0 Go'hmoosomn8=hmsm8=l

-0 fsecd (=] (2] 80 (}] =0 8

. osinfx . [sinx 1 oL tan’x sinfx sinx sinx
1. i x _alrl-%[ smx] ) su0i0 S = Ry il % cos’x]

=(1){o)=0
- 2 -
63, Jim L= o8 Af _ lim[l coshy, _ cosh)]
parr ) h 50 h
={0)(0) =0
. L COBX _ . L
64.11_:&¢sec¢ m-1)=—-x 65.'_11'5’——: Jim,_ sinx
lim 1 tAmx _ .~ cosx—sinx 67hm.2'=lim(w)—(l)’—l
x-.54sinx—eosx x-+o/4 8inx oS x — cos” x = e =0\
- ~(ginx — cos x)
o cos x(sinx — cos x)
= lim —-
= srel4 COB X
=, 13, (-te02)
--vi
oo sin2e T fsin2e\1V 3x N - 1) 2
Cogtin smsx'l‘-‘&é[z( 2% )(3)(sin3x) 2(1)(3)“) 3
in 3¢ 4 :
6. £l === A
|+ |-01 [-oo1 [-000m o] o0 oo |ou 0 L | WA
|f0 | 296 | 29996 | 3° |23 | 29996 | 296 =
. ] The limit appear to equal 3.
. . 3 sin 31\ _
Analytcaly, irg 52 -‘1%3(—3‘ )_3(1)-3.
70. f(k) = (1 + cos 2h) O
'k | -01 [ -0o1 | -0001 oJ 0001 | 001 |01 A VAVAVANS
fR) | 198 | 19998 | 2 ? | 2 1.9998 | 1.98

—4

Analyl:ically.jlhi_rg(1+cos2h)=1+cos(0)=l+1=2. The limit appear to squal 2.
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70, flx) = —— .
= -8.28 828
ERET —0.01 | —0.001 0 {0.001 | 001 | 0.1 ‘HHW"

f(x) | —0.099998 | —0.01 | —0.001 | 7] 0.001 | 0.01 | 0.099998 Al
L | | ll] | ) B

i : The limit appear to equal 0.
Analytically, tim S22 = Jim J.:(“‘“”‘2 ) = 0(1) = 0. Tl
x=0 X x=0 x’
sinx 2
72.
fix) = 7
= - — -3 3
x -0.1 -0.01 —-0.001 | 0 | 0.001 | 0.01 01 |
7@ | oa1s | ooe | o [ ? [ 001 [ 00464 | 0215 | =
: The limit appear to equal 0.
] .osinx . g fsiny -
Analytically, l:_r'%—% l'_%‘/g( ) (0)1) = 0.
n. f(x+h)—.'(x) i 2(x+h)+3--(2:c+3)=limzx+2h+3—2x—3=h.mg=2
n-. n-»o h k=0 h =0 h

. umw 4x+ lim‘/x+'h—ﬁ.,/ﬁ.—h+ﬁ

.a-ao A0 h Jr+rt Sx
x+h—x

1
n—»oh( x + A +J') \/xT+f 2%

4 4
f(x+h) f@_ . x+h _x_ . 4x—4(x+h) -4 —4
= hm rlxl-l:tll h B 11:1—131 (x + R)xh ilul-po G+ hx
. | f(x+h)—!(x) m B = 4l + R) = (7 — 4%) g Skt —dx—4h— 2 4 4
: n—»o h = h
m B Eh =8 i oy 4 -4 = 20— 4
h—)(] =0
77. lim (4 - x) < limf() < lim (4 + 5) 78. lim [b — e~ af] < lim £(x) < lim [ + |x — o]
4 < limflx) < 4 bsli_:’x;f(x)sb

Therefore, lim f (x) = 4 Therefore, lim f (x) =
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79. f(x) = xcos x 80. f(x) = [xsinx] 81. f(x) = |x| sinx
4 . s
AN 2N
J}pi_r.%l(xm:;.x)=0 Jlpi_.n‘l,!J\:si.l'uu:|= P'_!.nolxisinx=0
82. f(s) = x| cosx 8. () = xsin 84. £(s) = roos
e : . I
-o28 028 n o o X
N o8

lim |x|cosx =0
350

8. £0) = x,(x) = sin x, h(x) = —f

When you are “close to” 0 the magnitude of £ is I
approximately equal to the magnitude of g. Thus,
|g|/1f] = 1when x is “close to” 0.

87. s(5) = —16# + 1000

lim (xcosl) =0
=0 x

86. £(2) = 5, g0) = sin? 5, (s} = L

(i

When you are “close to” 0 the magnitude of g is
“smaller” than the magnitude of fand the magnitude
of g is approaching zero “faster” than the magnitude
of f. Thus, |g|/|f| = Owhen x is “close to” 0.

. s(5)— s . 600—(—162+1000) .. 16(c+5)(¢t—5 . _
i ) gy 0= 100 1y D iy 1049 - 160
88. s(f) = —162 + 1000 = O whent = %ﬁéﬁsmm
(SJE)__S(:)
o 2 Y g 0o (162 + 1000,
—5/15/2 SJﬁ_t +=+5-/10/2 Sm_
2 2
e ) el 2 -2
T il B, sl (- /M)
o 2

- -1
n-b.'::th_/z 6(lr 2

N @) = —80/T0 fi/sec ~ —253 ft/sec
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89, s{z) = —4.92 + 150
.r(3) = s(r) ‘—4.9(32) + 150 — (—4.92 + 150) lim —-4.9(9 — £)
H3 3—-r HS 3—-¢ =< 3—1
-lip =290 =00 +0 _ —-49(3 + {) = —29.4 m/sec
x—3 3—1¢ x=3
- i, _ [0 fise0
90, —4.92 + 150 = O when ¢ = 29 ) 5.53 seconds.
The velocity attime ¢ = a is
i@ =@ _ . (~492 + 150) — (~4.9¢ + 150) _ tim —49a = 9(a + 1)
t=»a a—1 10 a—1t t—na a—1
= ]'1_’m‘T —49(a + ) = —2a(4.9) = —9.8a m/sec.
Hence, if a = ./1500/49, the velocity is ~9.8../1500/49 = —54,2 m/sec.
91. (a) H (b) Yes, As time increases, the typing speed seems to
i approach 95 or 100. The rate of increase is decreasing.
8-
70+
o0
50 +
40+
L]
i
e o LIt BT )
5 190 15 10 25 30
92, Letf(x) = 1/xand g{x) = —1/x. E‘.‘?, F(x) and 11_15 g(x)do 93. Suppose, on the contrary, that hm g{(x) exists. Then,
not exist. since lim f (x) exists, so would I hm Lf(x) + g(x)], which

isa contradwtmn Hence, 11_1’1:1: g(x) does not exist.

liy [£6) + ¢6)] = i [+ (~1)] = iy [0 = 0

94. Given f(x} = b, show that for every € > 0 there exists a 8 > 0 such that [f(x) ~ b| < ewhenever |x — ¢| < 8. Since
|f(x) = b = b= b] =0 < eforany & > 0, then any value of & > 0 will work.

95. Given f(x) = x*, n is a positive integer, then
lim x* = lim (xx"~1) = [lim x][lim x"“]
X=r X X—¥C X
. 2 = —
iy ) = i i<~

= clolim (xx"=%) = -+ = ¢n,

96. If b = 0, then the property is true because both sides are equal to 0. If b # 0, let € > 0 be given. Since lim f (x) = L, there
exists & > 0 such that |f(x) — L| < ¢/|b| whenever 0 < |x — ¢| < 8. Hence, wherever 0 < |x ~ ¢| < 8, we have

|Bl|flx) = L| < or |bf(x) — bL| < €
which implies that J1‘1_1’1: [bf(x)] = bL.

97. False. Let f(x) = 12 and g(x) = .13 Then f(z) < g(x) for all x + 0. But lim f(x) = hm glx) =
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98. Givenlimf(x) =

For every € > 0, there cxists 8 > 0 such that |f{x} — 0| < ewheneveto < |x—¢| < & Now |f(x) = 0] = |f(x)| =
llf&)| = 0| < € for |x — ¢| < 8. Thetefore,hm[f(x)l =0.

9. —M|f®)| < fiDelx) < M|fix)| 100. 1f lim |f(x)] = 0, then lim [~ |f()(] = 0.
im (~MU)]) S lim fla)glo) < lim (M17G)) -1 < £ S 176N
~M(0) < mf(g(x) S M(O) tim [~ |£(]] < limftx) < lim |6
0 < lim f(x)glx) S 0 0<limflx) <0
Therefore, lim f(x)g(x) = 0. Therefore, lim f(x) =

101. Givenlim f{x) = L
=

For every e > 0, there exists § > 0 such that |f(x) — L| < e whenever0 < |x—¢| < &
Since ||f()| — |L{] < If() — Ll < € for |x = ¢} < & then lim |£(x)] = |L].

102, Let 103, lim L= %%8% _ 1 —cosx 1+ cosx
x50 X 0 X 1+ cosx
£ = [—:. ::‘: : g = lim 1 — cos?x ) sin? x
l " mox(1 + cos ) x-nnx(l + cos x)

m|f(x)i=m4=4. ., sinx 'smx
l—'ono x 1+cosx

(13 ][H,l =]

1)(0) =

hmf(x)doesnotenstsmoeforx < 0,f(x) = —4 and
forx 20,f(x) =

_ |0, ifxis rational
104. f() = {1, if x is irrational

=0 'if x is rational
8 x, ifxis irrational
11_1;% Fix) does not exist.

No matter how “close to" 0 x is, there are still an infinite number of rational and irrational numbers so that ;lal-’Po J(x) does not
exist, -

lim g(x) = 0.

When x is “close to” 0, both parts of the function are “close to” 0.

-1
108, f(x) = 5%
; =1
(2) The domain of fis all x # 0, /2 + n. © lmf@) =5
(®) ; : (d)secx—l=secx—-1 secx+ 1 sectx— 1
AL 2 A secxtl asecx+1)
- ; “ __ tan’x _ 1 fsin?x} 1
. i’ || Plsecx + 1) cos?x\ x2 /secx+ 1
) Hence. Tim 2% 1 = Jim —) (sinzx) 1
The domain is not obvious. The hole at x = 0 is not = 20 cos? X\ # Jsecx + 1

apparent. = 1(1)(-2-) = %
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. l—cosx_ . 1~—cosx 1+cosx lﬁcosxlﬁ_l_ _ 1
106. (a) lel_l;la e e il_l}& F Y (b) Thus. = ;= 1 ct1.~3.7c==‘===514:2
1— cos?x

= x(1 + cos x)

=ﬁmsin’x_ 1
=0 2 1 +cosx

=m_1

- w(i)-1

= cosx =1 _-%x" forx = 0.

(©) cos(0.1) = 1 — %(0.1)z = 0.995

(d) cos(0.1) ~ 0.9950, which agrees with part (c).

107, Two functions agree at all but one point means that the functions are identical for all x in their domain, except possibly at one

value of x.

Section 1.4

1. (a) The limit does not exist atx = c.

(c) The limit exists at x = c, but it is not equal to the
value of the function at x = ¢.

2. A discontinuity at x = ¢ is removable if you can define
(or redefine) the function at x = ¢ in such a way that the
new function is continuous atx = c.

_lx—2 _ sin{x + 2)
(a)f(x)—'x_z (b)f(x)_—x+2
1, ifxz22
o f-2<x<2
@@ =11 ifr=—2
0, ifx< -=2
¥
&
37
2
L ] l| L]
R A

Continuity and One-Sided Limits

{b) The function is not defined at x = ¢.

(d) The limit does not exist at x = c.

3.

The function is not continuous at x = 3 because
im fix) =1+ 0= lim f{x).
3 x—3

4, If fand g are continuous for all real x, then so is f + g (Theorem 1.11, part 2). However, f/g might not be continuous if g{x) = 0.
For example, let f(x) = x and g(x} = x? — 1. Then fand g are continuous for all real x, but f/g is not continuous at x = +1.

5. (a) xl_igkf(x) =1
{b) x]_i’rgl_f(x) =1
© }pi_l"gf(x) =1

8. (@) lim f(x)=2
®) lim_flx) =2
(© lim f(x) =2

6 @ lim f(x)=-2
(b) x_lj_mz_f(x) =-2

(@ lim f(x) = =2

9 (&) ’1_1’1% flxy=13
(b) Jpl_ibrgl‘l_f(il?) =-3

{c) lim f(x) does not exist.
x—3

7. (@ lim f(x) =0
() lim f(x) =0

(© limf(x) = 0

10. (a) le_lviw_ml\“f(x) =0
®) lm f(x)=2

{c) Il_i'llll f(x} does not exist,
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. 1 1 g 2=x 1 1
1. hm*? x-os x+5 10 lz'xllr%f—tl_pli»nzl +2
. x o x . Vr=2 J' 2 Jx+2
E.Ar%mdoesnotemmnce J‘z_4grows 14. lim % — 4 H‘_ J_+2
without bound as x — 2*.
=R a- 4)(J'+z1
1 _1
= fr+2 4
I} By k=2 . x—2_
15, hm doesnotelustnncehrqx 1and 16, L%x_z—ﬁq;x_z—l
fim Bl = —1. Colk-2 L -2
n-%-x : x]ﬂ,?-x_z ’1351_ x—2 !
o Jx—=2, L Jx—2
xl-'-p%x—qu}-ly% x—2
Thus, the limit does not exist.
1__1
. x+Ax x Lox—(lx+A 1 —A&x 1
17 Bm S T M TG T AY A A xx + &) Ax
All-vmrx(x+Ax)
_1 -_—L
x(x+0) x*
. ! S Al — 2 — 42—
18, um(x+Ax:ﬁ+(;+Axa (x’+x]=]imx3+2x(Ax)+fo__l_+x+Ax ¥ -—x
Ax—i0* Ax Axr—0* Ax
2:(Ax)+(Ax)2+Ax
M--vo“ Ax
= lim (2x+ Ax+ 1)
=2+0+1=2x+1
19. lim f() = lim "2"=2 20. lim f(x) = lim (-2 + & —2) =
x| 'x-vnz]“ x—2
li =lim (2 -4+ 6=
i 76) = lig +2=% x‘_’r;l_f(x) Jim 6)
. _ lim £(z) =
ll_la flx) does not exist.

2L lim f() = lim (x+ 1) =2
lim f() = lim &+ 1) =2

lim f(x) =

22. lim f(x) = lim (1 -2) =
lim f(x) = lim () =1

li_r'l}f(x) does not exist.
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23. lim cot x does not exist since
X=b7T

lim_cotxand lim cot.x do not exist.
X=>ar X=rT

28, xl_i’?_ QA-1)=22)-1=3
xl=2for2 < x < 3)

_1

x2—4

has discontinuities at x = —2 and
x = 2 since f(—2) and £(2) are
not defined.

27. flx) =

24, lim_sec x does not exist since
a2

l_'](lﬁlf.l,lz)+ sec x and x—pl(iSz)- sec x do not exist.
2. lim (2 - [+ = 2(2) -
-1
28. fx) = + I 29, f(x) = M +x

has a discontinuity atx = —1
since f(—1) is not defined.

has discontinuities at each integer
k since xlll}‘l_ flx) # 1155;' Flx).

X, x <1
30. f(x) = x = ] has discontinuity at x = 1 since f{1) = 2 # hmf(x)
-1, x>»1
1 .
31. f{x) = x2 — 2x + 1 is continuous for all real x. 32 flx) = = + 1 is continuous for all real x.
33. f{x) = x + sin x is continuous for all real x, 34. f{x) = cos % is continuous for all real x.
35, f(x) = has a nonremovable d1scontmu1ty atx=1 s1nce l1m f (x) does not exist,
36. f(x) = has nonremovable discontinuities at x = 1 and x = — 1 since hm f {x) and hm f (%) do not exist.
37 flx) = o + 1 is continuous for all real x.
38, f(x) = ;; __39 has a nonremovable discontinuity at x = —3 since ml_i.llls £(x) does not exist, and has a removable discontinuity
atx = 3 since
1 _1
hmf(x)- lim Im =5 %
39, flx) = — x+2 - 40_f(x)=il _
(x+2x-5) x+2)x—1)

has a nonremovable discontinuity at x = 5 since l1m Lf (x)
does not exist, and has a removable dlscontmu:ty at

x = —2 since

1 1
2x~ 5 T

Jim fx) =

lim
L

_lx+2

41, f(x) <3

has a nonremovable discontinuity at x = —2 since

lim_f(x) does not exist.
x=—2

lias a nonremovable discontinuity at x =
x]_l'.% f(x) does not exist, and has a removable

—2 since

discontinuity at x = 1 since
1 1
hmf(.x) = lg!} x+2- E

42, f{x) = E__al.

does not ex1st

hasa nonremovable discontinuity at x = 3 since l1m f (x)
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oso={5 15
has a possible discontinuity at x = 1.
1. f(1) =1
Jim () = lim x = } -
g ) = Iy = 1 A=t

3. f(1) = limféx) .

fis continuous atx =1, the:efore_f:s ‘continuous for all
real x.

45. £x) = [3+1 xs.2

—x,

1._f(2)=%+1=2

limf) = m (2+1)=2
N Jim fGx) = B (2 ) ]ll-ﬁ f(x) does not exist. -
Jim f() = lim (3 —x) =1

Therefore, f has a nonremovable discontinuity at x = 2,

x<2

2x,
4. f&) = {x’ 4+1, x>2

L f(2)=—-2(2) = —

R has a possible discontinuity &t x = 2.

M. () = {2"” ¥l
has a possible discontinuity at x = 1.
1.f(l)=12=
qlf(x)

]u? (—2I+3)-1}hmf(x) =1
hgf(ﬂ Jim 22 =1
3. ) = i 0

fis continuous at x = 1, therefore, f is continuous for all
real x.

has a possible discontinuity at x = 2.

has possible discontinuities atx = 1, x = 5.

5. B flx) = A (—2x) = =4 }h:g_f(x)doesnotexist.
i Q) = hrg(x’ 4 +1)= -3
‘Therefore, £ has a nonremovable discontinuity at x = 2.
~ [esc ZX, |x—3|$2_{cscﬂ, 1Sx85
47"f(x)_{2. § k=3l >2 |2 : x<lorx>5
l.f(1)=csc%=2 f(5)=csc57w=2
2, lij'.l}f(x)=2 }pl'_!.!;f(x)=2

3. (1) = I £ £5) = lim £

fis continuous at x = 1 and x = 5, therefore, fis continuous for all real x.

tan 7+ el <1 ftan®, -1<xx1
4. flz) = [ |x|21={x’ 4 xS —lorx 21
1 f(-1}=-1 fa)=1
2 lim fl5) = -1 lim £() = 1

3. f(-1) = lim f(x) f(1) = lim f(x)

has possible discontinuities at x =

-1,x=1

Fis continuous at x = +1, therefore, f is continuous for all real x.
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49. f(x) = csc 2x has nonremovable discontinuities at integer 50. £(x) = tan Z= has nonremovable discontinuities at each
multiples of /2. 2
2k + 1, k is an integer.

51. f(x} = [[x — 1] has nonremovable discontinuities at each 52. f(x) = x — [x] has nonremovable discontinuities at each
integer k. -~ integer .
53. lim f(x} = 0 0 54. lim () =0 \ =
lim f(x) =0 \\o ,// lim ftx) =0 . .
Jis not continuous at x = —2. -2 8 fis not continuous at x = ~4
-10 -10
55. f(2) = 8 56. limi g(x) = lim 230X _ 4
. " =0 =" X
. . 8 sry ‘ =
Fmdasoﬂ:at’lﬂgax’=8=>a=?=2. xlg’%;g(x)—xl_i’x‘%(a—k)—a
Leta=4.

57, Findaandbsuchmatx_l'ir_nr(ax.+ b)=-a+b= 2andx1_i.rg_(ax +b)=3a+b=-2

a—b=-2
(+i3a+b=-2 2, x< -1
da = —4 fR}=3-x+1, —-1l<x<3
-2, x23
a=-1

b= 2+(-1)=1

59. f(g(x)) = (x — 1)?
Continuous for all real x,

. N ey
= P_I)I‘l'g(x)—-.-}rl_l'l: x—a
=lim{x + a) = 2a
X=baq

Findgsuchthat 23 = 8 => g = 4.

60. f(g(x) = ﬁ

Nonremovable discontinuity at x = 1. Continuous for all x > 1.
Because f - g is not defined for x < 1, it is better to say that £ » g is discontinuous from the rightatx = L.

6. £66) = 5= = 7 62. f(gx) = sin®

6 #—1
. Continuous for all real x
Nonremovable discontinuities at x = +1

63, y=[x] -z o5

Nonremovable discontinuity at each integér 3 \\ \\ a
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T YR 2x—4, x53
64. h(x) &+ 1x-—2) “’f(x)={:3—2x. x>3
Nonremovable discontinuity atx = —1 andx = 2. Nogremovable discontinuity at x = 3
2
-2 L 4 -5 j 7
(1 !
=) -5
cosx—1 x< 0 3
= X
66. 2 {Sx. x20 /
. -7 — 2
fl0) =5(0) =0 -
; _ g 08X 1) =
Jim fx) = =0 3
Jim, f) = g, (52) = 0
Therefore, lnn f (x) = 0 = £(0) and f is continuous on the entire real line. (x = 0 was the only possible discontinnity.)
67. _f(x) ;3 + 1 68. f(x) =x/x+3
. Continuous on [—3, oo]
Continuous on (— oo, 00)
X x+1
69- — r 70- =
Jix) = csc ) Fx /x
Contimous on: . .., (—2, 0), (0, 2a), (2m, 4m), .. Continuous on {0, co)
_sinx 28
7L @) == 75 ==
14
-4 / 4 \//
. = -4 - 4
The graph appears to be continuous on the interval The graph appears to be continuous on the interval
[—4, 4]. Since £(0) is not defined, we know that f has [—4, 4], Since f(2) is not defined, we know that fhas
a discontinuity at x = 0, This discontinuity is removable a discontinuity at x = 2. This discontinuity is removable
.80 it does not show up on the graph. 50 it does not show up on the graph.
. f) =R —dx+3 A fi)=x*+3x—2
F(x) is continuous on [2, 4]. F(x) is continuous on [0, 1].
f(2) = —1andf(d) = FO)=-2andf(1) =2
By the Intermediate Value Theorem, f(c) = 0 for at least By the Intermediate Value Theorem, f(x) = 0 for at least
one value of ¢ between 2 and 4. one value of ¢ between 0 and 1.
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BfH=x2+x~-1
S{x} is continnous on [0, 1],
f(0) = —1andf(1) =1

By the Intermediate Value Theorem, f{x)} = O for at least
one value of ¢ between 0 and 1. Using a graphing utility,
we find that x = 0.6823,

77. g(t) = 2cost — 3¢
g is continuous on [0, '1].
g(0) =2 > Oand g(1) ~ —19 < 0.

By the Intermediate Value Theorem, g(z) = © for at least
one value ¢ between 0 and 1. Using a graphing utility, we
find that r = 0.5636.

. f)=x2+x-1
Jfis continuous on [0, 5).
F0) = —1andf(5) =29
-1<11<29
The Intermediate Value Theorem applies.
2+x-1=11
*+x—-12=0
(x+4{x—3)=0
x=-4orx=3
¢ = 3 (x = —4 is not in the interval.)
Thus, £(3) = 11.

8L f(x) =2 -2 +x~2
fis continuous on [0, 3]. .
F0) = —2and f(3) =19
—2<4<19
The Intermediate Value Theorem applies.
P-4+ x—-2=4
B-X+x-6=0
(x—2+x+3)=0
x=2
(x® + x + 3 has no real solution.)
c=2.

Thus, £(2) = 4.

76. fG)=x2+3x-2
f(x) is continuous on [0, 1].
fl0) = —2andf(1) =2

By the Intermediate Value Theorem, f(x) = O for at least
one value of ¢ between 0 and 1. Using a graphing utility,
we find that x = 0.5961.

78. H0)=1+6—3tanp
h is continuous on [0, 1].
h(D) =1 > Qand A1) = —2.67 < 0.

By the Intermediate Value Theorem, (6) = 0 for at least

one vatue & between 0 and 1. Using a graphing utility, we
find that & ~ 0.4503.

80. flx) = -6x+ 8
' Fis continuous on [0, 3],
f(0) = 8and f(3) = —1
-1<0<8
The Intermediate Value Theorem applies.
X—6x+8=0
x-2x-4=0
x=2o0rx=4
¢ = 2 (x = 4 is not in the interval.)
Thus, £(2) = 0.

82 fim =252

1

fis continuous on [%, 4]. The nonremovable discontinuity,
x = 1, lies outside the interval.

The Intermediate Value Theorem applies.

J&'+J|:=
x-1

6

P+x=6x—6
X-5+6=0
T—-DEx—-3)=0
x=2o0rx=3
¢ =3 (x = 2 is not in the interval.)
Thus, f(3) = 6,
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83. Let V = 473 be the volume of a sphere of radius 7
V1) = w419
V(5) = $n(5%) =~ 523.6

Since 4.19 < 275 < 523.6, the Intermediate Value Theorem implies that there is at least one value r between 1 and 5 such
that V(r) = 275. (In fact, 7 =~ 4.0341.)

1.04, Dcrs2 85, N(‘) = 25(2“2—2.“ = t)
84. C=1{1.04 + 0.36ft — 1], ¢ > 2,7is not an integer 2 :
1.04 + 0.36(t — 2), ¢ > 2,tisaninteger
t 0|1 |18 2] 3|38

N [50]|25]|5]|50]|25]5

Nonremovable discontinuity at each integer greater than 2.
You can also write C as

1.04, D<ct<?2 Discontinuons at every positive even integer. The
c= 1.04-036[2— 4, t>2 company replenishes its inventory every two months.
c )
50
i )
5t ]
21 . o= NT
Crammml 10+
—
S Rt P st STy | 5 2 &L 8 -m:z*'
1 H 3

86. Let s(r) be the position fanction for the run up to the campsite. 5(0) = 0 ¢t = 0 corresponds to 8:00 A.M., (20} = k (distance
to campsite)). Let r{f) be the position function for the run back down the mountain; #{0) = &, r{10) = 0. Let £(z) ) s{ay — (o).
Whent=0 (_8:00 AM), F(0) = s -r0)=0—-%k<0
When ¢ = 10 (8:10 aM), (10} = 5(10) — #(10) > O.

Since £(0) < 0and £(10) > O, then there must be a value 7 in the interval [0, 10] such that f(£} = 0. If f(1) = O, then

s(n) = r{) = 0, which gives us s(1) = #(#). Therefore, at some time ¢, where 0- < ¢ < 10, the position functions for the
run up and the run down are equal..

87. Suppose there exists x, in [a, b] such that (x,) > 0and there exists x; in {a, b]. such that f(x,) < 0. Then by the Intermediate
Value Theorem, f(x) must equal zero for some value of x in [x,, %] (or [x,, x,]if x; < ;). Thus, f would have a zero in [a, B),
which is a contradiction. Therefore, £(x) > 0 for all x in [a, b]or f(x) < 0 for all xin [a, B].

88. Let ¢ be any real number. Then Jl‘i_r.l'lz_f(st:) does not exist 89, If x = 0, then f(0) = 0 md}‘i_%f(x) = (. Hence, fis
since there are both rational and irrational numbers continuous at x = 0.
arbitrarily close to ¢. Therefore, f is not continuous at c. If x # 0, then l.i.'.'} =0 for x ratio nal, wh

'li_tnl;f(l) = P_xgh = Jx # 0 for x irrational. Hence, fis
_ not continuous for all x # 0.

~1, ifx<0 ¢
90, sgn(x) ={ O, ifx=0 2
|l L x>0 I

(& lim sgn(x) = —1 = N B S AN B

(®) lim sgnlx) = 1

() ’lpi_l’l;l) sgn(x) does not exist.
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91. True
1. f(c) = Lis defined.

2. lim f(x) = L exists.
X=c
3. fle) = ll_!gf(x) _
All of the conditions for continuity are met.
93. False; a rational function can be written as P(x)/O(x)

where P and @ are polynomials of degree m and n,
respectively. It can have, at most, n discontinuities.

95. (@) 4
504
50 =

. i |
5 10 15 20 25 W

92. True; if f{x) = glx), x # ¢, then ,1,11,1?: flx) = li_lflc'g(x) and
at least one of these limits (if they exist) does not equal
the corresponding function at x = c.

94. False; f(1) is not defined and li_l;l} F{x) does not exist,
X

96. 1. f(xy) is defined.
2. lim f() = lim flx, + Ax) = f(x)
(Letx =x + Ax. Asx — x5, Ax — 0)
3. flxo) = lim ()

Therefore, f is continuous at x;,

{b) There appears to be a limiting speed and a possible

cause is air resistance,

97, Let ybe areal number. If y = 0, thenx = 0, If y > 0, then let 0 < Xy < 7/2 such that M = tan x, > y (this is possible since
the tangent function increases without bound on [0, 7r/2)). By the Intermediate Value Theorem, f(x) = tan x is continuous on
[0, %] and 0 < y < M, which implies that there exists x between 0 and x, such that tan x = y. The argument is similar if

y <O

98. h(x) = xx]
k has nonremovable discontinuities at
x=+1,+£2,%£3,...

Sivd—c

99, f(x) = =5 e>0

Domain: x +¢2 2 0 = x 2 —c2andx = 0, [—¢2, 0) U (0, o0)

i \/x+?—c=1im\/x+ci—c.Jx+?+c
frat? x 10 x Jrt+e2te

TN 1 o ek
H°;|\/x+?+c| 30

Define £(0) = 1/(2¢) to make f continuous at x = 0.

1

1
Vit +e 2
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100, Define f(x) = £(x} — f,(x). Since f, and f; are continuous on [4, b}, so is f.
f@) = ffa) —fila) > 0 and f(b) =£(B) — £ib) < 0.
By the Intermediate Value Theorem, there exists ¢ in [a, b] such that f{c) = 0.
Je) = £e) fﬁ(C) =0 = filc) =£(c)

Section 1.5  Infinite Limits

1
L Im.Grap= >

im —— = oo
-2 (x + 2)?

3, lim tan == = o0
xa—2* 4
. ™ _
A tan == oo
5. F() = ——
-9

x | -35 | ~3.1 |-3.01 -3.001

2. .r-]'.“—nz'fx+2=

o0

xl“-nz-x+2

4, lim sec = oo

x—p=2*

lim sec = —oo

e
P

AL
=2 4

-2999 | —299 | =29 =25

1G] 0308 | 1.639 | 16.64 | 1665

—166.7 | —16.69 | —1.695 | —0.364

Jm_f(z) = o0

lim flx) = ~oo

6. flx) = ﬁ

x | -35 | -31 | =301 | —3.001|-2999[-299| —29 | -25 |

&) | 1077 | ~5.082 | ~50.08 | -500.1 499.9"49.92 4.915 | 0.9091

im_flx) = —e0
im, flx) = oo

750 = s

—2999 [ -299 | -29 | -25

x | —35] -3.1|-3.01|-3001
£ | 3769 | 1575 | 150.8| 1501

—-1499 | —149.3 | —1425 | —2.273

lim f(x) = oo

x—=3"

-
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wx
8.f(x)=sec?
‘x| -35 | =31 | —3.01 | -3.001] 2999 —2.99[—2.9 -2.5

fx)| —3.864 | —19.11 | —191.0 | —1910 | 1910 ,191.0'19.11'3.864

Jim_f(s) = —oo

x;liiI—nB"f(x) = oo

1 _ .1 f 4
= Am. 7= oo = lim 7 10. ,1.‘..’5#(;_2)3‘.“
Therefore, x = 0 is a vertical asymptote. . L
BE-p- ™

Therefore, x = 2 is a vertical asymptote,

, ° -2 oo 2tx
N i e e+ D= i S
e sl S lim 2% oo
=2 (x—=2(x+1) 11— x
Therefore, x = 2 is a vertical asymptote. Therefore, x = 1 is a vertical asymptote.
fim 22 o
-1t x=Dx+1)
m o2 o
=G =26+ 1)
Therefore, x = —1 is a vertical asymptote.
. x . - . .
13. x_lsgl PRl 14. No vertical asymptote since the denominator is never
ZEro.
lim P—“J = —co
X==1" -1
Therefore, x = —1 is a vertical asymptote,
AEIT
xll‘?'.xz -1 =T
Therefore, x = 1 is a vertical asymptote,
15, f(x) = tan2x = 2n 2 has vertical asymptotes at 16, f(x) = sec mx = Sl has vertical asymptotes at
cos 2x cos 7rx
_(n+lm_m nm . 2+l )
x= ——— + 2 , 1 any integer, x= 2 ’".m,‘y integer.
17. li (1—5—)—— =} (1—i) 18, lim — 2 = ~ o0 = lim s
= .tz_ 00_9—1)%‘" 2 .':-g.k(s—Z)z * .r—gl'(s—Z)z

Therefore, ¢ = 0is a vertical asymptots, Therefors, s = 2 s a vertical asymptote,
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- X
B Berae-n™

G G5
A8 Grr-D . ®
Therefore, x = —2 is a vertical asymptote.
i i
Pkt -1 %
Bm o = —%
orE+r)E-1
Therefore, x = 1 is a vertical asymptote.

2+1 (ﬂli_(x’—x+l)
x+1 x+1

21. f(x) =

bas no vertical asymptote since
L
not infinity.
23, s(n) = sT:n_r has vertical asymptotes at ¢ = nar, n )

a nonzero integer. There is no vertical asymptote at

t = 0 since
lim—=1.
=0 8in ¢
25. tim 2=l tim x—1)=-2

Removable discontinuity at x = —1

a1, 2+1

-1 x+1

+
r+1

= - =3
H!-nl_x“i‘] -

Vertical asymptote at

| S S
N I Gy 2T

Therefore, x = —3 is a vertical asymptote.

-4  _ +x-2)
22, h(x)—x,+,_x;+,,+z‘(x+2)(zz+l)

has no vertical asymptote since

x=2 _ _4

hm hx) = an:2 15

not infinity.
- tan 6_ sinb
A. 5(0) = Bcos 6

4= W=%+nw,nmyimeger.

——- has vertical asymptotes at

There is no vertical asymptote at 8 = 0 since

. tan @ _
m=e =
L X—6=7_ . -
26. Hm ~ 1 _x!-lrllll(x 7=-8
2
-3 3

-2

Removable discontinuity at x = —1

28, lim SR+ D _ .

=1 x+1

Removable discontinuity at _ | ™~

-3 - 3
x=-1
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2 T |

SO e 32 bm 162
Lo X +2%-3 . x—1 4 ; 6 +x—1 . k-1 _5
G . g Sl B Rl 34'H1—’%Pm+4x=—4x-_3‘:->-um+2x—3‘§

35 lim_(1+l)=-oo 36. lim_(xz—-l)=oo
x=>0 x = X

3. lim =0 I Wve

X - o x 1 L x=2 1
¥ I e - T T T2 O ImT= =3
+ 1
a1 gy = £ 24 o) ==
Jim, f(x) = lim —— = oo Jim £} = lim (x-1)=0

4. f(x) =ﬁ 4. flx) = sec%
lim f(x) = —oo Lim fz) = —co0

03 8

: \ )
1N A

~0.3

45.S=—I-‘-—.0<]r|<1.Assumek¢0. 4. p=%
1-7 : v
k .,
Hm§=1Hn =7 =00 (or—coifk<0) vl_i’ngf‘%=k(oo)=oo (In this case we know that k > 0.)
- A _ 7 48, {a) r = 50 sec3£=&ﬂ sec
47. (a) r = \__m-uft/sec (@) r msect ¢ 5 1t/
= P
® r=— 2(15) == éft/sec (b) r = 504 sec? 3 2007 ft/sec
J625 —225 2
2 (c) H( o - [50msec® 8] = eo
(c) lim — = co

25" 625 — 52
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528x
100 - %'

{a) C(25) = $176 million
(c) €(75) = $1584 million

49, C= 0sx< 100

Total distance
Total time
24
0=

{d/x) + (df)

50y + 50x = 2xy
50x = 2xy — 50y
50x = 2y(x — 25)

25x  _
‘x— 25 M

50. (a) Average speed =

Domain: x > 25

5. m= ——
7= G

Jim m = i~ = o0

53. (a) Because the circumference of the motor is half that of
the saw arbor, the saw makes 1700/2 = 850 revolu-
tions per minute. ’

{c) 2(20 cot ¢) + 2(10 cot ¢): straight aections.
The angle spbtended in each circle is

2 — (2(%—, ¢)) =+ 2¢
Thus, the length of the belt around the pulleys is
20( + 2¢) + 10(m + 2¢) = 30(m + 2¢).
Total length = 60 cot ¢ + 30{7 + 2¢)

Domain: (0, g)

() €(50) = $528 million

. 528
@ lm 50— =

= oo Thus, it is not possible.

) x| 3 | 4 |[s0]| 6
y | 150 | 66.667 | 50 | 42.857
OB T
52, y
31'I i
~LJ
| ]
)
1
— Ry ! X
-1 =1 1 1 k]
-1 :/
-2 E
(b) The direction of rotation is reversed.
@ ¢| 03 0.6 0.9 1.2 L5
L3062 | 217.9 | 1959 | 189.6 | 188.5
{e) =
] 187

® , lim, L= 60m= 1885
(All the belts are around pulleys.)

.
® Jim.L
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54, (2) A = %bh - %;2 6= %{10)(10tan 8 ~ %(10)29
= 50tan 6 — 50
Domain: (u. g)
(¢} oo
[+] 1.5

55. False; for instance, let

-1

x—l

The graph of fhas a hole at (1, 2),
not & vertical asymptote.

(x) flx) =

glx} =

58. False; let
o=t

The graph of fhas a vertical asymptote at x = 0, but
fl0) =3

x#0
x =0

60, Givenlei_l.lz_f(x) = ooandli_r’l}:g(x) =L

(2) Product:

IfL > 0, then for € = L/2 > 0 there exists 8, > 0 such that |g(z).—

L/2 < g(x) < 3L/2. Since 11_1,1:_ fix) =

56. False; for instance, let

®)

) 03i06|09|12 1.5
10 [047 | 421 | 18.0 | 68.6 | 630.1
ln?:A co

57. True

-1

or
x—l

X
AT

59. Letf(x) ——'a.ndg(x) f, and ¢ = O
I.iml— d li ANs but
’_’Px,-ooan »—%x‘_w' it

L| < L/2 whenever 0 < |x — ¢| < &,. Thus,

oo then for M > O; there exists 8, > O such that f(x) > M(2/L} whenever

|x — ¢| < & Let 8be the smaller of 5, and 8, Then for 0 < |x — ¢| < &, we have f(x)g(x) > M(2/L)(L/2) =

Therefore l:_rﬂ Flglx)

(€] Quotipnt: Let € > 0be given.

= oo, The proof is similar for L < 0.

6

There exists 5, > 0 such thatf(x) > 3L/2¢ whenever 0 < |x — €| < & and there exists 8, > 0 such that |g(x) — L| <
L/2 whenever 0 < |x — ¢| < &,. This inequality gives us L/2 < g{x} < 3L/2. Let & be the smaller of 8, and &,. Then

for0 < |x - ¢| < 8, we have

g_(.t) 3L/2 -
Fx) 3L/2¢
glx)
Therefore, lim 55— im @ =0

61, Given ,li.,nl F(x) = co, let g(x)} = 1. Then

1
lin £25 = lm 75~ 0
by Theorem 1.15,

62. Given lim— ]
x\—)c (.x)

=0.
Suppose H_I'l}‘ JS{x) exists and equals L. Then,

_. = l =
i f(x) lim f {x)

This is not possible, Thus, E_t)n f(x) does not exist.
C
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+ 2
63. f(x) = (: e
{a) &= 0.178 for M = 100.

15 1800

i-0.173 :?1 +0.178
1=
. 1B B
[ — 2134 o

Review Exercises for Chapter 1

1. Calculus required. Using a graphing utility, you can
estimate the length to be 8.3. Or, the length is slightly
longer than the distance between the two points, 8.25.

(b) 8 == 0.055 for M = 1000.

:(c) As M increases, § decreases.

+0.053

2934

2. Precalculus. L = /(8 — 1) + (3 — 1)? =~ 8.25

%[+ [-01 | -oor]-oo01| o001 | oo1 [ o1 | '
76) | -026 | —025 | 0250 | —0.24%9 | —0249 | —024 | N :
i — el ‘f_
lim f(x) =~ —0.25 =
4% [-o1 [-o01-o00m |o0o01| 001 o1 !
f& | o022 o2 | o2 [o02 [o2 |01 . 1
lim f(x} = 0.2 4
2= 2 - - : -
5. hlx) = (@) lim h(x) = —2 6. glx) = (@) lim glx) = co
®) lm h(x) = -3 ®) lim g(x) =
7. lim (52— 3) = 5(2) — 3 =7 8. lim (3x + 5) = 3(2) + 5 =11
22 x—42
. _ - _ 3x+5)_32+5_1
9. limy (5 — 3)(3= + 5) = [5(2) — 33(2) + 5] 10. liny (51_3) sy
=7-1=71
L o2+1 _3#+1_10 L 12-9 _ t+2 N S |
5 (e 3 3 12'1‘-‘»'%:—3'1,‘-'»'5(”3)_6 13. Im 73 = m, 21— 2 4
. Jitx—-2 . JA+z-2 Jitz+2 : |1/(x+1)]-1 1-GE+1)
W m = ey  aext2 1. g I e+ D
S
= fim———— =1 = gy = -1
=0 /4+x+2 4
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16. lim 11/V/1 + 1+sl-1_ . [Il/Jl+s|—1 11/4/1 + 5) +1]
. lim = lim
=0 s : .l—bU s (1/m+1
_ [l/(1+s)]—1 -
Hﬂs[ (WVT+35)+1 7~ H0(1 +s)](1/\/1_+—s E=
. X +125 - (x+ 5)x* — 5x + 25)
17. x&n—ls x+5 xl-l,llls x+5
= lim (x® — 5x + 25)
x=2—5
=175
19, Jim (x—5) = -
T \* T e T T

21, lim
Ax—0

sin[(#/6) + Ax] — (1/2

= lim

Ax Ax—0
o1
P
2
2, qim SSErA) T
Ax—0 Ax Ax—D
= lim
Ax—0
= -0 (O)1) =
. 22 +x+1
= .7:-}3—2' x+2 = ®
53 _ 1 _1
.25.xlﬂ'.:ll+f+ _rl—1+x2—x+1-3
27 lim 2R
x—=L" x—-1
29, lim S04 _ i [ﬂ(sin 4x)] _4
) Jg_—lbrtlll* 5 a0+ [5\ 4x /175
31. lim cchx= im .1 =
x=0* X x=0" x sin 2x

—- 4 ) {x + 2)(x ~ 2)
o x]l‘»sz3+8 A0 G+ 202 - 2% + 4)
_ -2
x-v zxz 2% + 4
-_4_1
12° 3
20. L 1. =
-x-g]":’ —4_00
1 _
—riF g T®

. 1 .
Thus, ll_)ﬂ% ‘3/11———__4 does not exist.

sin(77/6) cos Ax + cos(/6) sin Ax — (1/2)

cos 77 cos Ax — sin wrsin Ax + 1
Ax

[_(ms—ixx_ 1)] i Alil_n“;[sinqrsmh]

V3 sinAx
S0 2 Ax

Ax

4. lim —F - =oo
x=(1/2y 2x 1

x+1 . 1 1

%. s A T DE-D - T3

m
=2t =1

28. lim fﬁ=w -
x——1* x+1
30. lim — =
.x—yO“
. cos’x
32 lim—= -
=0~
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Z+1— /3
3. ) = YIS A
@[ [11 [1o0 | oot | 1ooo1 } ®&
.I £(x) | 0.5680 | 05764 | 0.5773 | 0.5773 I —
o YEFI=VB oo (Actnal limit is +/3/3.) -
=1 x—1
(c)llsz_xT_—JS VaEri-=-3 Ja+t1+.3
it x-—1 r—bl"‘ x—1 f_ 1+ /3
(2x + 1) —3
= A Y ey PR}
. 2
= Ii —_—
S Szt 1+ 3
.2 _1 3
23 V3 3
-3
34, f(x)=lx—_#
@ [ 11 1.01 } 1001 | 10001 | ®) -
£z | —03228 | —0.3322 | —03332 | —0.3333 | ey s
. 1-3 L
”13'1{1‘ = _‘{; = —(0.333 (Actual limit is —%) -3
© 1= YE - e L=YE, 1+ + ¥
ARTTTT et 21 1+ Y+ AP
- Ym 1—1x
= G- )+ Vx+ &+
T b 1+t AP
=-1
3
35, F() =[x + 3] 36. fx) = x—l = =1

x]ir{;{l[x+ 3] = k + 3 where k is an integer.
ml_i’:11_|1x+ 3] = k + 2 where & is an integer.

Nonremovable discontinuity at each integer k
Continuous on {k, k + 1) for all integers k

32 —x—2 x#1
37 f(x) =[_x— 1
0, x=1
. _ R-x-2
y—lﬂf(x)_hn} xz—1
=lim{3x+2)=5+0
x>l

Removable discontinuity at x = 1
Continuous on (—o0, 1) U (1, o)

limf(x) = lim (3% +2) =5

Removable discontinuity atx = 1
Continuous on (—oo, 1) U (1, o)

x, xs52
”‘f(”)_{zx 3, x>2
Ip G-
Jlim (2x-3)=1

Nonremovable discontinuity at x = 2
Continuous on (— oo, 2) U (2, co)
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1 £ x _+_1 \/ _1
T R— 3 = __ = )
39, f(x) = P— 40, f(x) o e 1+~
iyt oo i /141 e
e x-27 =0 Y x
Nonremovable discontinuity at x = 2 Domain: (~oo0, —1], (0, o0)
Contououslon|(eei2)0l Zicc) Nonremovable discontinuity at x = 0
Continuous on (—oo, —1]U {0, e0)
3 x+1.
41. f(x} = P 4. flx) = e
lim f(x) = —o0 Loox+1 1
=t J:-harel 2x+ 1) 2
lim f(x) = o0
x=1 Removable discontinuity at x = —1
Nonremovable discontinuity atx = — 1 Contiruous on (—oo, ~1} U (-1, o)
Continuous on (—oo, — 1) U (—1, o)
43, f(x) = csc—? 44, f(x) = tan 2x 45, f(2) = 5
. s Nonremovable discontinuities when Find ¢ so that lim (ex + 6) = 5.
Nonremovable discontinuities at : xo2*
each even integer. Continuous on v (2n + U)mr ) +6=5
(2, 2% + 2) 4 2= ~1
for all integers k. Continuous on 1
. c= —=
((2n - D7 (2n + l)w) 2
4 ’ 4
for all integers n.

46. lim (x+ 1) =2
x—=1 .
lim (x+ 1) =4
x=3
Find b and csothat lim (x? + bx + ¢} = 2 and lim (2 + bx + ¢) = 4.
x=p1~ X3

Consequently we get 1+b+c¢=2 and 9+3b+c=4,

Solving simultaneously, b = —3 and c=4;

A = 5000(1.06)1 48. C =9.80 + 2.50[—[-x] —1], x > O
= 9.80 — 2.50[[~x] + 1]

C has a nonremovable discontinuity at each integer,

47

Nonremovable discontinuity every § months

hﬁ‘ 9_9_9—9—‘
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2 4x 8 -
. ge)=1+3 5. o) =3 5L & = o iop
Vertical asymptote at x = 0 Vertical asymptotes at x = 2 and Vertical asymptote at x = 10
x=-2
82, f(2) = csc 7% 53.C=%.05p<1m
Vertical symptote at cvery integer k @ C(15) ~$14,117.65 (b C(50) = $80,000
© CO0) = $T20000 @ Jlim {oE=o
54, f(s) = 282
@ T-1 |[-001 [-0001 [0001 [001 |o01

(76| 20271 | 20003 | 20000 | 20000 | 20008 20271 |

x
{b) Yes, define
) '{tm?x. x%0
=1 x .
. 2, x=0

Now f(x} is continuous at x = 0.

- i 20— 50 _ Jigg (= 49(4)” + 200) — (—4.92 + 200)
“ra g-—t =] 4-1

= lim 49(t - 4)(t + 4)
=

4 -t
= H —49(t + 4) = —39.2_ m/sec

56. 5() =0 => —49£ +200 =0 = £ ~ 40.816 = =~ 6.39 sec
"When t = 6.39, the velocity is approximately

fim 50 =50 _ lim ~49(a + 4)

~a a-—1

= lim —4.9(6.39 + 4} = —50.9 m/sec.
14639

57, limH-= 1 is false. limjfl does not exist, since 58, lim x* = 0 is true.
0 X =0 X 70 -

gkl gl

59, ‘True; sec Theorem 1.7. 60. False; It f{x) = 55— Then, 61. True
= =x+1 2

but £(1} is not defined.
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62. P-IE Sfx) = 3 is false since

lim £(x) = 3 and lim f(x) =

64, f(x) = | I =+ 2)[|
JLim f) = —4
lim, fx) = 4

;1:‘35 f(x) does not exist,

63. lei_rgf(x) = 1 is true since

Jim (r~2) = land lim (-2 + 8x - 14) = 1.

il] 65. flx) = Jlx — I)x
Domain: (—oo, 0] U[?, oo)
lim f(x) =
Jim flx) =
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CHAPTER 2
Differentiation

Section 2.1  The Derivative and the Tangent Line Problem

Solutions to Exercises
L{am=0
®) m=-3
3. (a), b)
¥= ﬂ—&(x 1)+f(l)-::+ll
i \
’ £

@y=L9=L0 44 gy

3
=§_(x—1)+2
=1{x—1)+2
=x+1
5 fix)=3
R R
=1im'ﬂ
Ar0 Ax
= lim0=0
Av0
7. f(x) = ~5x
ff(x).__mm%l&‘l
o =Sx + Ax) — (—%5x)
= lim x e
= lim —5= -5

2.(a)m=4l
®m=1

4. @) (4) .1@_53;2~1

1(4) ~f(3) 5 =475 _
4-3 =

:!4) = f(1) t§4) f(3!

4-1

(b) The slope of the tangent line at (1, 2) equals £°(1).
This slope is steeper than the slope of the line
through (1, 2) and (4, 5). Thus,

1O =10 _ oy

6. flx) =3x+2

£y = tim LE+ A0 — /()

Ax—0 Ax

[3x + Ax) + 2] = [3x + 2]
Ax

= lim
Ax—0
= lim 34
A0 Ax

=lm3=3
Ax—30

s.f(x)=9—%x

1) = i SET A9, t} =6

- lim 9= (1/2)(x + Ax)] - [9 - (1/2).7;]
Ax~30 Ax

, 1 __1
=£ﬁ('5)-
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9 f=22+x—-1

) = B Sx i%) - )

(2(x + AxP + (x + Ax) — 1] —[2 + x — 1]
Ax

(2f+4mx+2(Ax)3+x+Ax—1|—(2x’+x—1)
Ax

dxAx + 2(Ax)2 + Ax _
Ax

i z% s

= lim (dx +2Ax + 1} =4dx + 1
T Am0

10. f®=1-4

f’(x) = lim M%xxtﬂ'ﬂ

[1-G+Ax? -1 -]
Ax

1 -2 — 2Ax — (Ax? — 1 + 2%
Ax
—2xAx — (Ax)?
Ax

5 F IF I

I

=A1i_m’°(—2x—Ax)= -2x

1. fix) =x—

763 =y L6891

[(x+ Ax)3 12(x + Ax)| — [x* — 12x]
Ax—bﬂ Ax

2+ 32%Ax + 3x(Ax? + (Ax) — 12x— 12Ax — X + 12x
lim - : T B
Ar—0 Ax
3x2Ax + 3x{Ax? + (Ax® — 12Ax

= lim = — i

Ax—0 Ax
= lim (32 + 3xAx + (Ax)? — 12) = 3x° — 12

Ax—0 .

12, f(x) =2 + 22

f'(x) = Mbm%xxt[@
im [(x+Ax)3+(x-£xAx)"| @ + 2

i 2+ 32%Ax + 3(Ax)? + (AzP + 2 + 2Ax + (AP — 2 - 22
= lim —
Ax—D Ax

3°Ax + 3x(Axp + (AxP + 2Ax + (AxP

=£5:m(3x2+3xAx+(Ax)=+2x+(Ax))=3x‘+21

= lim
Ax—0
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1 1
B fx) =777 W f@)=3
. + Ax) — . Flx + Ax) = f(z)
£0) = Jim L 802100 79 = i Lot 20 =Sl
1 __1 1 1
.o xtAx—-1 x-1 o+t 2
BT =£1';n(xT
— iim -1D-(x+Ax=-1 = lim — {x + Ax)?
= Ao Ax(x + Ax — 1)(x — 1) = Ao Ax(:c+Ax)’x2
= i —Ax = lim —2xAx — (Ax)*
" a0 Axx + Ax — D(x — 1) ar30 Axlx + Ax)ie
oy -1 ~2x = Ax
T ax0 (x + Ax — 1)(x — 1) = 5 G + Ay
-1 it
(x—17 A
=2
P
15. flx) = Vx—4
o f(x+Ax)— (x) . \-x+Ax—4—\/x—¢_l_5'.':+Ax—4+\/x—4-
f'(x)—Alxl_’o Ax Alﬂnvo Ax x4+ Ax—-4+ Sx-4
- im (x+Ax—4)—(x—4) * tim : 1 - 1
Ax-mAx{ X+ Ax-ad+Jx—4] L0 x+Ax-4+Jx—4 2/5-4
1
16.f(x)=$
1 1
Ax) — | T~
) = f(x"' ) (x) A,Ho _:x+$ Jx
 x—(x+Ax)

f—Jx+Ax Vit JrtAx_ oo
AH’Axe+Ax~/' Vit JxtAx M-"’Ax\/x+_s/'I\/'+ﬁ+_]

= lim
_«/Eﬁfx/;+3xj=_
=2 +1

| (b)
[+ AY) = f(x) \/z.s)

f&) = Jim Ax
? 7

[(x+Ax)=+1]—[x2+1]
Ax

_ o 2xAx + (Ax)?
= A

= lim (2x + Ax) = 2
Ax—0D

e mﬁ[ﬁ v

17. @ i)

Ax—r(l

At (2, 5), the slope of the tangent line is
m = 2(2) = 4. The equation of the tangent line is

y=5=4x-2)
y—5=4x—8
y=4x— 3.
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18. (a) f(x) =x* + 2x + 1

f'(x hm 4)('7‘ + — _,r._f x)

_ lim[Q+Ax)=+2(;|:+::\:|=h+1]—1.1:’+2z:+1]
Ax=30 Ax

. 2xAx + (Ax)* + 2Ax
= lim —————
Ax—0 Ax

=Alg_m;o(2x+Ax+2)=Zt+2
At (-3, 4), the slope of the tangent line is
m=2-3)+2=-4
The equation of the tangent line is

y-4=—4x+3)
y=—4x—B.

19. (a) fx) =
m)_mm;ﬁ—f_(xl
- AP =2
_mosfm + 3.1;(£x|’ + (AxP
=gjﬂlo(3f+3xAx+(Ax)’)=3£

At (2, 8), the slope of the tangent is m = 3(2)* = 12.

The equation of the tangent line is
y—8=12(x—2)
y=12x — 16.
20. (a) .f(z)=\/;
o {x + Ax) — flx
)= m, L0220 =100
= lim .Jx+Ax—J;_ Jx+ Ax + Jx
Ax—0 Jr+ Ax+ Jx
Bm {x+Ax)—x
Ax—mAx(xx+Ax+‘/')

= i —— —=__

AEOJ:+Ax+JJ; 2/x

At (1, 1), the slope of the tangent line is
1

2f 2
The equation of the tangent line is

1
y-1=§(x—1)

=

-1y
y=35+

®) ' 5
(-3.4\ /
) - \ 4 3
-1
(b) 10
[r R )]
[}
1
(b)

-1

LN
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21. (8 Fix)=x+ %

f’(x) — llm f(x + Ax) f(x)

- [MIHT} [+ ]
Ax—0

- Ax)
Ay + F -t Az)
- tim (x + Ax)x
Ax—0 Ax

|
I:'

[l * Ax(x + Ax)x]

I
[
=

ol " (x+ Ax)x]

L
=

At (1, 2), the slope of the tangent line is

m=1—%=0.

1

—

The equation of the tangent line is

y=2=0x-1)
y=2

o

(L, 2

®

,{’W

23. From Exercise 19 we know that f{x) = 322, Since the
slope of the given line is 3, we have

=3
x =1, .

Therefore, at the points (1, 1) and {— 1, —1) the tangent
lines are parallel to 3x — y + 1 = 0. These lines have
eguations

y—1=3@k-1) ad ¥+1=3E+1)

y=3x-2 y=3x+2

2@ f0 =g
f’(x)=Al££1° l"’ A_x):‘@
11
=1imx+Ax+_ x+1
Ax—0 Ax
= lim: +1) fx + Ax + 1)
T a0 Ax(x + Ax + 1)(x + 1)
1 1
a0 (x+Ax+ (1)
—1
(x + 1)2

At (0, 1), the slope of the tangent line is

-1

m=-(-0+—1)2=-1.

The equation of the tangent line isy = —x + 1.
®) a

=y

-3

24, From Exercise 16 we know that

Fo) == J}
Since the slope of the given line is —%, we have
1 1
2v/x 2
x=1

Therefore, at the point (1, 1) the tangent line is parallel to

x + 2y — 6 = 0. The equation of this line is

1
y=l=-3-1)

1 .1
y— 1= 2x+2
yolsd
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28. Let (xo, yo) be a point of tangency on the graph of f. By the limit definition for the derivative, f'(x) = 4 — 2. The slope of the
line through (2, 5) and (x,. yo) equals the derivative of f at x,: '

S_J’n_
2-10_4 %

55—y =2 - xld—2)
5= (4 — %) = 8 — 8xy + 2x?
O0=1x2—4dx,+3
0=(p=Dx -3 = x=13

Therefore, the points of tangency are (1, 3) and (3, 3), and the corresponding slopes are 2 and —2. The equations of the tangent
lines are

y—5=2(x—-2) y-5=-2x-2)
y=2&+1 y=—2%+9

26. Let (x5, o) be 2 point of tangency on the graph of f. By the limit definition for the derivative, f/(x) = 2x. The slope of the line
through (1, —3) and (x,, yo) equals the derivative of f at x;:

—3"'J'o=
1-x
-3 =y = (1 - 2%
_3_xoz= _2102
x'—2—3=0

(ro— Mo + 1) = 0 => 7 =3, -1

Therefore, the points of tangency are (3, 9) and (—1, 1), and the corresponding slopes are 6.and —2. The equations of the
tangent lines are -

y+3=6(x-1 y+3=-2x—1)

y=6x—9 y=—2c—1
2% f)=x 28. f(x) = 29, fx) =V
=1 =2 f,(x)___#
Matches graph (b). Matches graph (e). x
Matches graph (c).
30. £(x) =% A F) = | = [’jx’ :K i g 32. f(x) = sinx
. The slope, f* (x), is pericdic.
1 1, ifx >0
f@=-z f'x)= [_1' ifx < 0 Matches graph (d).
Matches graph (a). Matches grﬁph M.

33. (a) g'(0) = -3
®) g03) =0
(c) Because g7(1) = -4, g is decreasing (falling) atx = 1.
(d) Because g'(—4) = 1, g is increasing (rising) at x = —4.
(e) Because g'{4) and g(6) are both positive, g(6) is greater than g(4), and g(6) — g(4) > 0.
() No, it is not possible. All you can say is that g is decreasing (falling} at x = 2.
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K + — 3
34. (a) flx) = (b} g = moa(x ﬁ v
) = ligg JETAD = f&) : B
Fi) = dim, Ax —'Al,ip.n}o(x+A:x!3 x
= i (x+Ax)z-x2
= m-———
_ ]imxz+2x(Ax)+(Ax)2—x_1 As—0 Ax
o N = li;n Ax(32% + 3x(Ax) + (Ax))
= lim 2x + Ax Art) Ax
s = lim (32 + 3x(Az) + (Ax)) = 34
=£E1’0(2x+Ax)=2x
. Atx = —1, g(~1) = 3 and the tangent line is
Atx = —1,f(—1) = —2 and the tangent line is y+1=3x+1) o y=3cx+2
y"l=—2(x+1) oo y=-2-1 Atx=0.3'(0)=Oandthetangentlineisy-—-0,

Atx = 0,f(0) = 0and the tangent line is y = 0,
Atx = 1,f(1) = 2and the tangent line is y = 2x — 1.

N1 i
A e

)

Atx =1, g(1} = 3 and the tangent line is
y—1=3—-1) or y=3z-2

-2
For this function, the slopes of the tangent lines are
always distinct for different values of x. For this function, the slopes of the tangent lines are
sometimes the same.

35. 36! ¥
i
4
i
2
1
x —t T + - X
-4 -3 -1 -1 112 3 4
-2
-3
-4+
y = —x is one possible answer. (slope is — 1) y = xis one possible answer. (slope is 1)
37. f(x) = 1 2
By the limit definition of the derivative we have f/(x) = 32
=2 2
lx |=2|~t5|-1|-05|0|o05|1]|15]2
f -2 | -F | -t|-4 |o|s 1|8 |2 N
@ 3| & | 3| & |0 & 3|8 |3
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38. fx) = 1
By the limit definition of the derivative we have f{x) = x.

x |-2]-1s |[-1 [-os 0.5 } 1 s |2 - :
fx | 2| 1125 | 05| 0125 0.125 | 05 | 1.125 | 2 -1
@ -2 |-15 |-1 |-05 05 |1 l 15 |2
39, g(x) = Jx+ %%ll)u'r_(x) 40. g(x) = [+ %%11) - fGx)
= (2fx + 0.01) — (x + 0.01)2 — 2x + ) + 100 = (3. + 001 — 3/3)100
\ 7
i ! A ;
MY » .

-1

The graph of g(x) is approximately the graph of f'(x).

1

41 fla) = = and ) = 37

3. f@x)=4- (x- 37

Sy = L2 EA =SB 5y 1 1y
_4-(2+Ax—32-3

Ax. I.t—2)+3=1—_

Ax

@ Ax= LS, =@Gx—-2)+3=x+1

Ax = 0.5: SM=(%)(x—2)+3=%x

19 4
—2)+3—m;|:—5

Ax=0.1: 8, = (%)(x

-1

The graph of g(x) is approximately the graph of f{x).

. f) =5 ~ 1ramd ) = 322 - 3

W

-4

—172

(x—2)+3=(—Ax+2{x—2) +3

5
Sa1

r g

85

(b) As Ax— 0, the line approaches the tangent line to fat (2, 3).
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=+l
M.f(x)—x—f-x

15
(2 + Ax) + -2
— (2+Ax— 2 _ - 2+Ax 2 _ 2
Su: ) Ay (x—2) + £(2) = =2 +3
_ 22+ AP +2-52+AY, _QAx+3), s
- 2@+ agar ¥ AT+ A 2)+3
5 5 5 .5
@ Ax= 1 S =gh-D+y=grtg J;/
Ax=0.5:SM=%(x-2)+-;-=%x+F_O et )
EM/’II
5_16_, 41 i
Ax = 0.1; SM——(x—Z) 2% +E =

(b} As Ax—0, the Iine approaches the tangent line to fat (2, %)

45.f(x)=x’—ll.c=2
7o = i P9 -y D2 oy EBEED -
4. fx) =2+ 25,c=1
’(1)—hmu—(x f) lim D=l (x—l)(x2+x+3) llm(x’+x+3)

1 x-1 x-n x—1

7. f) =2 +2%+ l,e= -2
~2) = lim O =f(=2) _ o P+ P22+ -1 - lm 2 =4
x—3—2 x+ 2 x=-2 x+ 2 X——2 x+2 ==

48.f(x)=%,c=3

f3) = hmM (1/X| = (1/3) m -x _1 =l‘_ﬂ(_%) __1

x—t! x—3 | 3x x-3 9

P rx)=x—-12%c=1

\_ (v — 172/ —
70 = tig LR <y =0 gy L

The limit does not exist. Thus, fis not differentiable at x = 1.

50, f(x) = [x — 2|,c=2
f’(2)"'llmf(x) f(Z)_l‘l |x—2|

=2 x—2
The limit does not exist. Thus, fis not differentiable at x = 2,

51. f(x) is differentiable everywhere except at x = —3, (Sharp turn in the graph.)

52, f(x) is differentiable everywhere except at x = 3, (Sharp turns in the graph.)
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53, #(x) is differentiable everywhere except atx = — 1. (Discontinuity)

54, f{x) is differentiable cverywhere except at x = 1. (Discontinuity)

55. f(x) is differentiable everywhere except at x = 3, (Sharp tum in the graph)

86, f(x) is differentiable everywhere éxcept at x = 0. (Sharp turn in the graph)

87, f(x} is differentiable on the interval (1, oc), (At x = 1 the tangent line is vertical.)
58. f(x) is differentiable everywhere except at x = *2. (Discontinuities)

59, f(x) is differentinble everywhere except at x = 0. (Discontinuity)

60. f(x) is differentiable everywhere except at x = 1. (Discontinuity)

6L £ =[x — 1]

The derivative from the left is Hm f(:g_—{(l) - i 20

=1~ x-—1

- o =) k=10
Thedmvanvefromthenghtls;ll'n& prp— -_x]EH!’ 1 =1,

The one-sided limits are not equal. Therefore, fis not differentiable atx = 1.

62. f(x) = V1 — 22
The derivative from the left does not exist becanse

W) STmR-0_ . TR JTTE_ . 14z _
31_1’1}1_ x—1 ”1_1’:{1_ x—1 xl-HP' x-1 \/f_—x!—,lj,nl‘.—‘/l—_—z,=—oo.(vm:lcaltangent)

The limit from the right does not exist since fis undefined for x > 1. Therefore, fis not differentiable atx = 1.

- 3
CNTOR (o A

The derivative from the left is

i LB S0 _ (1;1_)31_0=£I{1_ (x—1P =0

== x—1 1"
The derivative from the right is
() = fl1) _ oy =17 =0

xl-i»ni1= x—-1 x=1 x—1 =jl_i.1§1+(x—1)=0.

These one-sided limits are equal. Therefore, fis differentiable at x = 1. (f{1) = 0)
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x, x£1

o0 ={5 5%
The derivative from the left is

(10 ST TS G

.x-il‘ x—1 x\-)l.'x -1 x=»l

The derivative from the right is

i =0 T ey -2

These one-sided limits are not equal. Therefore, f is not differentiable atx = 1.

. . . ]2+, x<2
65. Note that fis continuous at x = 2. f{x) = [ -3 x>2
The derivative from the left is
tim L82= (2) _(“2‘”) = lim (v + 2) =
X2~ X — x—)z x=2"
The derivative from the right is

=[O yy Ur=3)=5 lim 4=
x—b2+ X — .v—)l" x—2 o ’

The one-sided lmuts are equal, Therefore, fis differentiable at x = 2, (f(2) = 4)

1
. Ix+
66, Note that fis continvous at x = 2. f(x) = {3’}5 Lx<2

x22
The derivative from the left is
i SO =F@ _ o Bxr1)-2 pie=2_1
=2 x—2 =2 x—2 .:—>2' 53 2
The derivative from the right is
z(x) —,£(2 g V=2 Y+2
x-m ' a2t x —2 f 2x+ 2

o L 20x-2) B
w2 (x - 2)"\/2_X + 2| x—n?.*‘ (x — 2)| ‘/_ 2% + 2!, H2+ \/z_x 2= -2-

The one-sided limits are equal. Therefore, fis differentiable at x = 2. (£1(2) = %)

67. (a) The distance from (3, 1) tothe linemx — y + 4 = QO is

IAxl + By, + CI
JAT Y B
_mB3) - 1) + 4] [3m + 3|

N NN ~
® s

I

. . The function d is not differentiable at m = — 1, This corresponds to the line
\/ ¥y = —x + 4, which passes through the point (3, 1).

=4 4
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68. (a) If fis odd and f*(c) = 3, then by symmetry, f(—c) = 3 also.
(6) If fis even and f*(c) = 3, then by symmetry, f(—c) = ~3.

69. False.y = |x — 2| is continuous at x = 2, but is not differentiable at x = 2. (Sharp turn in the graph)

70. False. If the derivative from the left of a point does not equal the derivative from the right of a point, then the derivative does
not exist at that point. For example, if £(x) = {x|, then the derivative from the left atx = 0is —1 and the derivative from the
right at x = 0 s 1. At x = 0, the derivative does not exist.

71. True—see Theorem 2.1

72 (8) f(x) = R and flx) = 2 (®) glx) = »* end gz} = 32 ’

(c) The derivative is a polynomial of degree 1 less than the original function, If h(x) = x*, then h'(x) = nx"~1,
(@ 1676e) =, thon ) = Jim L+ B0 =)

L (A -
= M =3

= lim 2 + 4x%(Ax) + 6x2{Ax)? + dx(Ax)® + (Ax)* — x*

Ax—0 Ax
- 1 Ax(dx® + 6x*(Ax) + 4x(Ax)? + (AxP)
= m e

Ar—0 Ax

= lim (42 + 63(Ax) + 4x(Ax? + (Ax)) = 4

Hence, if f{x) = x%, then f'(x) = 4x® which is consistent with the conjecture. However, this is not & proof, since you must
verify the conjecture for all integer valueés of n, n 2 2.

_ |xsin(l/x), x#0
7. 1) = [0, x=0

Using the Squeeze Theorem, we have —|x| € xsin(1/x) < |x|, x # 0. Thus, lin(:)xsin(l/x) = 0 = £(0) and fis continuous at
x = 0, Using the alternative form of the derivative we have =

HmMF 0 =]jmx__§_LL_ain1 % —0=1im(sinl).
=0 x—0 =0 x—0  x0\ X

Since this limit does not exist (it oscillates between — 1 and 1), the function is not differentiable at x = 0,

o= {E a0, 240

Using the Squeeze Theorem again we have —x? £ »? sin(1/x) < a%,x # 0. Thus, lin'll,:r1 gin(1/x) = 0 = £(0) and fis
contimuous at x = 0. Using the alternative form of the derivative again we have =

tg SO SOy Z0A/D 20 3ol g,
= x=0 a0 x—=0 x50
=0

L]

Therefore, g is differentiable at x = 0, g’(0) = 0.
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74, 3

N/

As you zoom in, the graph of y, = x* + 1 appears to be locally the graph of a horizontal line, whereas the graph of
¥, = |x| + 1 always has a sharp comner at (0, 1). y, is not differentiable at (0, 1).

Section 2.2  Basic Differentiation Rules and Rates of Change
1. (a) y=x'72 b)) y=x7 © y=2 @ y=x
y =g y =40 =2 y =32
y(1)=% y(1) =1 y(1)=2 y(1)=3
2 y=x2 ® y=x! © y=x3 @ y=x?
y-’ — _%x—SI?. y’ = —x—2 y: = _%x_sfz y: = —9y3
(1) = -4 y(1) = -1 y(1) = -4 y(1) = -2
3, y=3 4, fix)= -2 5 fx)=x+1 6. glx)=3x-1
y'=0 r@=o f@=1 g =3
7. gx)=x2+4 8 y=£2+2%-3 9 fl=-22+3%—-6 10. y=x—-9
gy = 2% y'=2u+2 f@)=-4+3 y' =32

IL s(d=P—-2+4
s(#)=32~-2

14. y=5 +sinx

y' = cosx

12, flx) = 22 ~ 2 + 3x
fi)=62—2¢x+ 3

15, y=;1r-—3sinx

’

1
y = —1—2-—3003.\:

Rewrite Derivative
y= :‘19‘—3 ¥y =—x4
y= 2%5:" y'= —%x"
y=gx y'= —.2—;-rx"

13. y=x2—4cosx
y’=2x+%sinx

16. g(8) = wcost
g} = —msint

"=——l-.
Y=T4
o _ 4
Y 0
P
Y 9
o _2m

9%
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=—CONTINUED—
Functi Rewrit Derivati Simpli
Jz 1 1
IS — = 1/2 ! = —y—3/2 ? ot
21. y . y=x ¥ y oy
) 4 , } ,
22.y=F y =40 =123 y' =122

) = -1

2. y= 1:(1’ - %). (2,18)

=33-6
y' = 02
y(2) =36

29, F(8) = 4sin B — 6, {0, 0)
f(6)=4cos 68— 1
fo=41)—-1=3

32, f(x) =22 — 3x — Ix~?
FR=2x—3+ 672

mx—3+8
=2 -3+ 3

38, f(x)=‘3‘3:+—‘-‘=x—3+4x-=

-8 2-8
f‘(x)_l_xs =

3 y=aP+1)=x+x
y=3+1

=3z
(3)-3

27. y=(@x+14 (1)
=42 +4x+ 1
y=8+4
y(0) = 4

30. g() =2+ 3cost, (m—1)

g0 = —3sint
g(m=0

33 gl =f -4

28, f(x) = —-;- + %;‘ (o, --;-)
) =%

O =0

28. £(x) = 3(5 — 2%, (5,0)

=322 - 30x + 75
) = 6x — 30
f8)=0

M fx)=x—3x— 2
F)=32-3+8"

a2 _q4 b
= 352 3"';5

M f=x+a1?

g/ = 21 + 472 Fl)y=1-2x"3
=u+g -1-%
36 h(x)=2"z_:‘+1 2% -3+ 1!
-3

38, f@) =Yz +Yx =21+ 2/

1 1 1 1
= "”5 _4/5 S e— i
Fo) =g e g = pam T 5
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39. h{s) = 44 40. f =02 -1
PR Sy S 2 oy = Lmazs L1
hs) = 3 55173 0 3 T 3B
41 f(x) =4/x + 3cosx = 452 + 3 cosx 42. f(x) = 2sinx + 3cosx
Flx) = 22172 — 3gin flx)=2cosx — 3sinx
= %— 3sinx
B. (&) y=x"—-37+2 4. (0} y=2+2x
¥ =4a® — 6x y =32+ 1
At (1,0): y" = 4(1)* ~ 6(1) = -2. At(-1,-2): y'=3(=1Pp +1=24,
Tangent line; y—0==-2(x-1) Tangent line: y+2=4(x+1)
2x+y-2=0 dx—y+2=0
b) 8 {b) 5
/
\ -B Fi &
-2 L - 2 .
A
-1 -7
45. (a) f(x) =3/L.?£_2 = x~%/3 46. (8} y= (2 + W){x + 1)
2 2 =x+ 32+
f’(x)__sx—5/3=__3g/_; yf=3xZ+6x+2
: 1 2 1 At(l,6): y =3012 +6(1) + 2 = 11.
At (S,Z): y'= ey -yl yTs
3(¥/8 Tangent line: y — 6 = 11(x — 1)
- 1 1
e —E o — 0=1lx-y-35
Tangent line; y=3 -‘E(x 8) xX=y

—48y+12=x-8
0=x+ 48y — 20
(b) 1 -9 [y, 3

-1 10
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47, y=x -8 +2

y' = 4x® — 16x
= 4x{x* — 4)
= dx{x — 2)(x + 2)

y=0= x=0,%2
Horizontal tangents: (0, 2), (2, =14}, (—2, —14)

y =23 = -_xTzcannot equal zero.

Therefore, there are no horizontal tangents.

51, y=x+sinx,0 £ x <27
y'=1+cosx=10
cosx=—-1=x==
Atx=my=m ~

Horizontal tangent: (w, )

If f is linear then its derivative is a constant function.
f@=ax+b
f0)=a

48, y=x*+x
y=32+1> Oforailx
Therefore, there are no horizontal tangents,

50, y=x2+1
y=2x=0=>x=0
Atx=0,y=1
Horizontal tangent: (0, 1)

52, y=+/3x+2cosx, 0 < x <27
y’=f—23inx=0

5 _\/5 T 27
sinx = ) =X 301'-3—
_T _fir+3
Atx—s.y— 3
2w _2/3m-3
At.\:—s.y——3 .

3 3 3’ 3

If fis quadratic its derivative is a linear function.
f)=al+bx+c
fX)=2ax+b

Horizontal tangents: (1" ﬁm) (2—" 2‘/5"—"3)



Section 2.2 Basic Differentiation Rules and Rates of Chanye B9

55. Let (x;, 1) and (xy, y,) be the points of tangency ony = x> and y = —x2 + 6x — §, respectively, The derivatives of these
functions are

‘y=2r = m=2, and Y=-2x+6=>m=-2,+6.
m=2x=—-2x,+6
xl=-x2+3
Since y, = x;2andy, = —x2 + 6x, — 5,
By _ Cm ey =5~ (-x) _
e T
(—x2 + 6x, — 5) = (—x, + 32
x = (—x +3) 2+ 6
(52 + 65— 9) = (51 — 61+ 9) = (~25, + )25, - )

—2%, + 6.

m=

&P —6x,+4=0
2, -2 -1)=0
xn=1o0r2

n=1=y,=0x=2ady =4
Thus, the tangent line through (1, 0) and (2, 4) is

y—0=(;:?)(x—l)=y=4x—4.

R=2=y=3x=lady =1
Thus, the tangent line through (2, 3) and (1, 1) is
y—l=(:—:-—:)(x— )= y=2-1

56. m, is the slope of the line tangentto y = x. i, is the slope of the line tangent to y = 1/x. Since
= ‘=1 = 1and _l= r=__1.=,‘ ==l
y—x=’y =>ml- and y = y xz my xzn

The points of intersection of y = xand y = 1/x are

=‘%=>:&=1 = x = *1.

Atx = +1,m, = —1, Since m; = —1/m,, these tangent lines are perpendicular at the points intersection.
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. . 2
57. f&)'= V% (-4.0) S8 f() =% (5.0
1 1
= —12-— 2
f'(x) Exl 2\/; f’(x)=—;i
1 _0-y 2 _0-
2T 4= E R
4+x=2Jxy 10+ 2x = —x%
4+ x=2/%/x 2
4+ 3= —10+2x——13(;)
x=hy=2 -10+ 2= -2
The point (4, 2) is on the graph of f. dx = 10
D e 02, _5__4
'Ihngentline. y 2 _4_4(.1: 4) x_i'y_s
4y—8=x—4 Thepoint(%.%)isonﬂwgraphofﬁ'lheslopeofthe
O=zx—dy+4 tangent line is f{3) = —%.
. 4 8 5
rogetios 34 =~ Ye- 1)

$9. (2) One possible secant is between (3.9, 7.7019) and (4, B):

- _ 8 —17.7019
y-‘”ﬁg—(x-‘e)

y— 8 = 2.981(x — 4)
y = S(x) = 2.981x—3.924

® 76 = 3 = p14) = 30) = 3

Tx)=3x-4)+8=3x—4
S(x) is an approximation of the tangent line T{x).
(c) As you move further away from (4, 8), the accuracy of the approximation T gets worse.

J

I

—
-2

Dlay |[-3|-2 |-1 —05 |-0a |ojo1 jos |1 |2 ‘ 3 |
f&) | 1| 288 | 519 6548 | 7702 | 8 | 8302 | 9.546 | 11.180 | 14.697 | 18520

T(x)l—l 2 | s | e | 717 |8]83 o5 |u |1 |1 J
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60. (2) Nearby point: (1.0073138, 1.0221024)

1021024~ 1, . |,
1.0073138 — 17

y=3022(x~1) + 1

Secant line: y — 1 =

9

®) fx) = 32
) =3x—1)+1=3x-2
(c) The accuracy worsens at you move away from {1, 1).

(Answers will vary.) 2 /
}(l l) -3 - 3

-8 a y T

-2
—2

@A [ =3 -2 —1‘—0.5 —01 | 0|01 ‘o.s 1| 2] 3]
£ | =8| -1 o o125 0729 11331 3375 8|27 |64 |
Tx) | -8 | -5 | -2 —05 ‘ 0.7 1 | 1.3 25 '4 7|10 |

The accuracy decreases more rapidly than in Exercise 59 because y = x? is less “linear” than y = x3/2,

61. False. Let f(x) = x? and g{x) = 2 + 4, Then
Fix) = g'(x) = 2x, but f(x) # g(x).

63. False. If y = =2, then dy/dx = 0. (7r*is a constant.)

65. fls) =2t +7,[1,2]
fin=2

Instantaneous rate of change is the constant 2,
Average rate of change:

Q- _R@A+7 -2 +7]_,
2—-1 1

(These are the same because f is a line of slope 2.)

61. f(x) = -%, [1,2]

1
fH=a
Instantancous rate of change:
1 ey _ L
(2-3) = s =1
Average rate of change:

- _(-1/)-(-1)_1
2-1 2-1 2

62. True. If f(x) = g(x) + c, then f(x) = g'(x) + 0 = g(x).

64. True. ¥y = x/7 = (1/7) « x, then dy/dx = 1/a{1) = 1/,

66. F(§) = £ — 3,[2,2.1]

) =2
Instantaneous rate of change:
2,1) = f(2)=22) =4
- (21,141} = f2.1) = 42

Average rate of change:
f21) - f2)_ 141-1 _ .
21-2 0.1 )
68. f(x} = sinx, [0, %]
Flx) = cosx
Instantaneous rate of change:
(0.0) = f0) =1
al Y _ £
(22) = (2) - L ose
Average rate of change;

fa/6) - j(0) _ (1/2) -0 _
(n/6}) -0  (w/6) — 0

3 w0955
o
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69. (a) The slope appears to be steepest between A and B.

(b) The average rate of change between A and B is greater than the instantancous

/ rate of change at B.
@© 7

(d) The average rates of change are approximately equal between B and C, and
between D and E.

¥
]

70. 'I‘heg.,mphofafunctionfsuchthatf’ > 0 for all x and the rate of change the function is
decreasing (i.e. f* < 0)would, in general, look like the graph at the right.

L ]

71 (a) () = — 162 + 1362

v() = -3
® ’(2;%;(1) = 1298 — 1346 = —48 ft/sec

(©) v() = ")) = 3%
When ¢ = 1: v(1) = —32 fi/sec.
When ¢ = 2: v(2) = —64 fit/sec.
(@ —16# + 1362 =0

g= = = t= /1362 ~ 9.226 sec
16 4
~/1362) _ /1362
(e) v 2 )" -32 ~a

= —8./1362 ~ —295.242 ft/sec

73, ()= —-49P +vy+ 43,
= =492 + 120¢
v(t) = —9.8t + 120
w(5) = —9.8(5) + 120 = 71 m/sec
¥(10) = —9.8(10) + 120 = 22 m/sec

s() = —168 — 22t + 220
W) = =32 — 22
v(3) = — 118 fi/sec
s() = —168 — 22t + 220
= 112 (height after falling 108 ft)
—168— 22t + 108 =0
—2(t— 2B +27)=0
t=2
v(2) = =32(2) - 22
= —86 ft/sec

74. 5() = —4.92 + vt + 55

= 498 + 5, =0 when t = 68.
50 = 49 = 49(6.8)2 = 2266 m
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75. v 76. 0
© — i
v | 1
5 for
f2— 0 rE e
W+ ! ] "2 [
o1 bl g'.o bl
Lt
1 ¢ B 10 o
Time (in minutes) Tt
Time (in minutes)

(The velocity has been converted to miles per hour) .
(The velocity has been converted to miles per hour)

77. v = 40 mph = 2 mi/min 78. This graph corresponds with Exercise 75.

(% mi/ min)(ﬁ min} = 4 mi 3 10 .
v = 0 mph = 0 mi/min &
(0 mi/min)(2 min) = 0 mi i !

v = 60 mph = 1mi/min

{1 mi/min}(2 min) = 2 mi

79. (a) Using a graphing utility, you obtain (b) Using a graphing utility, you obtain
R = 0.167v — 0.02. B = 0.00586v% — 0.0239y + 0.46.
(c) T=R + B =0.005862 + 0.1431v + 0.44 d =

(&) % = 0.01172v + 0.1431

For v = 40, T40) = 0.612. alh 100
For v = 80, T*(80) = 1.081. . _

{f) For increasing speeds, the total stopping distance
Fory = 100, T’(IOD) = 1,.3185. increases.

80, s() = —-%at’ +cand s(t) = —at.

s(t + Ar) — s(t, — Ad) _ [_—_(l/2)a(r° + AP + ¢] — [—(1/2)alty — AD? + ¢)]

Average velocity: () + A — (55— A) 2A: _
- = (1/2)alte? + 214t + (A)?) + (1/2)alry? — 28,Ar + (A:P)
2A;
_ Z2auhr
T 2A¢
= —at,

5'(t) Instantaneous velocity at ¢ =

- =V _.n
=2 82, V=g % =3

When.s=4m.%=8mz Whens=4cm.%,=48cm13



94 Chapter2  Differentiation

83, C= !%wﬂs.ag

dC _ _ 1,008,000
dQ ¢

C(351) — C(350) ~ 5083.095 — 5085 ~ —$1.91

+ 6.3

When 2 = 350. =~ —$1.93,

dQ

84. C = (gallons of fuel used)(cost per gallon)
(15 000)(1 28) = 18,750 750

dc _ 18,750

& 2

| x 10 15 20 25 30 35 0 |
c | 1875 | 1250 5375 | 750 | 625 53571 | 468.75

%C J—iav.s —83333 | —46.875 | —30 | -20833 | —15.306 | —11.719

'Ihedriverwho;etslsmilelpergnllonwouldbeneﬂtmrefmmalmﬂepﬂgﬂﬂonincreaseinﬁleleﬁciency.Themteof
change is larger when x = 13.

85. The runner was safe. Explanations will vary. K(T )

&-Iﬁi

8. y=ad +bx+¢

Since the parabola passes through (0, 1) and (1, 0), we have
01):1=al0?+b0)+c=>c=1
(1,0:0=a(1P+b(1)+1 = b=~-a— L

Thus, y = ax® + (—a — 1)x + 1. From the tangent line y = x — 1, we know that the derivative is 1 at the point (1, 0).
y'=2ax +{-a—1)
1=2a(1) + (~a - 1)
l=a~1
a=12
b=-a—-1=-3

Thercfore,y = 2 — 3x + 1.
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i
8. y=—x>0 )
. b
, 1
y = _F
At (g, b), the equation of the tangent line is
11, _ =_x,2
b1l F(x a or y Tt
The x-intercept is (2a, 0).
The y-intercept is (O, %)
. . 1 1 2
The area of the triangle is A =Ebh = E(Za) 2= 2,

89, y=x}-19x
y' =32 -9
Tangent lines through (1, —9):
y+I=0(32-9x-1)
(-9 +9=3°—-32—9xr+9
0 =24 — 3¢% = x%(2x — 3)

x=00rx=%

The points of tangency are (0, 0) and @, —%’) At {0, 0) the slope is y{0) = ~9, At (%, —%‘) the slope is y'(';‘) = —%.

Tangent lines:
y—0=-9(x-0) and y+¥=-3(x-3
y= s y=de- ¢
x+y=0 9% +4y+27=0
90, y=x*
y' =2

(a) Tangent lines through (0, a):
y—a=2(x—0)

x2—a= 2
—a=x*
t—a=zx

The points of tangency are (:l: -a, —a). At (\/—a, —a) the slope is y’(

Yi=v=a)=-2/-a

Tangent lines: y + a = 2+/—alx — vV/-4) and y+a= —ZJ—a(x + V-a)

y=2/-ax+a

Restriction: a must be negative,
—CONTINUED—

y=-2/azx+a

\/a =2/-a. At(—J—_a, —a) the slope is
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90. —CONTINUED—
(b) Tengent lines through (a, 0):
y—0=2x(x — a)
a2 =22 - 2ax
0=2—2ax=x{x — 2a)
The points of tangency are (0, 0) and (24, 44%). At (0, 0) the slope is y*(0) = 0. At (24, 44%) the slope is y(2a) = 4a.
Tangent lines: y — 0 = O(x — 0) and 3 — da® = dalx — 2a) '
y=0 y = dax — 4a*
Restriction: None, a can be any real number.

ax®, x<2
9"f(’)={x= ¥b x>2

f must be continuous at x = 2 to be differentisble at x = 2.
i = kK = 8a=4+b
S0 = Ji 02 = 8 ]

Imf) = lm (Ao =4+b ) 47478
Sl N
For f to be differentiable at x = 2, the left derivative must equal the right derivative.
3a{2)? = 2(2)
122 = 4
o=}
'‘b=8—4=-}%

92. f,(x) = |sin x| is differentiable for all x # n, n an integer.
fu(®) = sin|x| is differentiable for all x # 0.
You can verify this by graphing £, and £, and observing the locations of the sharp turns.

93. Let f(x) = cos x.

_y S+ Ax) —
R

cos x cos Ax — sinx sin Ax — cos x

= 4=, Ax

- i cosxfcos Ax—1) _ sinx{SinAx)
Frac Ax 2240 Ax

=0 — sinx(1) = —sinx
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Section 2.3  The Product and Quotient Rules and Higher-Order Derivatives
1. f(x) = }(22* - 4) 2 f=@-22+ 1) - 1) |
Fx) =363 = 222 J@®) = =2+ 1)(33) + (® - 1)(2x — 2)
flo=0 =32~ 12 +2(x— 122+ x + 1)
= (x — 13522 + 2x + 2)
ri=0
3 flx) = — (22 + 3x + 8)
Flx) = (@ — 3x)(dx + 3) + (262 + 3x + 5)(3x% — 3)
=104+ 122" — 32 — 18 — 15
f0) =-15
4 fG) =% * ; _ 5. f()=xcosx 6 f@)= %
oy 2= 1010 = (x + 1)(1) fa) = Ge)(—sinx) + (cosx)(l) _ (x)cos %) ~ (sinx)(1)
1) = (x— 12 =cosx — xsinx &) = 2 A1)
e m_v2 w2 xcos x — sin
"o (5-£-1) = =
2 _ 2 m\ _ (w/6)V3/2) - (1/2)
= TE-1¢ =g e f‘(s) = a3
337 — 18
1@) = 2 = -2 - 2for 8
_3JAr—-6
= =
Eunction Rewrite Derivative Simplify
7.y=xzizx y=x+2,x+0 y'=1 y' =1
s-)’=%{2‘ y=4/%x>0 y =251/ y’=%
9 y='§?§ y=§x“’ y'= =Tt y'= -%
10. y = % y= %x‘z y' = .—gx“a y = —%
ny=3-3 y= 3@ - ) y'= 263 y=&
12.y="f:_:24 y=x—2,x# -2 y=1 y'=1
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13. f@x) = i-_i

(2x — 3)(3) — (3x — 2)(2)
flx) = (2x — 3

_ =5
C(2x-3P

18 sy =T ETE

_(,z_ (=2 — 2x) — (3 — 2x — 2)(2%)
f&) = (2 - 1P '

2 —4x+2_ 2x— 1P
@-17  @-1p

-2
—(x+1)2,x$1

17. f(x) = "}1

VA1) - (= + D[1/(2v5]

) =

_x—1
=S50

Alternate solution:

_x+1
F@) = Jr
1) = guie - aon

_ 1 1

T2 T R

x—1

19. Me)= (P —2P=s—4 +4
RTs) = 65% — 1267 = 652(s* — 2)

2. A = ﬁ;rlx- 2
(@ + 2t + 2)(1) — (¢4 1)(2r + 2)
A1) = G
it

T+ 2+ 2p

1 f) =T 52
—1)3.:3+3) (= + 3x + 2)(2x
_Jt'—ﬁx’—4x—-3-
- (x2 — 1)
16, f&) =

-2 -]
o= A2 67 5 2o

%51

=z

18. f() = ¥H/7 +3) = $(/2 + 3)
76) = xlﬁ(%x-m) + o1+ 3 b

—1/5 + x_us

O\IUl

5 1
=i

Alternate solution:
F@) = Ya(V5+3)
= 56 + 3x1/3

) = %x-ue + x23

s 1
& T @B

20. hizx) =@ -1P=x-22+1
hix) = 42 — dx = dx{x2 — 1)
(=1 2—x

2 f0==73 ~“3+3

_x+3ER-1) - —x)
f’(x)_ (I+3))2

2x5+9x=-—3
(3R
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9

23, f(x) = (A + dx)x — S)x + 1)

SO =02+ x—-5Mx+1)+ (32 + 4x)(1)(}c+ 1)+ (323 + 4x){x — 5)(1)
= (92 +4)(x® — 4x — 5) + 3x% + 3x3 + dx? + 4x + 324 — 158 + 42 — 2
= Ox4 — 36x® — 41x? — 16c — 20 + 6xx* — 12x3 + 8x2 — 16x

= 15x4 — 482 — 33x% — 32x — 20

U fR=F-0E2+ )2 +x+1)

f'(x)=(2x—1)(.x’+1)(x2+x+1)+(x?—x)(2x)(xz+x+ 1)+(zz-x)(x2+1)(2._x+ 1)
= =D+ P+ 2+ D+ (P -0+ 22+ 20 + (@ - D2P + a2+ 20 + 1)
=%+ +3P -1+ -2+ S -t P — P —

6+ 40— 32— |

2. 1) = 55
O EL CETRLC
- —xd
NGRS
27. f() = Psine

F) = Pcost + 2sint
= f{tcos t -+ 2sini)

2. 1) = 22
f’(t)=_—'sm:2_ ccir=_tsmt;- cos ¢
3L f(x) = —x+ tanx 32, y=x+cotx
Sx) = —1 + sec?x = tan?x y' =1 — csc?
34, h(s)=%—10cscs 35, y=>5xcscx

2 4 22— 2) — (2 —
f'(x)=(" + 2 (c22x)+ f()c: x¥)(2x)
_ —4x?
T (c® + 2P

28. f(6)=(6+ 1)cos @
F6) = (6 + 1)(—sin 6) + (cos 6)(1)
=cos6— (6+ 1)sin g

sin
0. fl) ===

) = xcosxxz— sin x

3B, 2=V +4sect

—col?x gl = %,—uz + dsecttant

1
—2\/;+4secttant

his) = —;13- + 10 csescot s

y'= —5xcscxcotx + 5cscx
= Sescx(—xcotx + 1)

= Scscx(l — xcota)

,_XBecxtanx — secx

=

_ secx(xtanx — 1)
x
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37, y= —cscx — sinx

y' =cscxcotx — cosx

= cos x{csc2x — 1)

= cos x cot? x

39, 'y =x?sinx + 2xcosx
=x%cosx + 2xsinx — 2xsinx + 2cos x

=xcosx+ 2cosx

38, y=1xsinx+cosx

y'=xcosx + sinx — sinx =xcosx

40. f(x) = sinxcosx
F1(x) = sinx(—sin x) + cos x(cos x)

= cos 2x

42, h(0) =S5secf+tan b

h7(8) = 5 sec @tan & + sec? O
= gec O(5 tan @ + sec 8)

4l f(zx) =**tanx
fx) =a?sec?x + 2xtanx
= x{xsec?x + 2tanx)
8. oo = (2% 1)(2: 5
g'x) = 2%: - (form of answer may vary)
]
45. g(0) = lTsin_O
g'6) = (::: g t ?);m o (form of answer may vary)
= 1+escx
L5 T 1—cscx
, o {1 — csc x)(—csc x ot x) — (1 + cscxi(cscx cotx) _
' (1 — escx)?
 2)(/3) _
{5) - FUF - e
48. f{x) =tanx cotx =1
F@=0
)=
49, K= mT'
) = lisecnant) (sec (1)
_ seci(ttant — 1)
‘2
hi(m) = secw(mtanaow—1) 1

2 ot

. 160 =(F3E7w+a+
) =21’5%“2 (form of answer may vary)
__sin@
%f(ﬂ)—]_ma
1 . cosf-—1
ﬂa)=cos0—1—(l—cosﬂ)’
(form of answer may vary)
—2cscxcotx
(1 — cscx)?

50, f(x) = sinx(sinx + cos x)
F{x) = sin x{cos x — sin x) + (sin x + cos x)cos x
= sin xcos x — gin? x + sin x ¢os x + cos®x

= 5in 2x + cos 2x

TY = ain X m_
j’(4)—sin2+cosz 1
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51 @ f6) =25, 2,2)

)] _ ?'t
gy E=D) —x)  ~1 iy
N —Z(Ix_])z -1y e ; E\:"—h\s
f’(2)='(2_—1)2= —1 = slopeat (2, 2).

Tangentline: y — 2 = ~1l{x =) =y=—x+4

52. @ f) = (-1 -2 02

® .

S ==+ 62 —-2)(1)=32-2x-2 /\\/
F(0) = =2 = slope at (0, 2). - / \ )
Tangent line; y —2 = ~2x=y=—-2x+ 2 , :

53, (@) flx) =6 -3+ 1x+2), (1,-3) ) 1

Fla)y=(® = 3x + 1)(1} + (x + 2)(3:2 - 3) “ﬁ‘
=40+ 63— 6x— 5 ™

F(Q1) = —1 = slope at (1, —3).

-10

Tangentline: y+ 3 =~1x - 1)=y=~x -2

54, () f(%) =i; i (z. %) o) q

fy=EXDN=G-DO) _ 2 :’_

(x + 1)2 &+ 1P - y

2= % = slope at (2, %) /

Tangent line: y —

ol

w-D=y=2:-

W=
T

55, (a) f(x) = tanx, ("z’ 1) ®) .

Fi(x) = sec?x . / )},/ 3
f '(qzr) = 2 = slope at (%, 1), /

-4
Tangent line:
y—1=2(x—%r)
o
y—l—2x—2

—-2y—7w+2=0
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56. (8) flx) = secx, ("3’.2)

Fx) = secxtanx

f‘(%) = 2./3 = slope at (%. 2).
Tengent line:

y—2=2ﬁ(x—13-r)
6/3x =3y +6-2/3r=0

57, £l = =2

f’(x) = (x_ 1())‘:(2;3")1)—2 x’(ll
_#-2_sx-2)
-2 -17?
fix) =0whenx=0orx =2
Horizontal tangents are at (0, 0) and (2, 4).

59. f(x) = 28(x) + h(x)
S =28'@) + h')
r(2) = 2872 + A1)

=2(-2) +4
=0

i)l
61. f(x) = )

7 = e~ gh)
(R P

W2’ - On1R)
10 ="

(—D(-EZI )—z (3)4)
-1

63. f(x) = x"sinx
Flx) =x"cosx + nx""tsinx
=x"1(xcosx + nsinx)
Whenn = 1: f(x) = xcosx + sinx.
Whenn = 2 f(x) = x(xcosx + 2 sinx).
When n = 3: f(x) = x*(xcos x + 3 sinx).
Whenn = 4 f(x) = x*(xcos x + 4 sin x).

For general n, f'(x) = x"~! (x cos x + nsinx).

®) s

L

214

. 1) = o
(2 + 1)) — ()20 __ %
=" Tp " @+

Six) = Owhenx = 0.
Horizontal tangent is &t (0, 0).

60. f(x) = 4 - h(z)
) = —h'z)
F@=-112)=-4

62. f(x) = g(x)h(x)
F) = gDh () + hx)g'(x)
F(2) = g(2h2) + h(2)g'(2)
= (34 + (-1)(-2)
= 14
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cosx _ _ 200 x .
64. f(x) = =5 =x""cosx 65, C—lOO(xz +x+30)' 1<x
fx) = —x"sinx — nx~""1cos x dC ( 400 30 )
' Z=100( -5
= —x~*~l(xsin x + ncosx) 3 2+ 30)
_ xsinx+ncosx {a) When x = 10: §=_$38'13'
= T= i
inte ek (b) Whenx=15'd—c-=—$1037
Whenn = 1: f{x} = —w. ‘dx =
N (c) Whenx = 20: %€ = _ga g0
o ) o _XEDX cos X = o8 S SR B
Whenn = 2: f(x) — s
As the order size increases, the cost per item
o gh - _xsinx + 3cosx decreases.
Whenn = 3: f{x) —a
oy _ _XSinx+4cosx
Whenn = 4: f(x) = ——
For general n, f(3) = —* X L Roo8
k
66. P= ‘—,
a _ _k
dv V2
‘ 4z.
67. P = 500[1 + m]
0 = s B0+ 210 = (6@ _ o 200~ 46 _ ] S0 ]
P =5 Go+rep |- G0+ e = P 6o+ ap

P(2) = 31.55 per hour

68. Fx) =secx
glx) = cscx, [0,27)
flx) = g'x)

sec x tan x
secxtanx = —gsCxcoty=>—— = —
cscxcotx
sin® x 0
s-— —l=tanr’x=—-]l=>tanx =
cos’ x
3a Tw

Ay

sinx sinx

-1
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69. (a) secx=—1—-

cos x
d _d[ 1 7]_(cosx)0) — (1)(—sinx) sinx _ 1  sinx
E[swx]_dx[cosx] {cos xP == cosxt::sx o8 X ms;-—:ecxtanx
(b} cscx=sT;—;
d _df 1 7_ (sinx)(0) — (1){cosx) _ cosx _ 1 ~cosx_
E[“”]'Z[sinx]" = (sin x)? " ginxsinx mnxsm.: csc x cot x
{c) cotx=:?n:
d _ d[cosx] _ sinx{~sinx) — (cosx)(cosx) _ _sin®x + cos’x 1 _
o] = 4] 202] - s e

70. The graph of a differentiable function fsuch that f > 0 and f* < 0 for all real
numbers x would in general look like the graph-at the right.

-

2,231,291 + 110,636¢
. 72 T="""1000 — 14
4 {2) Using a symbolic differentiation utility, or the
quotient rule,
T = 70,937,037
2(7t — 500)*°
z 800
f@A=0 I S
One such function is f(x) = (x — 2)2. A "
o
(b) The graph of T'is getting more and more positive.
That means that the tax burden per capita is
increasing at a greater and greater rate.
(c) T(20) = 6172 dollars
73, f(x) = 42 74, f(x)=x#=x+2—%
£ = 62172 1
3 fe)=1+z
=312 = —
x) = 3x 7

=%
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7. £ = 76. f(x)=x‘+iz—2

- -1 -1 _,_b4

flx) == G- 17 T k-1 =1 %
0=t =22

77. flx) = 3sinx

78. flx) = secx

fx) =3cosx F&x) = secxtanx
) = —3sinzx Sx) = sec x(sec? x) + tan x(sec x tan x)
= sec x(sec? x + tan? x)

9. fx) = £ 80. f'{x) =2 - 2! 81 f(x) = 2%

fx) =2 ) =202 = x% o) = %(2)15—1/2 = %
82. f9x) =2+ 1 83, 84,

by =2 if |1

O =0 7

85. f(x) = g(x)hlx)

It appears that £ is cubic; so f It appears that fis quadratic; so f*
would be quadratic and f” would would be linear and f” would be
be linear. constant.

@ fx) = glh'x) + hix)g k)
7 = glhx) + g hx) + hx)g"x) + hx)g'(x)
= g@hx) + 28" (h'(x) + h(x)g"x)

F1x) = gh"(x) + g (e} + 28 AT + 28R R) + h(R)g™(x) + h'(x)g"(x)

= g(h"(x} + 3g () h"(x} + gD () + g"(x)h{x)

FOR) = gIh () + g} (x) + 38" "(x) + 3gXh"(x) + 3g"Wh e + 3" (A1)

+ g™(Xh(x) + gx)h(x)
= g(h9(x) + 4g h"(x} + 6g"Tx) + dg "(Wh'(x) + g9 (x)h(x)

—CONTINUED—
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85. —CONTINUED—

_ nr — ){n — 2)--- 2)(1) - n{n — 1iin—2) -+ (2)(1) -
® S5 = 60 + iy — 1 = 2 QO @ - 2 - 3 O

A= D=2 @) e
* B0 - n -8 @@ ORI+

W= D=2 @)
"o 1)(n D @IS WA + P0G

= gA ) + 1, 11n — l)lg'(x)h"' (x)+2,( z)ls‘(x)h"' ) + -

+ D) + R
Note: #! = a(n— 1}...3 + 2+ 1 (read “n factorial”)

8. & f0) == ® f&==
A D S s < 1) = D= 2) - (2)0)

xll+
- (=1yn
xu-l-l
Note: nl = n(n — 1)+++3 - 2 - 1 (read “n factorial”) -
87. () =36 — £, 051<6 88. V() = z,lﬁs
al) = -2 o) = (2t + 15)(100) — (1006)(2)
(3) = 27 m/sec (21 + 15P
a(3) = —6m/sec = 1500
. {21 + 152
The speed of the object is decreasing, but the rate of the .
Y . _ 1500
(a) a(5) = 26) + 157~ 2.4 ft/sec?
() a(10) = [ﬁflﬂ, ~ 1.2 ft/506%
(¢) a(20) = —[2(2;)5‘_’31 5~ 05 /sec?
89. s(t) = —8.25¢ + 66¢ Average velocity on:
v(r) = —16.50r + 66 [0, 1]is 57 75 — o e
ald) = —16.50
- . . — 57.75
f(sec) 0 1 2 3 4 2™ 2y =42,
s() (B) 0 5775 | 99 | 12375 | 132 . 1237599 _
W) =300 @®fsec) | 66 | 495 | 33 | 165 | 0 [2,31is 7527 = 2475,
alf) = v() (fi/sec®) | —165 | —165 | —165 | =165 | —16.5 [3,4]is 1321275 _ g0

4-3
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90, s=-82+27t+6
(@) v(1) = —zslt + 27 ft/sec
a(f) = =& = =54 ft/sec?
(c) On earth, & = —32 ft/aec?.

'-.',
Gl
™

]

91. f(x) =cosx %

cos = =
3

F) = —sinx AZ) =Tl

f'(%r) = —cos%r= =

@ P,0) = Fla)(x — @) + fl@) = —L2 (x _ %r) .

b f—

Fx) = —cosx

Py(x) = Ef "a)x — a)? + f(a)(x — a) + fla)

A B3

(c) P, is abetter approximation.

92, f(x) =tanx f(%r)
oA
Fx) = 2sec x(sec x tan x) (:’) 202)(1) = 4

@ P,(x) = fla)lx — @) + fla) = Z(x - %) w4

Pia) = 3710 = 0 + Flals - @) + £l@)
1
- gle=5) + o= 5) 42

A e

(c) P, is abetter approximation than P,.

® ~%¢+ 27 = Owhent = 5 seconds.
5(5) = 73.5 feet

®) 2
=1.57 /— 314

<

(d) The accuracy worsens as you move farther away
fromx = a = (w/3).

(®

e
L/

(d) The accuracy worsens as you move farther away
fromx = a = (w/4).

93, False. If y = f(x)g(x}, then 94, True. y is a fourth-degree 95, True
polynomial. . PR ; ”
- 8 + ) . k(c) = flc)g (c) + glc)f(c)
a—} = O whenn>4. = f(e)(0) + g(c)0)
=0 ’
96, True 97. Tre 98. True. If v(£) = ¢ then

alt) = vf(:) =0,
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%2, ifx20
. s =s =% 750
f2x ifx20] _
f’(.l') i {_21, ifx < o] - lel
2, ifx>0
ﬂx)=[—2, ifx<0 -
1*(0) does not exist since the left and right derivatives
are not equal.
Section 2.4  The Chain Rule
y = flglx) u = g(x)
1.y=(6x— 5y u=6x—-35
1
2.y= Vs u=x+1
y=Jrt—-1 u=x-1
4, y = tan(mx + 1) u=m+1
8. y=csc’x u=cscx
6. y-=cos3—;- u=%
7. y=&-7°

y'=3(x — 72) = 6(2x - 7

9. g(x) = 3(4 — %)
g'(x) = 12(4 — 9x)%(—9) = —108(4 — 9x)

1. f(x) = (8 — 2

2 4
f&) =30 - A)18(-2) = —55 _ﬁ

13. f() = (1 - )/

10 =%(1 =) = ,—11_ -

15, y = (92 + 412

,_1 I
y —3(9x’+4) z/3(18:a:)—(9.‘3_'_4_),‘,3

100. (2) (fe' —f8Y' =Mo"+ 18" —f&' —f%
=f3"—f% True
® ()= (' + 1)’
=fg"+fe' +f8' +f%
=fg"+2'g +r'g
#fg"+f%%  False

8. y=032+1)0
¥’ = 4(3x% + 1P(6x) = 24x(32 + 1)

10, f(x) = 2(1 — 2
F) = 6(1 — 2 —2x) = —12x(1 —

12 f{D) = (9¢ + 2)?

6
9 +2

1) = 308 + 2719) =

14, g(x) = (3 — 22

1 _ 1
§l) =306 - 2= =~

16. g)= 2 -u+1=Sx—-1PF=|x—1|
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17, y=2{4 — x)1/2

Y= == = By

19. y= (x—2)!

y'= =1~ 2X) = 5

2L f() = (¢~ 3)2

70 = =2 =37 = 1=

23, y=(x+2)"1/2
1 - 1
R e
25, flx) = x3x ~ 2)*
1) = =4dx = 2P0 + (& — 229
= 20fx = 22 + (- 2]
= 2xfx ~ 23z - 2)

27. y=2xJ/1 -2 =x(1 — x)12

¥ =30~ Bi-29] + @ - 2y

= —(1 = A2 + (1 -

= (1 - A V-2 + (1 - )]
1 - 22
-2

X

B y= ==+ 1)

y'= o 362 + 1929 | + 2 + )71

= —x(x2 + 1)"¥2 + (32 + 1)"1/2
= (@ + 1) ¥ -2 + (x* + 1)]

1
R

18. f(x) = —3(2 — 9x)1/4

18) = —32 ~ -9 = = Ty

20. s(f) = (2 + 3.— 1)1
s = -1 +3t~-1)"%2t +3)

_ {24+ 3)
TR+ 3-1)p2

2, y=—4(r+2)

yY=8¢+2) 3= Troy

24. g = (2 - 22

819 = ~3(F - D7) =~

26. f(x) = x(3x - 9)°
&) = a3(3x — 972(3)] + (3x — 9)%(1)
= (3x - 9)2[9x + 3x — 9]
= 27(x ~ 3)%dx — 3)

28, y=x/0=2 =239 — 2
= 30 - Aa-29] + 6 - e

= (9 — V2 + 2(9 — )2
=9 - )"V {-x + 29 — ?)]
- x(18 — 3:3)

/9 -— F
3x(6 — 2%)
/9 —-— ;

x*
0. Y=oy

. (8 + 9)22x) — x3(1/2)(x° + 9)~1/2 Ou8
y= L+9
_ &+ 9742 + 9) ~ (9/2)°]
- 2+9

_ 18 — (5/2%] _ x(36 — 52°)
TG 2P PR
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. _Jx+1
Moy="g1i
1= 32— 4f2
YT AR+ 12
Thezeroofy’correspondstoﬂiepointonmegraphof
y where the tangent line is horizontal.

0 =t
N o TN

]

The zeros of g’ correspond to the points on the graph of
g where the tangent lines are horizontal.

24

!
32 YEN T

I B
Y= [l + 12

y'has no zeros.

B

-1

M. f(x) = Vx(2 - 2P

_ x—=2)(5x— 2
& ="—7

The zeros of f’ correspond to the points on the graph of
f where the tangent lines are horizontal.

A
vy

4

3. y=(*—9)Vr+2

,=512+Bl—_9
2./t +2

The zero of y’ corresponds to the point on the graph of y
where the tangent line is horizontal.

7
<

-18

37 () = _ﬂiat)‘ 1+¢ s
t s
0= v °
The zero of s (i) corresponds to the point on the graph of s(r) where the Y

tangent Jine is horizontal,
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3B glx)=Vx=1+Jx+1 8
) = A — L |
2Vx—-1 2 /x+1 ¢
& has no zeros. k 3

+
39, y_co_s'arx 1
x
dy _—wxsinmx —coswx—1 -8
dr bed

_ _wxsingx + cosmwx + 1
= = =

The zeros of y” correspond to the points on the graph of y where the tangent lines are horizontal.

40, y =2 tan% 8
it2=:.’.Jtt.llnl—an‘.czl - L*K’
dx x x { Y
The zeros of y” correspond to the points on the graph of =
y where the tangent lines are horizontal,
41, (a) y=sinx (b) y=sin2Zx
¥ =cosx ¥ = 2cos2x
y(0) =1 y10) =2
1 cyclein [0, 27] 2 cyeles in [D, 2]
42. @) y=sin3x b y= sin(%)
¥’ =3cos3x
,_ {1 X
y{0) =3 y’'= (-5) .cos(i)

3 cycles in [0, 247
Half cycle in [0, 247]

43. y=cos3x M, y=sinwx

2 = —3sna &_
&x TCcos rx
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45. g(x) = 3tandx
g®) = 12sec? 4x

47. f(6) =} sin? 20 = ;(sin 26)

= 2(})(sin 26)(cos 26)(2)
= 5in 20 cos 20 = } sin 46

9 y= \/;+%sin(ix)2
= /5 +%sin(4x’)

12 4 %cos@xz)(&x)

Gy
k

517 + 2z cos(25)

52, y=sin/x+ /sinx
% = cos/x * lx“” + %(sinx)“” Pcosx

CDS-\/_ _cosx

2z 2/snx

54,  y= (32 + )5 (2,2)
y' = %(3;3 + 4x)"4/3(922 + 4)

_ 9t +4
T 5(3x + axp/5

) =

TP

6. 1) = g g = 0 - 7% (475)

£16) = 22 - 332w = 3) = T

ro=-%

50. y=3x-5 t'.os(-n"x)_z
= 3x — 5 cos(m2x?)

% = 3 + 5 sin{n? x%)(27%x)

46. h(x) = sec(s?)
- h(x) = 2x sec(x?) tan(?)

48, g(f) = 5cos? wt = 5(cos w1f
gt) = 10 cos mri{—sin wr)(m)

= —10w(sin 7f)(cos w1) = —Sarsin 2t

51, y = sin(cosx)
‘—iz = cos{cos x) * (—sinx)

= —sin x cos{cos x)

= 3 + 1072 sin{mx)?

83, s()=(2+2+8)2 (2,4

s = —(t2 + 2 + 8)"V%(2t + 2)

ol e+1
P+ u+8
3
s1(2) = 2
5. fW=g==3 -4 ( 1, -%)
100 = =3 = 708 =~
Fen= -2
. 10 -2 0.-2)
_ (l = 1)(3) —(3e+2)(1) _ =S5
=% G-1¢
£10) = -5
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5. £ =215 (2,9) 59.  y=37—sec’(2), (0,36)
o = =G0 s ¥’ = =3 sec¥(2x)[2 sec(2x) tan(2x)]
* (2x - 317 (2x - 3 = -6 sec*(2x) tan(2)
@) = -5 y10) =0
60. y= ,}_c + +/cos x, (g%)
1 sinx
N W
¥*(m/2) is undefined.
61. @) f0) = V3 -2, (3,9 ® ;
F0) = 502 = 271%6) \ /
) - - / &
T VA2 =
"(3) = 2
F& =%
Tangent line:
y—5=%(x-—3)=>9x—5y—2=0
62 () f0) =3xJ/FF3. (2,2) ® .
76) = 33 362 + 971an) | + 22 + sy ’ 7 ;
- 2 1 =
= s tVETS
() = 2 Ly =13
@ =3*30=73
Tangent line:
y—2=1§(x—2)=>'13x—9y—s=0
6. (&) f(x) =sin2x, (m0) ® =
Jx) =2cos 2x 7N .
fim =2 ' A
Tengent line: -2

y=2x-m=>2u-y-2r=0
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o @ f) =tz (31)

fix) = 2tanxsec? x

r(%) — 21)(2) = 4

The zeros of f* correspond to the points where the graph
of f has horizontal tangents.

The zeros of f* correspond to the points where the graph
of fhas horizontal tangents.

6. flx)=2(*-17
Flx) = 602 - 1)%(2x)
= 12x(x* — 22* + 1)
=12 — 4x* + 12
) = 60x% — T2 + 12
=12(5x% - 1){x* — 1)

71. flx) = sinx?
ffx) = 2x cos x?

F*(x) = 2d2x(—sin x?)] + 2 cos x> = 2[cos x* — 222 sin x%]

(&) .

MUAVZAN

-4

a

66.

Y

fis decreasing on (—oo, —1) so f* must be negative
there. f is increasing on (1, co) so f* must be postive
there, '

¥
i
5 34
¥ i
2
ll
e R ]
1 2

68. .
4
4
3
-, ;
T . ¥
a | :yi
:j at T
-3
bk i

The zeros of f* correspond to the points where the graph
of f has horizontal tangents. ‘

7. £ = (- 2!
= -G-22= g

a2
f”(x)=-2(x"2)3_(x_2)3
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72. F(x) = sec? mx
F(x) = 2 sec mx(m sec mx tan mx)
= 27rsec? wx tan wx
J7(x) = 2arsec? mrx(sec? wx)(m) + 2w tan (27 sec? mx tan 7x)
= 272 sect mx + 42 sec? arx tan? mx
= 2m? sec? wx(sec? wx + 2 tan? 7rx)
= 2ar® sec® wx(3 sec? mx — 2)

73. (&) f(x) = g(x)h(x)
) = glh(x) + g"(x)h(x)
f8) = (=3)(-2) + (6)(3) = 24-

() flx)} = g(h(x))
F) = g (h(x)n"(x)
F5) = g'(3)}(-2) = —2g(3)

Need g(3) to find f(5).

© £ - £ @ £6) =[5t
) = hx)e(x) = e(h () &) = 3[e(x)]% )
AP F1(5) = 3(-3)(6) = 162
qey - BN6) = (=3)(-2) 12 4
f(5) = ( (3)2 = 9 = 3
74. (a) glx) =sin’x + cos2x=1=g'(x) = 0 75. (a) f=132,400(331 — v)"!
g1x) = 2sinxcos x + 2 cos x(—sinx) = 0 = (=1)(132,400)(331 — v)=%(-1)
(b) tan?x + 1 = sec?x - La2d00
8 +1=£0) S
i A X When v = 30, f = 1.461.
Taking derivatives of both sides,
210 = £, (b) f=132,400(331 + v)~!

£ = (—1)(132,400)(331 + v)"%(1)

_ — 132,400
(331 + )2

When v = 30, f =~ —1.016.

EQuivalentIy, Fi(x) =2secx  secx » tan x and
g'(x) = 2tanx - sec? x, which are the same.

76. .y =4 cos 12t — } sin 12¢ 77. 6= 0.2cos 8¢
v =y =4[-12sin 127 - 4[12 cos 127]
= —4sin 12¢ — 3 cos 12¢

The maximum angular displacement is 8 = 0.2 (since
—1 < cos 8 < 1).

When ¢ = /8, y = 0.25 feet and v = 4 feet per second. % = 0.2[-8sin8t] = —~1.6sin &

When ¢ = 3, df/dt = — 1.6 5in 24 =~ 1.4489 radians per
second,
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78, y=Acos ut

(8) Amplitude: A = = 175

y=175cos ot

Period: 10=>;»=%=%

0
y=1.150m3r_;‘

P v=y-= l.75[—%sin%‘]

= —0.35 min""?'

80. (2) Using a graphing utility, or by trial and error, you
obtain a model of the form

T() = 64.18 — 22.15 sin(%‘ + 1)

(bw;/‘\-‘-

8L () g(x) = flx)—2=>g'(x) = f'x}

®) h(x) = 2f(x) => bz} = 2f(x)

© r(x) = f(=3x) = r{x) = F(-3x)(-3) = ~3f(-3%)
Hence, you need to know f7(—3x).
r10) = =370 = (-3)(-4) = 1
r{—1)=-3f03) = (-3)(-4) =12

() st =flx+2) =) =fx +2)
Hence, you need to know f(x + 2).

$'(—-2) = F10) = -1, etc.

791 S = C(Rz b rz)
das dR dr
z=4mz‘”ﬁ
Since r is constant, we have dr/d: = 0 and
& - (176 x 109212 % 107109

= 4,224 x 1072 = 0.04224,

© T = —22.15 cos - + 1)(3)
6 6
= —11.60 cos "’?‘+ 1
20
L] 13

-0

(d) The temperature changes most rapidly when ¢ = 4,1
(April) and ¢ = 10.1 (October). The temperature
changes most slowly (T*(:} = 0) when 1 = 1.1

(JYanuary) and ¢ ~ 7.1 (July).

x |-2]-1]0|1][2]s3
| 4| §l-41-1]-2|-4
0 | 4| &[-4[-1]-2]-4
A1) $1-4|-2|-4]|-8
r'ix) | 12 1

st |-4 | -1|-2]—4




Section 2.4 The Chain Rule

82. f(x) = sin Bx
(@ fx) = Bcos Bx
%) = ~Bsin Bx
f"x) = —p?cos Bx
f@ = B4sin Bx

®) £12) + Bf(x) = — @ sin Bx + Bi(sin Bx) =

© FOx) = (—1)* g sin px
f(n—l)(x) — (_ 1)k+l ﬁzk—l cmpx

84. I f(—x) = —f(x), then

d d;
] = ol {0
fl=x(-1) = -Jf’(x)
F(=x) = Fx).

Thus, f*(x) is even.

86. |u] =

d 2)=1 —_._
Zlhl] = SV = 2oy = o=

87. gz} =

2) = 2(|Z 3,) x%3

|2x ~ 3]

89. A(x) = |x|cosx

h’(i) — |x] sinx + = Ix Icosx x¥#0

83. f(x + p) = f() for all x.

(8) Yes, f{x + p) = f'(x), which shows that f is
periodic as well,

(b) Yes, let g(x) = f(2x), s0 g (x) = 21(2x).
Since f* is periodic, so is g’

85 g= Jalx+n)

= /2 +nx

&R

= 302 + n) s + n)

2Zx + n
X+
+

g I

\§|

—

2x + n)/2
xix +n

| [x + (x + n]/2

\/xix + ni

i

[l
n IR

©#0
88. f(x) = |x? — 4|
&= u(I%__—:I),x #+2

90. f(x) = |sinx|

fx)= cosx(I:lin l) x # ki

117
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9L () f(x)=siny flm) = sinZ =1

Pi) = Flmx = m) + flm) = fla) = 1
Pe) = 2 a)lx = m)? + flm)x = @) + £(m)
Y Ba-ape1=1- e

(c) P, is a better approximation than P,.

92, (a) f(x) = sec(2x)
Jx) = 2(sec 2x)(tan 2x)

S7(x) = 2[2{sec 2x)(tan 2x)] tan 2x + 2(sec 2x)(sec® 21)(2)

= 4[(sec 2x)(tan® 2x) + sec’21]

R

f %) = 4[2(3) + 2%] = 56

Px) = 4;/5(:: - ’—6') +2

Py(x) = %(56)(;‘ - ’E’)’ + 4J§(x - "—g) +2
=28( —%)’+4ﬁ(x—%’) +2

(¢) P, is abetter approximation than P,.

93, False. If y = (1 — x)'/2, then y’ = %(1 — 2)~12(-1).

95, True

b

(d) The accuracy worsens as you move away
fromx = m

® =

]

{d) The accuracy worsens as you move away
from x = «/6.

94, Palse. If f{x) = sin? 2x, then f/(x) = 2(sin 2x)(2 cos 2x).

W
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Section 2.5  Implicit Differentiation
1. xX+y =16
2+ 2yy'=0

’

y= =%
¥y
3. B4y g

Lo Ly
¥ Pty W'=0

7. Y -y-x=0
3y’ + 33%P ~y = 1 =0
(3% — 1y’ =1 - 323>

s o L= 3ty

A Y

9, X — 2ly + 3P = 38
3x2 — 2%y —dxy + Gxyy’ + 3yi =0
{3y — x)y’ = dxy — 32 — 3y

o Gy — 3x2 — 3y?
Y T T By — %)

11. sinx + 2cos2y = 1
cosx — 4(sin 2y)y’ = 0

,_ _COSX
Y =7 sin 2y

2, »*-y=16
2x =2y’ =

f_X

Y ¥y

4, 2+y=8
32+ Yy =0

!

y=-

%l

6. x3y+y?x=~2
Xy + 2y + ¥+ 2y’ = 0
(2 + 2y)y’ = ~ (7 + 21

s Y0+ 2%)
Mz + 2y)
8. )2 —x+2y=0

1
2y ) -1+ =0

bl ’ b I
——y + ~1+2'=0
PN W K

0y -2V + 4Syy =0

by

PRAYE S
Y 4y +

10. 2sinxcosy =1
2fsin x(—sin y)y” + cos y(cos x)] = 0

,_ COSxcosy

sin x sin y

= cotxcoty

12. (sin 7rx + cos wy)2 = 2

2(sin 7x + cosmy)[ar cos wx — w(sinwy)y’] = 0
mcos wx — w(sin wy)y’ = 0

+_ COS X
sin Ty
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13. sinx = x{1 + tany)
cos x = x(sec?y)y’ + (1 + tany)(1)

,_Cosx—tany—1

¥ xsec?y

15, y = sin{xy)
y’ =[xy’ + y] cos(xy)
y’ = xcos{xy)y’ = y cos(xy)

s - _ycoslxy)
¥ 71 = xcoslxy
17. =4
xy'+y(1)=0
xy'= -y
P}
y x
At(=4—1%y'= -3
_R2=9
B y=F+9
, (R + 92 — (@ - 92
2y’ = (a2 + 9
,_ 18
YT @+ oy

At (3,0): y’is undefined,

21 B8+ 3= 5

1
o gl =
At (R, 1): y 7

y"=1—csc=3_;
1
= Toomy = Y
16. x = sect
¥
! 1
1 = —& sec—tan —
¥y =y
= —_"; T _l. .1_
Y= i/ sy 7 ”’(y)“"‘(y)
18. 2—-yp=0
2x — 3%y’ =0
o 2%
VT
At (1,1): y’=%.

20. x+yP=x+)*
P+ +iP+yYr=x>+y
3%y + 3P =0

2y+xy:=0

%y’ + 2y + 2y’ +y2=0
(@ + 20y’ = ~0? + 20)

ro Myt
: x(x + 2y)
At(—1,1): y'=—1. '
2, PHY—2y=0

3 + 3y’ — 2y' — 2 =0
Gy -2y =2% -3

k-
Y T x

At(1,1): y' = -1,
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23. tanfx + y) = x

(1 +y)secx+y)=1

,_ 1 —sec?x + )
 sec’(x +)

_ —tan’(x + y)
x4 1

2
22 +1

Ar(0,0): y'=0.

25, e+ SH=3
.1.—1/2 l—l/ﬂ /=
2Jc +2y y' =0

R V)
V7

At(4,1): y'= —-;—.

S

Tangent line:
1
y=l=—k-4
=-Li43
y 2-‘:

x+2y—6=0

"~
{4, 1)
-2 7

-1

27. P+4ay=28
(+ay +y=0

(Or. you could just solve fory: y = 7

8
+4

24, xcosy=1
A—y’siny] + cosy =0

ro SO8Y
xsiny

= lct:ul:;y = iy
x x

y

% F=aT
s B+ 1)) ~ (x — 1)(2x)
Dy’ = 2 + 1) '

L1 -2+ 2
- (a2 + 12

i lt2—2
Y Ty 1y

1

)i

10/5y - 10=x~-2
x—10/5y+8=0

o
-1‘_' 8
L
28, (4 —x)y =2
(4~ 2)2y) +(-1) =32
e
)
At(2,2): y' =2

(V3 + 12 T 105
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2. (@ + P = a5y
2(2 + ¥)(2x + 2yy) = 4%y’ + y(&x)
4 + dxtyy’ + dxy* + &Yy’ = &%y’ + By
Ay’ + Ay’ — 4y = By — 43 - 4nf
4y + 5 = #) = 42y - 2 = 2

? = -3 -
Y T Ry -2

At(1,1): y'=0.

M @2+ =16
Y =16 —x
(c) Explicitly:

& - 12016 - A)V-29)

Fx =%

-X
T/i6-2 zJ/l6-2& ¥

N@P-&x+H+FP+y+9=-9+4+9
| (x = 2)* + (y + 3)*> = 4 (Circle)
G+3R=4—-(x—-27?
y=—3:l:m
{c) Explicitly:

Do 44— - 2D - 2)
o Fx—2
(Va- G- 2"
= . i . 2)‘
+/b- G-
o -2

T 3:A-@-2P+3

k-2
- y+3

R+y-6y=0
32 + 3yly' — 6y’ — 6y =0
y(3y* — 6x) = 6y — 33

G-I -2

Y e ey

48\ ,_(16/3)—(16/9) 32 _4
At(i.g)-}’ —@%__(373%—40 5

®) y

-6+ J‘='m
(d) Implicitly:
&x+2yy'=0

.
: ¥

®
o
_1/_\-41--3M|
B .-
:rh\..f.r
|

(d) Implicitly:
x+ 2y’ —4+6y'=0
(2y +6)y’ = —2(x—2)

—(x—2
= L
y y+3
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33, (a) 16y* = 144 — 92 (c) Explicitly:
1 9 dy 3
2 = = = —_ = 4= — = —
¥ 1—6(144 9x2_) E(lﬁ 7®) 7o 18(16 12~ 1/2(—2x)
y= :I:;:'q.-'.lﬁ =¥xs = 13—3: -——3% _ =9

416 — 22 4(4/3)y 16y
()]

¥ (d) Impliciﬂy:
61'y=g == 18x + 32yy' =0
41_--—;‘.—'
2% yl = _gx
-5 -2 L 16y
® ,
i _
o VT
M (2 =1+ x_; = X : d (c) Explicitly:
1 B 1loa b gy
y= iEJm dx ~4
= tx
) I 2/ + 4
lvi_lz = ¢ =i
S~ ({/DVF+ 4 4y
= I NS R (d) Implicidly:
= o 1:.‘.“ ’ 1 =
-3 |y oaTed | ' =px=0
2
X
[
y . 4y
35, R4xy=5
2 tay+y=0
o _(zx + ."')
»= — x

2+ '+ y' +y' =0
xy"=-2(1+y)

po T2 = Qe iix] 2 +y)
Y x x
2(x + ) 10
22 P
(Note: You could write y = (5 — x%)/x and calculate y’ and y* directly.)

y'=

L]
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36. xzy!—Zx
23y’ + 22 = 2
Py 4 mf 1

3
0
0

rm =2
A
2y’ + Ry + 2yy"+ 2y + ¥ =0
4oy’ + 2P + 2y + ¥ =0

BTN, S

4y = A+ 1 = 22 + 5+ by = 0
xYhy* = 24 = 292 — 1

y= 7y
37. 2 -y=16 B.1-xy=x—y
Z—2py'=0 y—o=x-1
X _'x—l=_1
Y y y—l—x
x—yy’-o yr-o
1-y'= GP=0 y=0
x\a
1-y— (2] =0
w- (%)
7 - =
P16
7 y ¥
3. y=r 40. Y =4x
2y’ = 32 Zy'=4
’ﬂ—ax—z=£-ﬂ=§2.x—a=§x yl‘=2
YEY T Ty x ¥ y
v 23y - 3Y(2) N ,=[—_z]_g=
y 4x2 Y 2y1y }’z y
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41. # + 2 =25
r= Z%
YTy :
At (4,3):

'Ihngentline:y—3'=:3i(x—'4)=§4x+3y—_25=0
Nonnalline:y—3=%(x—4)=>3x—4y=0_

At (~3,4)

Tangent line; y—4=%(x.+ =3 -4y +25=0

Normal line: y—4=_T4(x+3)=>4x+3y=0.

42, 2 +y2=9

z

yr =%
¥

At (0, 3):
Tangent line: y = 3
Normal line: x = 0.

At (2, Jg) .

'Ihngentline:y—‘/g=:/—§(x—2)=>2x+\/§y—9=0
.Normalline:y—«/g=§(x—2)=>\/§ -2y =0.

B, R+yp=rp
2+ 2y =0

y = —7.\: = slope of tangent line

i— = slope of normal line

L

4, 3

-8 [w

an:
L/

AV

23

—/ N

Let (x,, y(',) be a point on the circle. If x, = 0, then the tangent line is horizontal, the normal line is vertical and, hence, passes

through the origin. If x, # 0, then the équation of the normal line is

¥ )
y_yo?x_:(x_xo)

y =2

Xo
which passes through the origin.
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“ y=i4
2y’ = 4
2
y'=3=1a(,2)
Equation of normal at (1, 2)isy — 2 = —1(x — 1),y = 3 — x."The centers of the circles must be on the normal and at &
distance of 4 units from (1, 2). Therefore,
-1 +[3-x)-2F=16
2x— 1P =16
x=1z%2/2.
Centers of the circles: (1 + 2/2,2 — 2+/2) and (1 — 24/2,2 + 2V/2)
Bquations: (x— 1 —24/2)2+(y— 2+ 24/2)*= 16
(x—1+2/2P+(y—2-24/20=16

45. 252 + 16y + 200x — 160y + 400 = 0

50x + 32yy’ + 200 — 160y’ =0

200 + 50x
y = 160 = 32y -85

Horizontal tangents occur when x = —4:
25(16) + 16y + 200(—4) — 160y + 400 = 0

yy—-10)=0=>y=0,10
Horizontal tangents: (—4, 0), (—4, 10).
Vertical tangents occur whe"n y=35:
25x* + 400 + 200x — 800 + 400 =0
25xx+ B)=0=x=0,—-8
Vertical tangents: (0, 5), (—8, 5).

46. 42+ —Bx+4y+4=0

b
P ? o _(1.0)__‘_'_-_
& + 2y B+dy = =1 I 2 3 & *
y 838 4— 4 -
y 2y+4 y+2 ©,=2) @-2

Horizontal tangents occur when x = 1.

1P+ -8Bl +4y+4=0 -

P+ay=y(y+4)=0=y=0,-4

Horizontal tangents: (1, 0), (1, —4).
Vertical tangents oceur when y = —2:

42+ (-2 —8x+4(-2)+4=0

42 — 8x=4dxx = 2)=0=x=0,2

Verticel tangents: (0, —2), (2, —2).
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47. Find the points of intersection by letting y2 = 4x in the equation 2x2 + y* = 6.
22 +dx=6 and (x+3)x-1=0

The curves intersect at (1, +2). y

st
Ellipse: Parabola: f
-£ L]
4x + 2y’ =0 2y’ = A‘K
2x24y2=6
o —E = 2_ r
YT >y

At (1, 2), the slopes are:

y=-1 y'=1
At (1, —2), the slopes are:

y =1 y'=-1
Tangents are perpendicular.

48. Find the points of intersection by lefting y? = x3 in the equation 242 + 3y = 5,
22 +38%=5 and 3AP+22-5=0 2L2r1+3y‘T5|

Intersect when x = 1. /,.-ji/ﬂ "
Points of intersection: {1,+1) i }
. ,<1.-1)

¥ =a 22 + 3y = 5

2 T

2Zyy’ = 35 4 + 6y = 0 Eloiid
I re 2
2y 3y

At (1, 1), the slopes are:

23 o2
y 2 y 3'
At (1, —1), the slopes are:
o3 a2
) r =3
Tangents are perpendicular.
4. y= —xandx =siny 4
. xmainy
Point of intersection: (0, 0) L’
} - ) =8 o, é
y=—x x=gsiny
y'=-1 =y’cosy ~* [xeyml
y'=secy

At (0, 0), the slopes are:
y'=-1 y =1
Tangents are perpendicular.
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50. Rewriting each equation and differentiating,
S 2EY=l, AISEOE lxﬂr—mj 18 |m

y §+1 y=%(%+29) _L'EL/‘_

yl = _xlz__ =16 Ir""' 12

-~
I
*

For each value of x, the derivatives are negative reciprocals of each other. Thus, the tangent lines are orthogonal at both peints
of intersection.

L1 w=C 2-¥=K

2
B +y=0 2x-2'=0 \)Q \
=3 E-l a -3
I VI EN

C=d

At any point of intersection (x, y) the product of the b *
slopes is (—y/x)(x/y) = —1. The curves are orthogonal.
5. 22+yr=0C y=Kx 2 2

K=
2+2y'=0 y =K /.|>§ l o oot
= -3 -3 ]
a —; W:z

At the point of intersection (v, y) the product of the
slopes is (—x/y)(K) = (—x/Kx)(K) = —1. The curves are orthogonal.

53. 22 -3 =0
' 1ad & _ pa8%
(@) 4y’ — 1227 Ozxs ® 4yd' 1213d‘ 0
dyy' =1 y§2=3xsd_"
y,=ﬁ=£ dt - dt
v ¥
5. 2 -3 +y =10
— 32 — vy’ . dx _ adx o dy & _
(—Gay + 3y’ =3 — 2 i
-2 (s ~ 395 = 6y - 397

Y Ty
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55. cosmy —3sinwx =1

(@) —wsin(myly’ — 3wrcoswx =0 M) -7 sin(qry)% -3y cos(m:)% =0

;. —3cosmx L _ dx
¥ sin my sm('n'y)% s cos(wx);

56. (a) 4sinxcosy =1 ® 4sinx(—siny)% +4oosx%cosy -
4 sin x(—siny)y’ + 4 cosxcosy = 0

, _ COSXCOS Y

::1:)5Jcoms3;-:";—:':=s\in;tsiny£’2
sin x sin y

dr

57. (@ x* =442 - 10
4y = 1622 — x*

=10 10
1 O‘@“‘
2 = —_
Y=4 -t

l =10
y=4% 413—-4—9:"

®) y=3=>9=4x2—%x‘

36 = 1622 — *
¥ —162+36=0

J‘:2=16:|: \ll?f6_144=s:h\/2_8

Note that x2 = 8 + /28 = 8 £ 2v/7 = (1 = 72
Hence, there are four values of x:

—1=-V7, 1= V7, —1+/T. 1 + VT

To find the slope, 2yy’ = 8&x — B =>y’' = x(sz(—s)ﬁj

Forx = —1- /7,y = }{~/7 + 7), and the line is

n=3VT+DE+1+ vT)+3=L/T+7x+8/7+ 23]
Forx =1- /7,y' = }(+/7T - 7), and the line is

2 =HVT-Dx -1+ 7) +3=3(V/T-7x+23 - 87).
Forx=—-1+ /7,y = —%(ﬁ-— 7),andthelineis

¥ ==HVT=Nx+ 1~ V7) +3 = ~4{(V7 - 7 ~ (23 - 8/7)]
Forx=1+ /7,y = -%(ﬁ+ 7), and the line is

ve = —1(v/7 +7)x = 1 = V7) + 3 = -H{(T + Tx - (847 + 23))

-10 10
Ya, N

=10

—CONTINUED-—
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57. —CONTINUED—
(c) Equating y, and y,,
A=Y+ 1- V) 43= M+ Wa-1- V1) +3

(Vi-Na+1-v7)=(T+Nx-1-7)
Vit Si-T=-Ti=1+1i=SIe=T - T+B=-1-7/1

16+/7 = 14x
Y
7
Ifx=-8#,'theny=5andthelinesinmsectat(s;7-ﬁ.5).
58, tany==x
ysecty =1
P | T
y_sec‘y’_'2<y<74‘.-
sec?y =1+ tan’y =1+ x*
P S
M

59, Let f{x) = x* = xP/4, where p and g are nonzero integers and ¢ > 0. First consider the case where p = 1. The derivative of
f(x) = x'/4 is given by

Ly = g FETA )y SO 210

1-x t—x
where t = x + Ax. Observe that
fB = fG) _ fla—x e — xl/a

t—x t—x (/e — {xVay
Y, -7 B
(/e — xlll)([l—(lll) + A-G/algte + oo+ Maxl=0/D) 4 H1-U/a))
1

= =0/@ 5 p-GIdga + -- - + a0l + p-0/"
As ¢ =, the denominator approaches gx'~(1/2), That is,

1 __
qxl-u,q)

d 1
—_— x\l’q =] == —xu,l')-l.
dx[ ] q

Now cm‘tsidqf(x) = xp/¢ = (x*)!/%, From the Chain Rule,

1, sa/e-19
710) = 2]

()0~ 1psp=1 = flel-rl+@=1) = Eyfola=t=pa=1 (n - E)'
q g

1
q q
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i+ Sy=e
S N
2J}+2J§dr 0
dy_ VY
& Jx
Tangent line at (x,, y,):
)’"‘J’o=‘\/Tz_:(x—-’—'o)

x-intercept; (-"o + \/x_o\/?’_o- 0)
y-intercept: (0, + +/%5+/%)

Sum of intercepts:
(xo + \/x_o\/i’;) + ()’o +

=

[}
———
[ =]

-
g
o
&8

g
|
S ]
9

e

(2) When x=4anddx/dt=

S =rA®=3

() When x = 25 and dy/dt =

==12/25(2) = 20.

I
'S

o
&l
+
St
&8 &
|
cI

|
Ll
'\.._/

[&

I
T

|

1

&8 &

i

8

(a) Whenx =8,y = 1/2, and'dx/d:= 10,

dy _ 1/2
dt g 10 =

(b)Y Whenx =1,y = 4, and dy/dt = —

dt 4( 6) 2’

= %o+ 2/5%¥o + 0 =

Related Rates

(Vi + Vo = (Vo =

2. y=x-3x
— (9 — NE
= (2x S)dt

o m)%

(a) When x = 3 and dx/dt = 2,
& _ _ -
5 = [20) —3]2) = 6.

(b) When x = 1 and dy/ds = 5,
1

@ 20 - -3 ="5
4 2+ =25
dx . &y _
2xz+2y 0
=( E)E
y/dt
ax _ (z)éz
dt x/ di
(2) Whenx = 3,y = 4, and dx/dt = 8,
B 3y _
ar 4(8)_ 5
(b) Whenx = 4,y = 3, and dy/dt = —2,
& _ 3, _,_3
dr 4( 2)‘2'
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5 y=x+1
dx
&2
@&, &
dt 2z dt
(a) Whenx = —1, (b) Whenx =0,
D 2-1@) = ~4cmsec. 2 - 20)2) = 0em/sec.
(c) Whenx =1, (d) Whenx = 3,
D 201)02) = 4 cm/sec. D - 206)(2) = 12cm/sec.
1
6. y= T+ 2 ., y=tanx
dx
‘e -
I Y otz &
& [(1 + 2P ds & Y
(a) Whenx = -2, {2) Whenx = —#/3,
& 220 8 e L — (2(2) = 8 e/
(%) When x = 0, (b) When x = —x/4,
% = 0 cm/sec. % = (V2}(2) = 4 cm/sex.
(c) Whenx = 2, (c) Whenx =0,
& 2200 | =8 g 2 - (1742) = 2 cm/sec
(d) When x = 10, (d) Whenx =1,
% - —(21((1)352) - 1;;31 ~e —0,0039 cm/sec. % = (sec 1)2 ~ 6.8510 cm/sec.
8. y=gsinx
dx
ik
& _
dt - %
(a) When x = /6, {b) When x = w/4,
2~ (cor Z)i2) = v3 omsec. 2 - (cosg) = VEcmse.
{c) When x = 7/3, (d) When x = 7/2,

% = (oosg)(z) = 1 cm/sec.

2. (m%’)(z) = 0cm/see.
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9. (a) For increasing x, dy/dt decreases. 10. (a) For increasing x, dy/dt increases.

(b) For increasing y, dx/dt increases. (b) For increasing y, dx/dt decreases.

I, D=J/2+yP =2+ (F+1F= /F+32+1

dx _

a2

db 1 - dx 2+ 3x 45 + 6x
—=(F+32+ 282 + )= ——————— = —
dt 2("4 3+ 17V ﬁx)dr JA 432+ 1dt A+ 3241

122 D= JRF ¥ = ST otz

dx
2‘;—2
[N
dD 1 dx x+sinxcosxdx 2+ 2sinxcosx
—_— = + gin2 x)~ /¥ + 25 E— — = — e
G T T s g = ey 4 /R T s
13. A= mr? 14, A= mr?
dr _ dA_ ., dr
dt dt - “"dr
dA 2 dr If dr/dt is constant, dA/dt is not constant,
s
dt d:
. A
(a) When r = 6, & depends on 7.
L = 20(6)2) = 2min?/min
(b) When r = 24,
2 = 20(24)(2) = 96mie?/min.
15, (a) s:ng=(12b=>b=2.rsm—
s
2=&=>h=scos—
cos 7 == 2
L, 1, . Y 8 n
A—zbh—2(2ssm2)(soo52)
s g 8 _#
—2(211n5§052)—5un9
dA_ 5 de . de 1 .
b —= 2 cosedt wheredt —2rad/mm.

2 M\2

Syl sz(‘f)(-‘-) - Igﬁmd/min

_mdA_ 2V _ & .
When 0 = T a 2(2)(2)— 81'9,«;1/n'un.

(c) If d8/dt is constant, 4A/dt is proportional to cosé.
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Dillerentiation

21.

&Y 8y <

(a) Whenr = G’it_v = 4(6)2(2) = 288+ in?/min,

When r = 24,2 = 4m(24P(2) = 4608 in?/min.

() If dr/dt is constant, dV/dt is proportional to 72,

= 5
3

&

=32 &

&

(8) Whenx =1,
%’ = 3(1)%(3) = 9 cm?/sec.
(b) When x = 10,
‘g— — 3(10)2(3) = 900 cm?/sec.

V= %‘iﬂ'zh = %«rr‘(Sr) = qr?

dt

8V _ 30(6/%(2) = 216w in®/min.

1 a1 2:) -
14 -é—wrh—sﬂn-(4h h [since 2r = 3]

17.

19.

‘V=-im"3 i-V=5lZ)II)

3" &

2

&= (@) ~ T

(8) Whea r = 30.%%5&)-,—(500) = 5> om/min.

dr 1 5
() When r = 60, 5 = =5 (500) = T con/min.

Il
&

Il
w

&8 BE .

12x

&%

(8) Whenx =1,

% ~ 12(1)(3) = 36 cm?/sec.

(b) When x = 10,

% = 12(}0)(3) = 360 cm?/sec.

(b) When r = 24,

ﬂ‘ = 3m(2412(2) = 3456 in®/min.
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Related Raies

=1 1 és_ 257 .,
22, V_?,"h 317144}: 3(144)11

o r_h 5
(Bysmnlan'tﬂangle.ns,5 === 12")

-

dv

dt=10

v _ 25w, dh_, dh _ (144)d_V
RN e 257h2/ dt

dh
When b = 8 2511-(64)(10) 10 —— ft/min.

=7

(a) Total volume of pool = %(2)(12)(6) + (1X6)(12) = 144 m?

Volume of 1m. of water = %(1)(6)(6) =18m?

(see similar triangle diagram)
% pool filled = ,44(100%) = 12. 5%
(b) Since for0 < h £ 2, b = 6h, you have
V= %bh(6) = 3bh = 3(6h)k = 1RK2

dh

av_ .. dh
dt _36hdt

u v= (-,:;)bh(lz) = 6bh = 6K (since b = A)

%’—12};‘;’: j:h (15};‘2’

When h = 1 and dV/dt = 2,

%h?=ili(-2) =%ft/min = 2 in/min,

25, 2+ =25
n$+b%_
Rl ARl

(a)Whenx=7,y=;/s‘1'5‘=z4,%=%@=
Whenx=15.y=J4ﬁ=2o_E_zTgs_)_
Whenx=24,y=7,%='.i'-?-_§r£).=#ﬁ/

—CONTINUED—

[ T

12

1V

[
I

135
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25, —CONTINUED--—

® A=2x

dA_1f dy E)
dt_i(xdt+ydt

From part (a) wehavex = 7,y = 24 —= 2.andg— —_—

'dt 12’

Thus, 2 2 -[7( ) + 24(2)] - %’ ~ 21.96 1/sec.
tan 8 =

2 @ -l

015'- —0.26 m/sec

27. Wheny = 6,x = /122 — 6 = 6./3, and :
= ./ 108 + 36 = 12.

2+(12-yP=4¢
Zx— +2012 - y)(—q)i’Z
2212y
Also, 2 + 3 = 122

2x—+2yéz—0=>%=7x

Th“s,x— +{(y- 12)(—3) s %

d

dx 12¢] _ ds_ dx_ (12)(6) =1 _=43

E[x x+_;—]_"dx=d —T%_ & (1_2)(535( 0'2)=5J3' 15 m/sec(honzonta])
ﬂ=__xé—:.§-.-[—lgl_l _m/m(vmcal)
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28, Let L be the length of the rope.

I =144 + 2

dL _, dx
2Ldt d:

%=% %=—£sim%=—4ﬂ/se¢.
When L = 13,

JIZ-144= /169 — 144 = 5

dx _ _M13) _ 52 _ _
i 5 5 10.4 ft/sec.

Speed of the boat increases as it approaches the dock.

2, () £=x2+y
dx _

dr —450

& _ _

dt 00

a_, & . 4
B Ay

ds _ x(dx/ds) + y(dy/ds)

dt s

Whenx = 150 and y = 200, s'= 250 and

ds _ 150(—450) + 200(—600) _ _
e 750 mph,
20 20min
® 1=750~ 3=

xm= /e -y
‘ds
2—;——240mph
y = 6 mi
x= .8~ 36
dx _ (1), _ —1/:( f’;_)=_..__"__ﬂ
&~ \3& LG == g
dx 10
Whens=10,z JlOz ( 240)

S g—o(—m) = —300 mph,

The speed of the plane is 300 mph.

Distarce (in mllu)

——
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3. £ =90+

5= 907 + 302 = 30./10

d.s' 28
rv

B@l=Lsiy-1n=-6

—8.85 ft/sec.

32 2=907+ 22

x =60

28

RIS 8B

=
s

B|&

When x = 60,
JO0? + 607 = 30/13
56

SOJ_(ZS) = Jﬁ-’ 15.53 ft/sec.

5=
ds
dt
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35, x(t)——sm 6‘,x2+y2= 36. x(}1=%sinwr,x= +y =1
(a) Period: / 6 = ]2 seconds (a) Period: 2—: = 2 seconds
(b) When x =%,y = ,jlz - (%)’ - %m, (b) Whenx = %.y' =_/1- (%)’ = %m.

Lowest point; (0%)
I S AT\ T S
{c) Whenx—4,y‘— N i (4) — andr=1

dx 1(17) m_om m
—={=)cos — = — cos —

dr ~ 2\6 6 12°%%
2ty =
e dy_ o _ dy_—xdx
PETYLTR YT &
Thus,

- —\/11%4 '.l_zm(z)
=%(%}§_:f%— _123"r
—\/511" _5x

Speed = |20 120

———m/sec

37. Since the evaporation rate is proportional to the surface

area, dV/dt = k(4nr?). However, since V = (4/3)wr?,
we have
dv 2 dr
@t = dmr dr’
Therefore,
dr dr
2y = 2 8¢ _ar
H4mr?) = 4xr = k= &

Lowest point: (0, -;—)

© Whenx—ﬁ,y= \ﬁ_@=¥m

4
3 3 1 1
E Esmﬂrt=>sm'rrt 5=>t=g
dx 3
Z=§1r6081ﬂ
®+y=
& L dy_o_ dy_ —xdx
2xd1+2ydt—o=dt_ y &
dy —3/10 3 (w)
Tl] y E ar—— I -
" T JTs/a 50N
- —91r=-9 Sar
255 125
Speed = "—gﬁ’ ~ 0.5058 m/sec
125
1_1.1
3s. R_R1+R2
®
&
dR,
@

When R, = 50 and R, = 75,
R=130

dR 1
& (30)2[(50)2 ) +7 5)2(1.5)]

= 0.6 ohms/sec.
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3. pi=k 40, rgtand=12
1_31,,,0.3% + 13 % =0 32rtan @ = 1, r is a constant.
dv dp 32r 39%=2v%v—
v'u(l.3p?+vdt)=0 J
dv 16r dﬂ
13 _,d_!__vQ dt v E el dt
Y di o v dv
Likcwise.zé-l-é—roosza s
=2
41. tan 6 = 35 ,
& 3 m/sec.
29 __—_ng ¥
d 304t A
Q_.l_ & ] S A
@ oos’ﬂ 2
Wheny=30.9=1r/4andooa9=ﬁ/2.'lhus.
do_ 1 1y _ 1
i 30(2)(3) = 5 12d/sec.
42, sm0=l§ y
x 4
FL
%=—lﬂ/sec
13
,,(d”)_-_li.ﬁ , .
_-15 ﬂ ] 3 nII =
= g ey L
—15(25 _ 3
= 625(20)( 1) = op T/ sec
8 mo=ty=s )
L‘—" :
dx i "0' .i)‘"
@ = ~S00mi/ke PO
o5 dx
2 .
(ec® g = =33
TR
d = I\ =%
o [\ _ -:(l)_ PEow
( )(5}5 (—sin? 8)( 1 )(— 600) = 120 sin2 6
(&) When 8 = 3o°—°—12—° 30m1/hr—-md/mm_

(b) When § = 60‘,——120(4) 90rad/hr——rad/mm

(c) When 6 = 75“,% = 120 5in?75° ~ 111.96 rad/hr ~ 1.87 rad/min.
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=*
44, tan 6 %0

% = 30(27) = 60+ rad/min = 7rrad/sec

de 1{dx
e "(?:') =% I)

dx _ zg(ﬁ) S
7= 50 sec &
(&) When @ = 30",‘;’: 20:” fi/sec

(b) When § = 60°, E‘ = 2007 ft/sec.

(c) When 6 = 70°, E = 42743 ft /sec.

45, %? = (10 rev/sec)(2rad/rev) = 207 rad/sec

(@) cos = =

30
ngdl . Lt
T T30 d

dx Code _ .

e —30sin @ i 30 sin #2077} = — 6004 sin
(b) 2000 (¢) |dx/d:| = |—6004r sin 8| is greatest when

/\ sinf=1= 8= (w/2) + nw(or90° + » - 180°).
¢ 1287 |dx/dt| is least when @ = nar (or n + 180°).
-2000

(d) Ford = 30",? = — 6007 sin(30°) = -60011-% = —3007 cm/sec.

For § = w,% = — 6004 sin{60°) = —6001:-—‘;—5 = —300~/3 7 cm/sec.

46, sin22° ==
y ‘\

0=_i.ﬁ+l.§ Z
¥ d&t y dr
-d-x— = -x- Q - A =
Zy & (sin 22°){240) = 89. 9056 mi/hr
47, tang = %:n: = 50tan @ 48. (a) dy/dt = 3(dx/dt) means that y changes three times as
fast as x changes.
;-;E_ 50 sec? 0 %tg (b) y changes slowly when x = 0 or x = L. y changes
4 more rapidly when x is near the middle of the
de interval.
2 = 50sec? 6=
dt
de T

a4 _1 ., 7 x
G el sesy
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49, 2 +y2 = 25;acceleraﬁouofthetopofﬂlelé,dder=%-:;

. PN 3 _
Flrstdenvatwe.Zxd‘+2ydt 0

d:”éz'
Second derivative: x 7 %+yﬁ%+ r
#- (;)[-%-(%)’-(%)’]
th=7.y=24.%- -{%,and%x;—Z(seeExemseZS) Smce%.isconstant,%:-;=0.
£y A0~ - (3] - 2 -4~ 5] - 2] -] - o
50, [* = 144+;=;me1emﬁbnofmeboat=%.
First derivative: ?.L%%—Zx%
LEa
Second dertvatve; L% 4 Bk AL _ B, dx 4

dx 4L | fdL\: _{dx¥a
=g (5 - (@)
dx _ _ dL _'_ dL diL _
When L = 13x—5,dt 10.4, mddt 4 (see Bxercise 28). Smcedt is constant, —— ar =0

£ = L1a(0) + (-4 - (~1047)

= %[16 — 108.16] = -15[—'92.16] = —18.432 ft/sec?

51, (a) Using a graphing utility, you obtain
mis) = —1.014s% + 31,685s — 214.437.

dm ds
® = (—2.0285 + 31.685) &

(Y If£—12 then s = 16.5in 1995 (t = 5).

Then % = (—2.028(16.5) + 31.685)(1.2) = —2.1.
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82, y(1) = —492 + 20 ,
! i
&__
& 9.8¢
¥(1) = —49 + 20 = 15.1 | f
y(1)=-98 0
- . _@ -2 . l 12 .
By similar triangles, x x-12 ,0)" S =
20x — 240 = xy.

Wheny = 15.1, 20x — 240 = x(15.1)
(20 - 15.1)x = 240

20
29"
20x — 240 = xy
dx dx
w5 = o2+
& s &
dt 20— ydr
Atr=1, ‘;"— m/‘l'sgl( ~9.8) = —97.96 m/sec.

Review Exercises for Chapter 2

Lfx)=x—-2x+3
f!(x) =A1¥_?° f(x+ g.xx) "f(x)
i [ + Ax? — 2(x + Ax) + 3] = [x® — 2x + 3]
Av30 Ax
=y P 26(8%) + (Ax) - 2 — 2(Ax) + 3) - (R — 22 + 3)
= s Ax
H“‘”‘“%ﬁ““‘“’ Jim 2+ Ar—2) =2x -2
2 5@ = 221

—

xr+Ax+1 x+1
x+Ax—l Tz-1

Fle) = Jlim ﬂxf—A") 1 N

Ax—0

|

(x+A.x+1)(x-1)—(x+Ax
Alx +Ax— D(x—1)

(x’+xAx+x—x— Ax— D) - iP+xhx—-x+x+Ac—1)
Ax—i Ax(x + Ax — D){x — 1)

—2Ax =2 =2

Dix+ 1)

= lim
A;—bo

AHGAI(I+A.X— DE-1 Ax—»o(x+Ax— De-1"

(x—1)?
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fofqrsnﬂa:ion

3@ y

f' > 0 where the slopes of tangent lines to the graph of f are positive.

4 f@)=2/E=x
@ s ® £ = ()64 - 91 + (-
N . = 20 = 9 —x + 204 = 3]
- _ 8-
2/4 —x
WSl ) When x = 0, £10) = 2.
Ar | f+ &) | gy | LEEAD-TE) ‘:’f‘;‘i“;‘”&'”
2 | 28284 | 0 14142 @ (x);h . “p'“:" th‘);]"p‘ Stheliee st
(x,f(0) and (x + Ax, f(x + Ax)). As Ax—0, this
NI 1.732 S Tt
05 | 09354 | © 1.8708 column approach 10) = 2.
01 01975 | O 1.9748

8, fis differentiable for all x # 1.

7 fld) =2 - 32
f) =32 — 6x = 3x{x — 2)

10, £ =242
76 = (x — 1)((2 _;l')iz'" 1)(1)
= _2I
G-

13. f(x) = (1 = =72

£) =50 - F(=330)

6. fis diffecentiable for all x # —3.

8. f() =22 — 5712 9. fix) =2 —x7?

) =2+ Lon = 250 rey=2+200=21+%)
_AB+ 1)
P
11. s(t)=§r‘ 12. h(x)=%x'3
g == 23 W) = St = 53

4. fi3) = (& - 1
£18) = 34 - 1"%3(2)

. x
T3 - 1)%3
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15, fx) = (32 + D(x — 2x + 3) 16. f(s) = (s — 1)/%(s" + 5)
F) = (322 + T)(2x — 2) + (x® - 2x + 3)(&) Fls) = (2 = 1)°2(3s2) + (s* + s)(%)(.g2 - 1)%2(25)
=2(6x — 922 + 16x - 7) = s(s2 = 1)/[35(s2 — 1) + 5(s® + 5)]

= s(s2 — 1)/%(853 — 35 + 25)

é
17. flx) = (13 + %)5 18. h(6) = -9
, % 1 ey = (L= 8P = 8[3(1 — 9*-1)]
£ = s(xz + ;) (Zx - F) #(6) 1 - g
_(1-9¥1-6+38 _ 20+1
B (196 (-
2+x-1 6x — 5
1. fix) =55 20. f(x) ey
-1 1) = ix® - 1)(2x ' (" + 1)(6) — (6x — 5)(2x
f‘(x) - (x‘z )(Zx +(x2 - 1)2 +x )( ) f’(x) - = )((jz +(1)1 )( )
2+ _ 203 + 5x — 39
o2 -1p T @+1p
21, fix) = (4 — 39! 22. flx) =9(3x - 2x)~!
6x 18(1 — 3x
&)= —(4 - 3:3)"Y—6x) = @@= fl) = —9(32 — 2x)~%6x — 2) = (3:,1_ 2:))2
23, y=3cos(3x+ 1) 24, y=1—-cos2x+ 2cos?x
y' = —9sin(3x + 1) ¥ =2sin2x — 4cosxsinx
= 2[2 sinx cos x] — 4 sinx cos x
=0
2. y=lcsc2x 26. y = csc3x + cot3x 27, y=£_31n2x
2 ¥’ = —3csc 3xcot 3x — 3csc? 3x 2 4
y'= %(—csc 2x cot 2x)(2) = —3 ¢sc 3x(cot 3x + csc 3x) y' = % - %cos 2x(2)
= —c¢sc 2xcot 2x =%(1—cos2x)=si.n’-x
28 y= ii—::::: 2. y= %’-si_n”’x - %—sinmx
y = (1 — sinx) cos x — (1 + sin x)(—cos x) y’ = 8in'/2 x cos x — sin®2 x cos x
(1 — sinx)? = (cos x)\/siE(l — sin? x)
2cosx = (cos? x)/sin x

T {1 = sinxp?
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7 5
3 y= 3-“%— set; z
y’ = sect x(sec x tan x) — sec* x(sec x tan x)
= secS x tan x(sec? x — 1)
= sec’ x tan’ x

32, y==xcosx—sinx

y’= —xginx +cosx —cosx = —xsinx

. y-ZEsd
,_ =(x = 1)sin(x — 1) — cos(x — 1X1)
r= (x - 1P

= _E—l—l)z[(‘_ 1) sin(x — 1) + cos(x —~ 1]

36. f(2) = (@ + 2 — 8
£ =4 + 22— 62— §)
=4z — 2z + Dix + 4)

The zeros of f* correspond to the points on the graph of f where the tangent line is horizontal,

37, gl =ulx + 712

x+2

g =y pn

g’ does not equal zero for any value of x in the domsin.
The graph of g has no horizontal tangent lines.

'] 1

-2 ?

3. y=—xtanx

y = —xsecix — tanx

s o (P)cosx — (sinx)2x) _ xcosx — 2sinx
Y 7 2

35, f() =A@ —1)
£ =1t — 147t~ 2)

The zeros of f* correspond to the points on the graph of f
where the tangent line is horizontal.

14

A

[V T
-0
38. gls) = sl + 2

22+ 1
A =
g’ does not equal zero for any value of x. The graph of g
has no horizontal tangent lines,

L]
4
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39, £ = (¢ + 1V + V3 = (¢ + 1)8

] 5
70 =g vy

Jf” does not equal zero for any x in the domain. The graph
of f has no horizontal tangent lines.

d

-2 T
-1
41. y = tan/1 — x
P SVl —x
/ 2J/1—x

¥’ does not equal zero for any x in the domain, The graph

has no horizontal tangent lines,

%‘4“
y 1

4

4. flx = cos =

2
f‘(x)'=—5s1n%
(2. 7. ¥3_ _n/3
f(s) 2 2 T4

¥'= 2x7* + 2 sec x(sec x tan x)

=2 2
—xs-i-Zsec xtanx

49. £l = (T__r?

=5y

oy 20t +2)
f(t)—m

40, y= 3z + 2

¥y

s _ 3+ 2)%(7x + 2)

23

¥” does not equal zero for any x in the domain.
The graph has no horizontal tangent lines.

7

42, y=2csc® Vx

3
f= ———=¢sc? ot
¥ 7 sc? v/xo \/.;

H

~4

4. f(x) =x+ &2

0 =1 163
F@=1-33=1-2=-1

47. f(x) =cotx
Fx) = —csc?x
f7=—2cscx(—cscx - cotx)

= 2csc?xcotx

48, y = 2x% + sin 2x
¥ =4x + 2cos2x
y'=4 — 4sin2x

48, y =sin’x

¥y’ = 2sinxcos x = sin 2x

¥ = 2cos2x

6x—5

50. g()\:)=x2_|_1

glx) =

£"(x)

2(-3x% + 5x + 3)
(o + 172

_2(6° — 152 — 18x + 5)

(x2 +1p

The zero of y’ corresponds to the point on the graph of y
where the tangent line is horizontal.



148  Chapter 2 Differentiation.

51. g(x) =xtanx
g'(x) = xsec?x + tanx
g"x) = 2sec?x(x tan x + 1)

53. 2+3xy+y=10
2x+3xy’+3y+3y=y'—o
3x + Py’ = —(2x + 3y)

=+ 3y)
3(x+ ¥

55, y/x — x/y = 16
S fyron) o

v

2y —x, _2Wo-y

f =

56. P=r-Xy+xy-—y
0=x—2y+xy—2*

0=3—xty' =2y +xy'+y— dyy”

(R —x+dy)y =3 —2y+y

=X -yty
2—x+4y

58. cos(x +y) =x
(1 +y)sin(x +y) =1
—y’ sin(x +y =1 + sin(x + y)

52, h(x)=x/x*—1
22 -1

LV~

M9 = G2

54, 2+9% —4x+3y=0
2+ 18y’ — 4+ 3y' =0
36y + 1)y’ =4 -2

s o _1tsinkxty)
Y = T sinlx +)
=—cscx+1)—1
60.y=(x—2)2 10
y'=2%-2) \
At(2,0: y =0 N
Tangent line: y = 0

Normal line; x = 2

P Sk .
T3y + 1)
~y 3/ _wfi-whs
2Jx_y—x Zx\/;—xﬁ
57. xkiny = ycosx

(xcosy)y’ + siny = —ysinx + y“cosx
y{xcosy — cosx) = —ysinx — siny

,_ Vvsinx+siny
COSX — XCOSY

=(x+ 3P

59, y
¥ =3(x + 3 \]L

-7

At(-2,1): y' =3 [/ .

Tangent line:y — 1 = 3(x + 2) =

Ix—y+T7=0
Normal line: y — 1 = —4(x + 2)
x+3-1=0
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6l. 2+y2=20 62 x-y=16 0
- ~
2%+ 2yy' =0 7 2-2y'=0 \K\%
-2 F/ ] 10
I=_£ ’=£ /
y'=-3 7Ty / \
) _ 1 J 5 0
At(2,4): y'= ~3 At(53): y' =3
Tangent line: y — 4 = —%(x -2) ‘Tangent line: y — 3 = g(x - 35)
x+2y-10=0 Sx—3y—-16=0
Normal'line: y — 4 =2(x— 2) Numualline:y-—3=-§(x—5)
2x—-y=0 3
y
Ix+5y-30=0
63, y=(x—2)1/3 4 64-)'=1_Ex;
y’=%(x—2)"’3=3y2 a5 : b 21—~ (=20 _ 22 + 1)
e VZ \ I R
5 ‘
ALG 1)y =3 - At(0,0): y' =2
5 Tangent line; y = 2x ‘ 4
Tangent line: .y ~ 1 = 7{(x - 3) _ ) >&
Normal]ine:y=—§x - A
2x—-3y—-3=0
Normalline:y—1=—%(x—3) Y
Z+2y-11=0
5. f(x)=%x3+x3—x—l
SH=x2+2x-1
@x+um—1=-1 b)) »+2%~-1=2 x2+2x—-1=0
xx+2)=0 x+3){x—-1D=0 x+12=
. . _
(0' _1)! (_2’%) (_3' 2)’ (1, —'é') /'-._, X 1 +* \/i

1+ a2tz
» (—l.— \/E.Ls.zﬁ)‘)
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66. fx) =2 +1
S =2
(@ 2x= -1 ) 2x=0
x = —‘-} x=0
(b4 b

67. fl)=4—|x—2|
(a) Continnous atx = 2.

(b) Not differentiable at x = 2 because of the sharp turn
in the graph.

69. y=2sinx+ 3cosx
y ' =2cosx— 3sinx
y*=—2sinx — 3cosx
y'+y=—(2sinx + 3 cosx) + (2sinx + 3 cos x)
=0

7M. T =700( + 4 + 10)~"

1 o 214000 +2
@+ 4t + 10p

() Whent = 1,

_ 140001 + 2)
(1 + 4+ 107

{c) Whent =35,

Y i =~ —18.667 deg/hr.

,o —1400(5+2) _ _
T'=G5+30+ 100 >240deg/br.

72. v = /2gh = /2032)h = 8Vh

& _ 4
dh - /h
dv 4
(8) When h = 9, 7 = = ft/sec.

(b) When k = 4,2 = 2ft/sec.

© 2r=1

B+ax+2, ifx<-2
“f(x)'-{l-dl\z—x“. ifx 2 -2

(a) Nonremovable discontinuity at x = —2,

(b) Not differentiable at x = —2 because the function is
discontinuous there,

xy +cosx=10
xy'+y—sinx=0
xy’=sinx—y

xy'+y=(sinx—-y) +y=1sinx

(b) When ¢ =3,

o —-14003 +2) _ _
T'= Gy op 2 e/t

(d) Whea ¢ = 10,

—1400(10 + 2

TJ
73, F=200JT

F(D =‘—j§

(2) When T = 4, F/(4) = 50 vibrations/sec/Ib,
(b) When T = 9, F{9) = 33} vibrations/sec/Ib.



4. 5= —-162+ 5,
First ball:
168+ 100=10

t= 1/%=-ﬂ—°=2.55wondstohitground

Second ball;

~162+75=0
= §= ¥~ 2.165 seconds to hit ground

Since the second ball was released one second after the
first ball, the first ball will hit the ground first. The second
ball will hit the ground 3.165 — 2.5 = 0.665 secend later.

76. s() = —162 + 14,400 = 0
162 = 14,400

t = 30 sec
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75. Assume that the stone is thrown from an tnitial height of
g = 0. Thus, the position equation is s = — 162 + Vob
The maximum value of s occurs when ds/dr = 0 and thus

& 32ty =0

at
=32t = —y,
=0
£= 30

This means that the maximum height is

= _1¢f 2o ﬁ) -
§= 16(32) + vo(32 =
If s is to attain a value of 49, then

Vg2 _
= 49

vo? = 3136
vy = 56 ft/sec.

Since 600 mph = } mifsec, in 30 seconds the bomb will move horizontally (é)(BO) = 5 miles,

7. >

Total horizontal distance: 50
M) 0=1x—0.025°

0= x( - LO) implies x = 50.

=2 ﬁnits/sec

=L _ dx_ ) pdy
a2 frde o dt 2‘/';dt 5

1 dx ,
& 22 units/sec.

(b) When x = ],é = 4 units/sec.

dt

(c) Whenx = 4, % = § units/sec.

(c) Ball reaches maximum height when x = 25.
()] ¥y =x- 0.02¢2

y'=1-—004x
y©=1
y{10) = 0.6
y(25) =0
y'(30) = -0.2
y(50) = -1
(&) y(25) =0
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79. )'=~/-; :
I2=x2+y 4t
% = 2 units/sec :} o
Lzl=y4+y2 1'1//
L
Zﬂd—L=(4r’+2y)% A
dl _ &P +2ydy _ 4P+ _ (4x+2)f
&t 2L  dt L.

1, vy, (av_A d_@+21/V2)_ 8 _4/6
(a)Whenx—-z-,L— \/(E) +($) ——andz —\/-/é —%— 3 units/sec.
) Whenx = 1,L= Q¥ + (1 = VEand & (4’:/25)(1?_3fumwsec
(c) Whenx =4,L= V@R + @22 = fm——ﬂsiJQ_El=—1}=ls;/§uniWsw.

80.
i
.
m;;.o)
. % s 2 b
(a)y=x—3—;z=¥x(1—3—;x) (c)y=x—3—:,x= (1—3021) 0

- Oifx=Oorz =1
=Uax= orx—sz.

Projectile strikes the ground when x = vg?/32.
Projectile reaches its maximum height st x = v,?/64.

{one-half the distance)
' 64
®) y'=1-23x
0
¥ 64V_|=’)_
When x = sa) = S\ 64 = 0
(d) vy = 70 ft/sec
=Y (10F
Range: I=3="n = 153.125 ft
_ ¥ _(op

when x = 0 and x = x,2/32. Therefore, the range is
x = v,2/32, When the initial velocity is doubled the range
is )

or four times the initial range. From part (a), the maxi-
mum height occurs when x = v,2/64. The maximum

height is
(Vo’)_v_f_%‘*o)_&_v_f_zﬁ
Nea) o4 64/ T 64 128 128

If the initial velocity is doubled, the maximum height is

155 - i)

64 128 128
or four times the original maximum height.
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Width of water at depth &: w = 2 + 25 = 2.+ 2(%};) =4—;’£

S5(, _4+h), 5
v=3{z+ 452 =36+ mn )
dv_5, . . dh
sk
dh _ 2dv/ds) 2
dt 54 +h)

dh 2 .
When b = I'E_ﬁm/mn'

[ e

82, tan 0 = x

de p .
] 3(27) rad/min

dé dx
2 o B¥) _ &
sec 8(dt). &

%: = (tan?  + 1)(6m) = 6a{s® + 1)

1 dx 1 157 L
When x = e 611-(4- + ]) =2 km/min = 4507 km/hr.

8. s(1) = 60 — 4.98
s = —98¢
5 =35 = 60 — 49¢
492 = 25

t=

2
e :}]|Uu
o

S S (/)
tan 30 S AT

) = V3s()
dx ds 5
=3 = \/5(—9.8)—\/3 =~ —38.34 m/sec
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84, (a) S = —0.02858761 + 0.61594¢ + 1.296176 ®

© % = —0.057175¢ + 0.61594 s

-1 1

] -_——-'h--:W

-2
(d) Yes, the derivative is negative from t = 9 to ¢ = 14, Perhaps the market was saturated,

{(e) No, some years were worse than predlcted by the model.
{f) Sales were increasing most rapidly in 1980-81 according to the model.

85. (a) y = 0.14x% — 4.43x + 584 c) 1
(b) ==

(d) Xfx =65,y =~ 362 feet.
(¢) As the speed increases, the stopping distance increascs st an increasing rate,

86. x(t) =2 —3r+2=(-2)¢t—1)

(@ v =x'()=2t-3 (b) W) < Ofort < 4.
al) =vi{) =2 (d) x{t) =0forsr=1,2.
(c) v{) = Ofor ¢ =3. ()] = |2(1) - 3] =1
x=@-23-1)=(-D =4 M2) = 122) -3 =1

The speed is 1 when the position is 0.



