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CHAPTER 3
Applications of Differentiation

Section 3.1 Extrema on an Interval

Solutions to Exerclses
L@ =5y 2. £) = cos
_ +4)(2%) — (A)2) _ _ Bx __E. X
f'(x)'_(xz (1(-2'*'4)2 . _(13.1.4)2 m) 2”“2
Flo)=0 fl0)=0
fl2=0
3._f(x)=x+3—x§- 4 fl=-3xJ/x+1
1 .
roy=1-8 )= —s:[i(n D w] + STFI3)
F1ay =0 = -2+ e + 26+ 1)
= —%(xf 1)-12(3x + 2)
-
5 f(x) = (x + 27° 6. Using the limit definition of the derivative,
) = 3+ 27 g FR SOy @8,
=00 x—0 =0 X
F1(—2) is undefined. 0 @ = fO) _ @-p-a__,
Em "0 TS x-0
Fi(b)] does not exist, since the one-sided derivatives are
not equal.
1. f(x) = 2z — 3) = 2 — 3 8. gl) =202 — 4) = x* — &°
) =22 —6x=3xx—2) g'lx) = 4® — Bx = 4x* - 2)
Critical numbers: x =0,x =2 Critical numbers: x=0,x=:tﬁ
9, glo) = /A1 10. f(x) = ;14:1
1
g0 = =4 — VA=) | + (4 -/ (R 1)) — (4n)(2x) _ 40 — 29
[2 ] Fe = (@ + 1 (_ TRV
= Y- yrA-r 4 24 - 9] Critical numbers; x = %1
B— 3t
24—t

Critical numbers: ¢ = 4,1 = %
156



Section 3.1 Extrema on an Interval

1. h{x) = sin?x + cosx,0 < x < 20
h'x) = 2sinxcosx — sinx = sinx(2 cos x — 1)

Critical numbers: x = 0, x = 3@,;=.,,,x=i;f

B. f&) =203 -1).[-1,2]
f1x) = —2 = No critical numbers
Left endpoint: (-1, 8) Maximum
Right endpoint: (2, 2) Minimum

15. f(x) = —2 + 3x,[0, 3]
fle)=-2x+3
Left endpoint: (0, 0) Minimum
Critical number: (% ﬁ) Maximum
Right endpoint: (3, 0) Minimum

17. f(x) = »* = 322,[-1, 3]
&) = 322 — 6x = 3x(x — 2)
Left endpoint: (—1, —4) Minimum
Critical number: (0, 0) Maximum
Critical number: .(2, —4) Minimum
Right endpoint: (3, 0) Maximum

19. f(x) = 38% — 25, [~1,1]

f'rx)=zx-v=-z=“g/;%'

Leift endpoint: {(—1, 5) Maximum .

Critical number: (0, 0) Minimum
Right endpoint: {1, 1)

12. f(6)=2secH+1tan 5,0 < 8 < 27

F1(0) = 2sec Otan 6 + sec? §
= sec 6(2 tan @ + sec 6)

= sxﬂ[:(%) +a{—9]
= sec?(2sin 6 + 1)

Critical numbers: # = 16'1, 0= .1_;’_"

2r+ 5

4 fl) == 3 +(0.9]

fx) = '327=> No critical numbers
Left endpoint: (0. %) Minimum

Right endpoint: (5, 5) Maximum

16, () = + 2x - 4,[~1,1]

) =2+2=2(x+1)
Left endpoint: (—1, ~5) Minimum
Right endpoint: (I, —1) Maximum

18. f(x) =2 ~ 12x,[0, 4]

Sl =322~ 12 = 3(2 — 4)

Left endpoint: (0, 0)

Critical number: (2, —1 6) Minimum
Right endpoint: (4, 16) Maximum
Note: x = —2 is'not in the interval.

20. g(x = J-;o[-lrl]

gk} = -3_5,,

Left endpoint: {—1, —1) Minimum
Critical number: (0, 6)

Right endpoint: (1, 1) Maximum
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158  Chapter 3 Applications of Differentiation

lz
21. h(t) = 4 — |¢ — 4|.[1,6] 22, glp) = prnt [-,1}
From the graph of the function on the interval [1, 6] you 6t
can determine the following. g’l) = m

Left endpoint: (1, 1) Minimum
Critical number: (4, 4) Maximum
Right endpoint: (6, 2) Critical number: (0, 0) Minimum

Left endpoint: (— 1, %) Maximum
Right endpaint: (1, -}I) Maximum

2. his) = s—l—z [0, 1] 24, (i) = ;_Li [3,5]

- =2
WO =G MO~z

Left endpoint: (3, 3) Maximum
Left endpoint: (o, —%) Maximum point: (3, 3) Maxt

Right endpoint: (5,2) Minimum

Right endpoint: (1, — 1) Minimum 3
25, f{x) = cos wx, [0, —;—] 26. g(x} = cscx, [% %]
Flx) = —mrsinx g'(x) = —cscxcotx

Left endpoint: (0, 1) Maximum Left endpoint; (%' 2) Maxinm

Right endpoint: (% -‘4—5) Minimum (w23
Right endpoint; (5- —3—) Minimum

27. f(x) = tanx
fis continuous on [0, /4] but not on [0,w]. lim tanx = oo.
x=»mwf2

. Letf(x) = 1/x. fis continuous on (0, 1) but does not have a maximum. f is also continuous i

on (—1, 0) but does not have a minimum. This can occur if ene of the endpoints is an infinite N
discontinuity. | \
1
E e e Tt i
\
29. (a) Yes 30. (a) No 31. (a) No 32. (a) No
() No (b) Yes (b} Yes (b) Yes
33, (a) Minimum: (0, _.3) 34, (2) Minimum: (4, 1)
Maximum: (2, {) ' Maximum: (1,4)
(b} Minimum: (0, +3) (b) Maximum: (1,4)
(¢} Maximum: (2,1) (¢) Minimum: (4, 1)

(d) No extrema (d) No extrema
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5. () =22 — %
(a) Miniroum: (1, —1)
Maximum: (-1, 3)

(b) Maximum: (3, 3)
() Minimum; (1, —1)
(d) Minimum: (1, - 1)

Jx+2 0<x<g1
”‘f“)‘{w, l1<x<3

Left endpoint: {0, 2) Minimum
Right endpoint: (3, 36) Maximum

-1 2
-4

3. £} = ==, (1,4]
Right endpoint; (4, 1) Minimum

BN

-1 4

=1

41 (@) =

/

] w 1

-2
Maximum: (1, 4.7)
Minimum; (0.4398, - 1.0613)

36. () Minima: (~2, 0) and {2, 0)
Maximum: (0, 2)
() Minimum; (-2, 0)
() Maximum: (0, 2)
(@ Maximum: (1, /3)

_12-2 1<x<3
”‘f(")“{z—ax. 3sx<5

Left endpoint: (1, 1) Maximum
Right endpoint: (5, —13) Minimum
. :

-3 LD 12
,~n

5, -13)

. 16 = 72~ 10,2
Left endpoint: (0; 1) Minimum

3
T
1
i
1
1
1
01 !
1

-1

-1

®) Jlx} =325 + 503 — 3.55[0,1]
Fx) = 16x* + 1522 — 35
16¢* + 1522 - 35 =0

2 = =15+ SO5F = 4{i6)(—3.5)
- 2(16)
_~15% /a9
B 32
15 + /449
x= .»/— Ty~ 0.4398
fo)=0
(1) = 47 Maximum
f( \/i;’ﬂ) - .-1.0613

Minimum: (0.4398, —1.0613)
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Maximum: (2, %)
Minimum: (0, 0), (3, 0)

42, (a)

® £6) = 2/ [0.3]
=B - 9191 + 0 - 2700

= i(g . x)—l/z(l)[-—x +2(3 - %)]
_A6—3) _6@-x 2023

3J/3i-x 3J —-x 3-x
Critical number: x = 2

() =0 Minimum
£(3) =0 Minimum

=%

Maximum: (z, %)

1 1
4. f(x) =-x,—_;—1.[§. 3]
—2x
_f'(X) = (13 + 1)1

_2(1 —
f“*"v:%l

f"(x) (xg + 1)4
Settingf"=0.wehavex=0,:l:1.

[P0 = 5 is the maximum vabue.

6 f=gp1l

) —zg,;‘;‘;fa (See Exercise 44.)
F90) =-_‘“%_:%L)
o o3

24 is the maximum value.

7o)

8, fd) =(1+294[0,2]

118 =301 + Ay
1) = 2 + )1 + )

£76) = — 306 + 2097 — (1 + )

Setﬁngf"=0.wehavex‘+ 20 — 8 =0.

400 — 4(1)(—8
2

x=4-10% JIB=3-1
1n the interval [0, 2], choose
x= 3/—10% /108 = /3 — 1 =~ 0.732.

-20 %

P=

Pl y-10+ Jlog)l = 1,47 is the maximum value.

6 £ =G+ 12202
) = 36+ 1A

£ = ~2 + 4
£ = e+ )7

7O = ~3 e + 1)

£ = 35045 + 1)

|F@©) = %?— is the maximum value.

4. P=VI-RP=14-0520<1515
P=0whenl=0.
P = 61.5whenI =15,
P=12-1=0
Critical number: [ = 12-amps
When [ = 12 amps, P = 72, the maximum output.

No, a 20-amp fuse would not increase the power output.
P is decreasing for / > 12.
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4. C=2x+300;000,15x53m

C(1) = 300,002
C{300) = 1600

— 300,000
P

2x* = 300,000
x? = 150,000

c'=2 0

x = 100/15 ~ 387 > 300 (outside of interval)

C is minimized when x = 300 units.

Yes,if 1 < x < 400, then x = 387 would minimize C.

50. (2) Using a graphing utility, you obtain

visin26 Ar
49, x = —32'—-,2 £6¢< 2
de,
4 18 constant.
dx  dxdp ,
2 = d6 g (b the Chain Rule)
. v’coszagﬂ_
16 4t

In the interval [n/4, 3m/4], 0 = =/4, 3x/4 indicate

minimums for dx/df and § = /2 indicates a maximum
for dx/dt. This implies that the sprinkler waters longest
when 6 = /4 and 3/4. Thus, the lawn farthest from

the spinkler gets the most water,

y = 0.0003674¢* — 0.009176 + 0.032512 + 0.2630¢ + 5.1669.

(b)
\..-N,
8 16
= 6hs + (V3 —c0s 6) w K
51, S_6’“+2(__m—)'65952

j% = l;z{—ﬁcsc fcot 8 + csc? 6)

2
= %;—_csc 6(—r\/§oot 8+ csch) =

csc 8= /3eot 0
secd=./3
8 = arcsec/3 = 0.9553 radians

-2y
s(%’) = Ghs + 3%2(\/5)
S(ax:csecﬁ) = Ghs + %3(\/5)

0

S is minimum when 8 = arcsecv/3 =~ 0.9553 radians,

(¢) Meximum is 6.41% for ¢ = 5.8.
Minimym is 4.1% for ¢ = 15,0
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52.@y=a*t+bk+c
y'=2ax+b

The coordinates of B are (500, 30).andthoseoanre(-500.45). .
From the slopes 8t A and B, X L. SO

—1000a + b = —0.09

]

1000a + b = 0.06.

Solving these two equations, you obtaina = 3/40000 and b = = 3/200. From the points (500, 30) and (—500, 45),
you obtain

-3 =3
30-40000500’+500(200)+c

“”F] “s00 | —400 | —300 | —200 | —100 [ © 100 | 200 | 300 | 400 sooJ

@[ o | | 3 [ers| » wrsjrajens|s | 5|0 |

For —500 € x < 0,d = (@ + bx + ¢c) — (—0.09x).
For0 < x < 500,d = {a® + bx + c) — (0.06x).
{c) The lowest point on the highway is (100, 18), which is not directly over the point where the two hillsides coms together.

53, True. See Exercise 17. 54, True. This is stated in the Extreme 55. True.
Value Theorem.
56, False.Letf(x)=x’.x=0ilacﬂl:icnlnumbﬂofﬁ 57, fix) = [d
g =flx— k) The derivative of £ is undefined at every integer and is
= (x — kP . moatmynonintegetrealmmber.Allrealnumbersa:e
critical numbers.

x = k is a critical number of g.
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Section 3.2  Rolle’s Theorem and the Mean Value Theorem

1. Rolle’s Theorem does not apply to f(x) = 1 — -1 2, Rolle’s Theorem does not apply to f(x) = cot(x/2) over
over [0, 2] since fis not differentiable at x = 1, [, 3] since fis not continuous at x = 27,
3.f(.x)=x2—'2x,[0.2] 4'f(x)=x=_3x+2![1l2]
O =s@)=0 F)=f2) =0
Jis continuous on [0, 2]. #is differentiable on (0, 2). Jis continuous on [1, 2], fis differentiable on (1, 2).
Rolle’s Theorem applies. Rolle's Theorem applies.
) =2-2 fl)=2~3
2—2=0=>x=1 x-3=0=3x=8=15
¢ value: 1 ¢ value: % =15
5. f0) = (= — )(x — 2)(x — 3),[1, 3] 6 flx}={x—3)(x + 1)3[~1,3]
f)=5@)=0 S =f@)=0
Fis continuous on [1, 3]. fis differentiable on {1, 3). Jis continuous on {~ 1, 3]. is differentiable on (—1, 3).
Rolle’s Theorem applies, Rolle’s Theorem applics. v
SO =2 -6+ 11x -6 F@) = =32+ 1)+ (x+ 1)
flx) =32 —12x+ 11 =(@x+1)[x-6+x+1]
3.x‘—12x+11=0'=>x=6—i3—‘/§ =(E+1)3x-3)
5
_G—ﬁ _6+J§ r;value:;
2 e
7. fl) =2 - 1,[-8,8] 8. f(x) =3~ |x-3|,[0,6]
f(-8=f@8) =3 J(0) = £(6) = 0
Jfis continuous on [—8, 8]. fis not differentiable on Jis continuous on [0, 6]. fis not differentiable on (0, 6)
(—8, 8) since £1(0) does not exist. Rolle’s Theorem does since f'(3) does not exist, Rolle’s Theorem does not apply.
not apply.
x¥—2x-3
9. fix) = BT [-1,3]
f=1)=r3)=0

Jfis continuous on [— 1, 3]. (Note: The discontinuity, x = — 2, is not in the interval.) fis differentiable on (—1, 3). Rolle’s
Theorem applies.

_ e+ )22 - (- 20— 3j(1)
f’(x)_ (x+2)2 =0
Ptd-1_
(x + 22

4228 .~

* 2

c value: —2+./5



164 Chapter 3  Applications of Differentiation

2-1

10. fx)= PR [-1,1] 1. f(x) = sinx, [0, 27]
£=1) = £y =0 i) e
. . . , fis continuous on [0, 247]. fis differentiable on (0, 2m).
fis not continuous on [—1, 1] since f(0} does not exist. , . .
Rolle’s Theorsm does not apply. Rolle’s Theorem applics.
fix) = cosx
¢ values: 1—;3—;-7
12. f(s) = cos x, [0, 2] 13. f() = sin2x, [% -;!]
£0) = fam =1 f(lr) _ f(z) _Y3
fis continuous on [0, 2], fis differentiable an (0, 2). 6 3/ 2
Rolle’s Theorem applies. f is continuous on [r/6, /3], fis differentiable on
f1) = —sinx (11-/6. ar/3). Rolle's Theorem applies.
¢cvalue: m fx) = 2cos 2x
2c082x=10
T
=7
c value: %
: Gx . T
14, ) = = - asini, [o. E] 15, £() = tanx, [0, ]
(7 _ O =f(m=0
1) _f(s) = fis not continuous on [0, =] since f{/2) does not exist.
fis continuous on [0, r/6). fis differentiable on (0, 7/6). Rolle’s Theoremm docs not apply.

Rulle’sTpeoremapplies.
6 .
i) il 8sinxcosx =0

6 ,
— =8sinxcosx
O

3 1,
4 Zszx
3 ,
Ty sin 2x
larc.'siﬂ(i) =x
2 27
Xx = (),2489

¢ value: 0.2489
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16. () = secx, [—"—' —’5]

A-5)=A3) -2
Jfis continuous on [— /4, /4], fis differentiable on
(—a/4, w/4). Rolle’s Theorem applies.
Six) = secxtanx
secxtanx = 0
x=10

¢ value: 0

18. f(x) = x — x'/2, [0, 1]
fO=r1)=0
Jis continuous on [0, 1]. fis differentiable on (0, 1).

(Note: fis not differentiable at x = 0,) Roile's Theorem
applies,

F=1-—t-co

3Y3
1= —1_
3332
1
3 = -
¥ 5
1
=
= [l
7 9

¢ value; —{—3 = (,1925

=1

17, flx) = ,xl =5 =0 1]
A=1) = 1) = 0
Jfis continuous on [—1, 1]. fis not differentiable on

(1, 1) since (0) does not exist. Rolle’s Theorem does
not apply.

19.  fF(x) = 4x — tan ox, [—%, %]

1 1
)
J1is continuous on [—1/4, 1/4]. fis differentiable on
{—1/4, 1/4). Rolle's Theorem applies.

SG) =4~ rsectmx =0

seczfrx=i
T
sec'n'x=:|:—2—
N
=4l 2 _.1 V7
x—:l:warcsec‘/;—:l:wamcos—z—
== +().1533 radian

¢ values: +0.1533 radian

0.8

T T
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21, f(;) = =168 + 48¢ + 32

2. f() =% sin’ [-1,0]
@ f(1) =f(2) = 64-

f(-1)=f0)=0
fis continuous on [—1, 0]. fis differentiable on (— 1, 0). (6) v = £() must be 0 at some time in [1, 2]
Rolle's Theorem applies. Fi=-32+48=0
£ =-12'—%00l.%x=0 :=%s=cuuds
cos X =3
6 T
x= —E-ar::cosi [Value needed in (—1, 0).]
o m
e —0.5756 radian
¢ value: —0.5756
0,02
=001
= 1 X
2. C6) = 10(; v = 3) 23. No. Let f(x) = 2 on [1,2}
. 25 Fix) =2
@ CB) =C6) =7 £10) = O and zero is in the interval (—1,2) but
1 3 .f("l) *_f(Z).
® e =105+ i) =0
3 .1
Yaext9 2
22 —6x—9=0
L /108

4
_6x6/3_3+3/3
4 2

In the interval [3, 6}: ¢ = %‘/—5 ~ 4,098,

24, f(a) = f(b) and fc) = 0 where ¢ is in the interval (a, b).

@ gx)=s()+k (h) g0 =flx— &) © g =rfkx)
= g(b) = H=gb+h=
gla) = gb) = fl@) + k gla+ 8 =gl + k) =f(a) g(%) ) g(%) - @
g’ =f)=>g%)=0 gW=flx—8
Interval: [a, b] gle+N=r)=0 g'tx) = kf'(kx)
Critical mumiber of g: ¢ Interval: [ + k. b + K] g'(%) = kflc) =0
Critical number of g: ¢ + k
ab
Interval: [;'E]

Critical number of g 9’;
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25. (a) fis continuous on [- 10, 4] and changes sign, {b) There exist real numbers a and b such that
{f(=8) > 0, f(3) < 0). By the Intermediate Value ~10 < a < b < 4andf(a) = f(b) = 2. Therefore,
Theorem, there exists at least one value of x in by Rolle’s Theorem there exists at least one number ¢
[—10, 4] satisfying £{x) = 0. in (— 10, 4) such that #’(c) = 0. This is called &
critical number.
© (d) 3

-8+ -84

(e) No, f' did not have to be continuous on [— 10, 4],

2%6.00) = 300( %), )= 6 cos(%)(-m(%))(g)

-3 (wx) . ( 'n'x)

= —3mcos; 7" | sin 3
(a) 7 (b) fand f* are both contimuous on the entire real line.
@ lim f(x) =0

Im () =0

-6.28 6.28

-7

(c) Since f{—1) = f(1) = 0, Rolle’s Theorem applies on
[-1,1]. Since £(1) = 0 and f{2) = 3, Rolle’s
Theorem does not apply on [1, 2].

27. f(x) = »? is continuous on [—2, 1] and differentiable on 28. f(x) = x(x* ~ x — 2) is continuous on [ 1, 1] and
{(-2,1). . differentiable on (—1, 1).
M-f-2)_1-4_ M -f-0
1-(-2) 3 1-{-1)
f’(x)=2x=-1whenx=—%.’l‘herefore. f) =3¢ -2 -2= -1
Bx+1)x—1D=0
=1 : 1
€= 2 c= —'5
29, f(x) = x*? is continuous on [0, 1] and differentiable on 30. f(x) = (x + 1)/x is continuous on [1/2, 2] and
(0, 1). . differentiable on (1/2, 2).
=0 _ . ‘ 0=/ _6m-3_ _
1-0 2-(1/2) 3/2
f’(x) = %x_lﬁ =] f’(x) = %}- = -]
={2p_28 2 =1
E (3) T 27
c=1
8
P
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31, f(x) = +/x — 2 is continuous on [2, 6] and differentiable

on (2, 6).

fO-f@_2-0_1
6-2 4 2
1

x—2

f&)

x —

™
il
W == b

c

33. f(x) = sin x is contimous on [0, »] and differentiable on

(0, m).
flm) — (0} =_0—0___0
-0 T
fx)=cosx=0
=X
€=2

Lol

35. f() ——un[—i.z].
(a) 1

-

=08 2
-1
(b) Secant line:
_ @ - =1/ _
slope =~ " (-1/2)
2_2, _
~3=3¢-2
Iy—-2=2x—4
-2 +2=0

32. flx) )= 3 is continvons on [0, 1] and differentiable
{0, 1).

W -f0 _1-0_,
1-0 1

In the interval (0, 1):c = ——.

34, f(x) = 2sinx + sin2x is contimuous on [0, ] and
differentiable on (0, ).

flm) —f©) _0-0_,

7—0 T
Flx)=2cosx+2cos2x = 0
2fcosx + 2cos?x— 1] =0
2(2cosx — 1){cosx + 1) =0

GIsoE
2
cosx = —1

x=Z w32
3

wly

y T

In the interval (0, m): ¢ g

(c)f'(x)=(x+l)i=

W WM

{x+1p2=

_ 3__, .6
x = 1:1:\/;— 1+ 2

In the interval [~ 1/2, 2], ¢ = =1 + {-/6/2).

_ —1+(/E2) -2+ V6
Je(c)_[l+ /2)]+1 J6 f

Tangent line: y — 1+J- -(——+1)
§ 2 8,2
y-1+ -2, 8.2

Iy—-2—5+2/6=0
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36. f(x) = x — 2sinxon[—m, 7]

@ L)
-4.28 a8
-8.28
(b} Secant line
_tm=—f=m) =—(-m
IR Tm=(—m) 27
y—w=1lx~-%n
y=zx
37. fx) = Vx, [1,9]
(1,1),,3)
3=t 1
mE=9-17%
@ 32
tangen:
£
secant
11 ...... b
(b) Secant line; y ~ 1 =%(x— 1)
y-4ee3
O=x—4dy+3

© fix)=1-—2cosx=1

cosx=10

(e.f(c)} = (4,2)

m=) =3
Tangent line: y—2=%(x—4)

1
y—4x+1

b=x-—4y+4
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8. flx) = - + 4 + 82 + 5, {0,5). (5. 80)

(b) Secantline:y — 5 = 15(x — 0)
0=15x—y+5
Fl) = —4° + 128 + 16x

M=15

5—-1
-4 + 12¢2 + 16¢ = 15
0=4c—12¢2—16c + 15
c=0.670rc=~37

3. 16) = = [0.6]

Fhas a discontimnity at £ = 3.

41, fis continuous on [—5, 5] and does not satisfy
the conditions of the Mean Value Theorem.
= fis not differentiable on (—5, 5).
Example: f(x) = |x]

43. s(i) = —4.91* + 500

_ 831 —s(0) _ 4.559_;&0 = —14.7 m/sec

© Ve ="5

(c) First tangent line: y — f(c) = m{x — ¢}
+ y—959 = 15(x — 0.67)

0=15x—y— 046
Second tangent line: y — f(c) = m{x — ¢}
y — 13135 = 15(x — 3.79)
0=15x—y + 745

40. f(x) = |= - 3|. [0,6]
fis not differentiable at x = 3.

42. fis not continuous on [—5, 5]

Example; f(x) = {{1,/ * ': : 3

{b) s(§) is continuous on [0, 3] and differentiable on (0, 3). Therefore, the Mean Value Theorem applies.

v(@) = s(f) = —9.8r = —14.7

t=m=l.5;econds
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s =ufs -5

@ 512) = S(0) _ 200(5 — (9/14)] - 2005 — (9/2)] _ 450
12-0 12 7

® S0 = 200((2—,%) -2
1 1

@+7" 2
2+1=2./7
1= 2./7 - 2 = 3,2915 months
5(s) is equal to the average value in April.

45, Let (s} be the position function of the plane. If + = 0 corresponds to 2 pM., S(0) = 0, 5(5.5) = 2500 and the Mean Value
Theorem says that there exists a time £, 0 < £, < 5.5, such that

S0 = i) = ) asesa

ApplyingthelmennediateValueTheorcmtothevelocityﬁmcﬁonontheintewalsto,to]and[to.s.s],youseethatthereareat
lenttwoﬁmesduﬁngtheﬂightwhenthespeedwasmmlesperhoun(o < 400 < 454.54)

46. Lot T(r) be the temperature of the object. Then T{0) = 1500° and 7(5) = 390°. The averago temperature over the interval [0, 5]
is

=100 _ e g

By the Mean Vilue Theorem, there exists a time to, 0 < & < 5, such that T(r,) = —222.

47, False. f(x) = 1/x has a discontinuity at x = 0. 48. False. fmust also be continuzous and differentiabie on
cach interval. Let
X —4x
&) ="
49, True. A polynomial is continuous and differentiable 50. True
everywhere,

51. Suppose that p(x) = x2+1 +ax+bhastworea]rootsx,mdx,.'IhenbyRolle‘s'I‘heorem,sincep(x,) = p(x;) = 0, there

exists ¢ in (x;, x,) such that p{c) = 0. Butp’(x) = (2n + 1) + g + 0,since n > 0,2 > 0. Therefore, p(x) cannot have two
real roots,

52. Suppose f(x) is not constant on (a, b). Thes there exists x, and x, in (a, b) such that f(x,) # f{x,). Then by the Mean Value
Theorem, there exists ¢ in (g, b) such that

_ flx) - flx)
Flo —7?1—' #0.
This contradicts the fact that f{x) = 0 for all xin (g, 5).
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53, If p(x) = Ax* + Bx + C, then
fb) —fla) _(AB*+Bb+C)— (A +Ba+ C)
b-a b

p'x)=2Ax+B = —

=Af.b’—a’1 +Bp—a
b—a

.- a)A(b + a) + B]
b—a

=A(b + a) + B.
Thus, 24x = A(b + a) and x = (b + a)/2 which is the midpoint of [a, b].

54, Supposef(.t)hutwoﬁxedpointlclandc,.'lhen.bytheMeanValueTheomm.therewdstscsuchthat
fled) ‘f(ﬁz =8"49_ 4

C; — 6 C; =€

fle} =

"This contradicts the fact that f{x} < 1 for all x,

85, f(x) = 4 cos x is differentiable on (— oo, o0).
1) = —Lsinx
—} < ) S 4 =f1) < 1 for all real mumbers.
Thus, from Bxercise 54, f has, at most, one fixed point. (x ~ 0.4502)

86. Let f{x) = cos x. fis continnous and differentinble for all real numbers. By the Mcan Value Theorem, for any intervel [a, 5],
there exists ¢ in (a, b) such that

105 _

b—a

cos b — cosa = (—sin )b — a)
|cos b — cosa] = |—sincl||b — a
|cos b — cosa| < |b — af since |—sinc| < 1.
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Section 3.3  Increasing and Decreasing Functions and the First Derivative Test

Lflx)=x—-6x+8 Ly=-(x+1p
Increasing on: (3, oo) Increasing on: (—oo, —1)
Decreasing on: (~oc, 3) Decreasing on: (~1, oo)

3.y=x73—3x 4. f(x) = x4 — 22
I ing on: (—oo, —2), (2, oo) Increasing on: (~1,0), (1, oc)

Decl'easmg on. ("'2, 2) Decmsln\g on: (_ml m l)l (0! l)

1 _ 2
5._}"(¢\:)=x—z 6.y—x+l
Increasing on: (—eo, 0) Increasing on: (—oo, ~2), 0, co)
Decreasing on: (0, o0) Decreasing on: (—2, —1), (—1,0)
7. f@)'= 2@ + 4z + 3 B. f(x) =x2+8x+ 10
Critical number: x = 1 Critical number: x = —4
—'Ibstintervals: —co<x<] 1 <x<m.,. T‘estinmrvals: -0 <X < —4.—4<x<oo_”.
Sign of (x): />0 F<0 Sign of (2): f <0 >0
Conclusion; Increasing Decreasing | _Conclusion: N Decreasing Increasing L
Increasing on: (—oo, 1) Increasing on: (—4, oo)
Decreasing on: (1, co) Decreasing on: (—oo, —4)
Relative maximum: (1, 5) Relative minimum: (—4, —6)
9. flx) =2 — 6x
SR =2x—-6=0

Critical number: x = 3

'Testinterva],s: —~co<x<3 3<x<oo_'
Sign of f{x): <o >0
Conclusion: Decreasing Increasing |

Increasing on: (3, oo)

Decreasing on: (—oo, 3)

Relative minimum: (3, —9)
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Chapter 3

Applications of Differentiation

10. ) = (x — 1)%x + 2}

11.

12,

f'(x)=(x—1)‘(1)+(x+2)(2)(x-1)=(x-'1)[(x—1)+2(x+2)]¥3(x—1)(x+1)=o

Critical numbers: x = —1,1

Test intervals: | —oo < x < —1 -l<x<1 1<x<£“|
Sign of f(x): fF>0 f<0 f>0
LConclusion: Increasing Decreasing Increasing

Increasing on: (—oo, —1), (1, o0)

Decreasing on; (—1,1)

Relative maximum: (—1,4)

Relative minimum: (1, 0)

flx) =22 + 3% — 12x

f’(x)=6x’+6x—12=6(x+2)(x—1)=0

Critical numbers: x = —2,1

Testmtervals: —ocx < —2 —-2«<x<1 l<x<oo|
Sign of f(x): ff>0 ff<0 >0
Conclusion: Increasing Decreasing | Increasing

Increasing on; {—oo, —2}, (1, 20)

Decreasing on: (—2, 1)

Relative maximum: {—2, 20)

Relative minimum: (1, —;7)

&) = (x -3

fl)=3x-32=0

Critical number: x = 3

I.'Ibstinmﬂs: —o<x<3 | 3<x<eo

| Sign of f(x): >0 >0

i Conclusion: Increasing | Increasing J

Increasing on: (— oo, ©0)

No relative extrema
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a5 — 5x
3. f) ===
fl)=x-1
Critical numbers: x = —1, |
Test intervals: | —oo<x<_—_1__—l <r<l 1 <x<oo_||
Sign of f'(x): >0 f<o f’>0<J
|_ Conclusion: Increasing Decreasing Increasi |
Increasing on: (—oo, —1), (1, o0)
Decreasing on; (—1, 1)
Relative maximum; (—1.§)
Relative minimum; ( 1 —-;')
14, f(x) = x* — 32x + 4 15, flx) =57 +1
) = 42* ~ 32 = 4 - §g) S PPN |
f’(x) ix = 3‘:3/3
Critical mumber: x = 2
—_—— N Critical number; x= 0
Testintervals: | —co < x < 2 2<x< . . —
Sign of f(x): <o >0 |'I’estintervals: T0<x<0 | 0<x<oo|
: — - ——1 fSigno{f(x): >0 >0 _I
Conclusion; Decreasing Increasing |
" == : | Conclusion: Increasing Increasing |
Increasing on: (2, oo)

Increasing on: (—oo, ac) -
No relative extrema

Decreasing on: (— oo, 2)
Relative minimum: 2, —44)

16. flx} = 22/3(x — 5) = 15/3 — 5213
2 =320 = Y1 < $x1(x — 2)
Critical numbers: x = 0, 2

| Testintervals; | oo <x< 0 | 0 < <2

2<¢<x< oo |
| Signoff: | >0 | F<o0 F>0
|_Conclusion: | Increasing J_Decreasing Increasing

Increasing on: {—eco, 0), (2, oo)
Decreasing on: (0, 2)
Relative maximum: (0, 0)

Relative minitnam: (2, -3 E/Z)
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17. fx) =5 — |x— 5|

18, f)) = [p+3] - 1

B 1:-5__1. x<$ oy x+3 _{l, x> -3
f& = =] {-1. x> 5 P& =53 " o1, 5< -3
Critical number: x = 5§ Critical number: x = —3
Test intervals;: | —co < x < 5 5<x<onj [.Testintervals: -_oo<x<—3 —3.<x<noJ
Sign of /() F>0 <o | Sign of Fx): <0 f>0 |
i Conclusion: Increasing Decreasing Conclusion: Decreasing Increasing |
Increasing on: (— o0, 5) Increasing on: (—3, o0)
Decreasing on: {5, o0) Decreasing on; (— oo, —3)
Relative maximum: (5, 5) Relative minimum: (—3, —1)
_x
19'..f(x) - xz — 9
) = (2 - 9)(2x) — (N(2x) _ _—18
(2 — 9P (* - 97
Critical number: x = 0
Discontinuities; x = —3,3
_Testintervals: —c0<cx<—3 | —3<x<0__f0:r<3 -3<x<oo."
| Sign off"(x): >0 f>0 ff<0 <0
Conclusion: Increasing | Increasing J_Decreamlg Decreasing |

Increasing on: {—co, —3), (=3,0)
Decreasing on: (0, 3), (3, 00)

Relative maximum: (0, 0)

- x+3 1 3
lﬂ.f(x)=xxz =;+F

Discontinuity; x = 0

|.'Ibstintervals: —wex<-6| 6<x<0 | 0<x<®
| sign of f(2): <0 F>0 <0 1
[ Conclusion: Decreasing Increasing | Decreasing |

Increasing on: (—6, 0)

Decreasing on: (—oo, = 6), (0, o)

Relative minimum: (—6, -le-)
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2l fX)=x*—-622 + 15

w1
F) =32 - 1%=3x~-4)=0 ) .
Critical numbers: x = 0, 4. / V
4, -1
Test intervals: | —co < x < 0 D<xcd 4<cx<oo =
Sign of f(x); F>0 <o’ >0
Conclusion; Increasing Decreasing Increasing

Increasing on: (—co, 0), (4, oo)
Decreasing on: (0, 4)
Relative maximum: (0, 15)

Relative minimum: (4, —17)

2. f(x) =x*— 2
F) = 48 — 62 = 2325 ~ 3) = g \ ]
Crititcal numbers; x=0.§ ) ‘
&) |
Testintervals: | —co < x < 0 0<x<}% i<r<om -
Sign of f{x): F<o <o >0
Conclusion: Decreasing Decreasing Increasing
Decreesing on: (—w,i)
Increasing on: (;.oo)
Relative minimum; @, —ﬁ)
2, fl0) = (x - 10 4 A flx)=(x~ 1) 2
2 1
f’(x)=w i . f’(x)-w - J/-"'—‘
Critical number; x = 1 oo Critical number:
-2 x=1 -2
Test intervals: —c<x<1 lex<con Test intervals: —co<cx<] l<x<oo
Sign of f(x): f <o >0 Sign of f(x): >0 >0
Conclusion: Decreasing Increasing Conclusion: Increasing Increasing
Increasing on: (1, co) Increasing on: (~ oo, oo)
Decreasing on; (—o0, 1) No relative extrema

Relative minimum: (1, 0)
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1
25 flx}y=x+ = 4
X
B 1 _2-1 w2
f'(x) =1- 2 = ) =° -1,-2) 2
Criticel numbers: x = —1,1 £
Discontimiity: x =0
I'Ibstintervals | —;o<x < —1 | c1<x<0| 0<x<l [ 1<x<00 |
| Sign of F{x): [ fi>0 <o fl<0 "> 0
| Conclusmn _]_ Increasing Decreasing Decreasing | Increasing
Increasing on: (—ee, —1), (1, o)
Decreasing on: (—1, 0}, (0, 1)
Relative maximum: (—1, —2)
Relative minimum: _(1. 2)
X
%. () = x+1 T
f,()_(x+1)|1)-(x)(11 1 === .
(x+ 12 (= + 1P
Discontinuity: x = —1 4
!_'Ibstintervg | —o<cx<—-1| -1 <T<oo
}Signoff’(x): | >0 >0
Conclusion: Increasing | Increasing
Tncreasing on: (—o0, —1), (—1,00)
No relative extrema
2-2x+1
2. f0) = x+1 T
(r+1)2x—2) — (& — 2 24+ _P+ru-3_G& +3)x—1) .o
s ¥ 1P GrIF G eS|
Critical numbers: x = —3,1 20
Discontinuity; x = —1
'Tbstintervals: —oo<x< =3 .-3<x<—1 —1:<1!.1<x<oo|
Sign of f{x): >0 fi<o fi<0 ff>0
| Conclusion: | Increasing | Decreasing Decreasing J_Inc:easing |
Increasing on: (—co, —3), (1,00)
Decreasing on: (—3, —1),(—1, 1)

Relative maximum: (—3, —8)

Relative minimum: (1, 0)
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2~-3x—-4
28, flx) == =
== -3) - P - g)1) _ P—dr e 10
Fla} = (x— 232 - -2p
Discomihuity: x=2
ITbst inteﬁrals: Tc::_<.r<_2 _| Tc .: o0
| Signoff(s): | >0 | fF£>o0
| Conclusion; J_ Increasing _] _Increasing_j
Increasing on; (_ 9, 2)' (2' OO)
No relative extrema

29. f(x)=-2§+oosx,o <x<2r

Critical numbers; x = E.s—-ﬂ
6'6
|'Ibstinuervals: ]0<x<’—r 1—’<x<££ §E<x<21r|
6 6 6 6

Sign off(z): F>0 F<o f’>0_||

Conclusion; Increasing Decreasing Increasing |

Increasing on: (0,%’ (%'—r, 21r) s

ing on: [ 37
Decreasing on: (s' 6) \/
. T 7+ 63 ok azs

Relative maximum (6' 12 )
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. f&x) = sinxcosx=-%sin2x.0 <x<2n

fx)=cos2x =0
.73z 5w in
Cntlcalnumhﬂ's x'_4| 4|4I4
. ar 3 r 5 5T T T
T’Ibstmtervals 0‘:.1:<4 4< <4 4<x<4 4-:;:<4 4<x<21'r
| sign offla): F>0 £<0 >0 <0 £>0 |
Conclusion Incrensing Decreasing Increasing Decreasing Increasing
a\ (3w 5=\ (1w
o (°' 4)'('4' 4)'( "") ‘
ar 3x\ (5w 1% ° [+
Decreasing on: (4, 4).(4, 4)
o maxime: {5 L), (P L -
Relative maxima: (4,2).(4.2)

31, f(x) =sin*x +sinx0 < x < 2w
f'(x)=2:inxcosx+cosx=cou(23inx+ =0

Critical numbers: x = 5,z 5 ¢

2’6'2' 6
. ar T 1w Tar in iw 114 117
Test intervals: 0<x<2 z<:c¢:--6— 6<x<2 2«::::-: 3 3 <x<21r‘\
Sign of f{x): f£>0 <0 >0 f<0 F>0
Conclusion: Increasing Decreasing Increasing 1 Decreasing | Increasing ‘]
T 3\ (11
Increasing on (0'2)'(6' 2 .( 3 .2'rr) 25
ey (1_1'1!) 221_11“)
ulng 2!6 14 9 6
0 | 028
7w 1\ (U7 1 -08
Relauvenumma.(s. 4). " 4)
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CO8 x
Sz.f(x)—ﬁsinTx,O<x<21r 1 . )
= 1+ sin®x)(—sinx] — cos (2 sinxcosx) _ —sinx(2 + cos%x) ou : :
fe) = (1 + sin? x)2 T 0 +smae O ﬂ N / -
Critical number; x = o 3

J

r'lbstintervals: |0<x<ar|1r<.r<21r
Sign of f(x): f <o >0
Conclusion; Decreasing | Increasing

Increasing on: (w, 27)

Decreasing on: (0, o)

Relative minimum; (7, —1)

L |

3. ) = 209 — 2, [-3,3]

_ 29— 242 29 -2
(a)f’(x)——‘/%_—?l (CJ—J‘QT—xz-——O
¥ . 3
® i .u fi Cnucalnumbers:x=:t‘—/_£=:|;32£
r ff-"‘f N (d) Intervals:
Ho (_3 st‘) ( 3/2 sJi) (m 3)
- Y2 2’ 2 2’

My <o JFix) >0 f<o
Decreasing  Increasing Decreasing
fis increasing when f* is positive and decreasing

when f* is negative,
34. f() = 10(5 - /& =3+ 16), [0, 5]
. 52-3 __5(x-3
A - T - L
Critical number: x = -:-
(d) Intervals:

L) 69

fi) >0 fl <o

Increasing Decreasing
fi8 increasing when £” is positive and decreasing
when f” is negative,
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35. f(0 = 2 sin 1, [0, 277
(a) (1) = P cos s+ 2¢8int
= f{tcost + 2sin )
ob
»} of

k)

36. f{x) = % + cos -';-. [0, 4]

1 1.x
@ fl} =3 — 70y

(b}

(©) ftcost+2sinf) =0
t=0crt=—2tant
teotr= —2
¢ = 2.9889, 5.0870 (graphing utility)
Critical numbers: ¢ = 2.2889, ¢ = 5.0870

(d) Intervals:

(0, 2.2889) (2.2889, 5.0870) (5.0870, 2m)

Fiy>0 fiH<o fio>0

Increasing Decreasing Increasing

fis increasing when f” i positive and decreasing when
fis negative.

i
=]

sin

N

© %—

B,

-]
il

e

ST O ST I L

1
L

Critical number: x = 7

(d) Intervals:
0. (m,4m)
flx)>0 fix>0
Increasing Increasing

fis increasing when f” is positive.

In Exercises 37-42,f(x) > 0 on (— oo, —4),f1x) < 0 on (—4, 6) and f(x) > O en (6, o0 )

3. g =f) + 5 38, gl =303
gW=rt g'lx) = 3f'(x)
g(-%)=3(-5>0

g'(0)=f(0) <0
0. () =-f&)

g'0)=-r(0) >0

4. glx) =flx—10)
g'x) = —f) g'x) = fix — 10)
g'0) =f(-10) >0

39. gy =—flx)
g'x) = )
g(—6) = =f1—6) <

42, g() = f(x—10)
g’ = flx — 10)
g'®) =7(-2)<0
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43.f(x)=cisconstant=>f’(x)=0 Mf(x)isaﬁneofslope~1=>f’(x)= 1,

i i

o 3

lj- zl.
3 4 I z e S ]—.---—-—rt-x

-+ = | 1 4 ~—ad TVE
Ll Bi|
4 -4

48. fhas positive slope

r
4

3
1

F
-1 -2 . T}T! £

_zir

>0, * < 4 = fis increasing on (- o, 4),
49. f(x) = {undefined, x = 4
<0, * > 4= fis decreasing on (4, oo},

Two possibilities for f(x) are given belaw.
C)] ¥
‘

O
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50, Critical number: x = 5
f4) = —2.5 => fis decreasing at ¥ = 4.

f16) = 3 =>fisincreasing at x = 6.
(5,£(5)) is a relative minimum,

52, s(f) = 4.9(sin )2

(@ v{f) = 9.8(sin O)¢ speed = 9.8 (sin o

(b) If 6 = 1r/2, the speed is maximum,
) = 9.8¢

83, f{x) = x, g{x) = sinx, 0 < x <

25

§1. The critical numbers are in intervals (—0.50, —0.25) and
{0.25, 0.50) since the sign of £ changes in these intervals.
fis decreasing on approximately (-1, —0.40), (0.48, 1),
and increasing on (—0.40, 0.48).

Relative minimum when x = -0.40.
Relative maximum when x = 0.48,

}
]

(‘*))'L 0. 1 | 15 | 2
fi)) | 03 1 1.5 2

2.5

3 |
g0 | 0479 | 0841 | 0997 | 0909 | 0% | 0141 |

#(z) seems greater than g(x) on (0, m.

®)
0 A a4

£ > sinxon (0, 7

(¢) Leth(z) = f(x) — glx) = x —sinx
R(x) =1—cosx > 0on (0, m).

Therefore, h(x) is increasing on (0, ), Since
1(0) = 0, h{x) > Oon (c, m). Thus,

x—sinx >0
x > sinx

£ > g(x) on (0, .



.
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=3
54, C 27“,,,:20

O Tolos [ 1 |15 2 T 23 3 ’
¢ |o] 0055|0107 0.148 | 0.171 | 0.176 o.usij

The concentration seems greater near ¢ = 2.5 hours,
» = 27 + 133) - (39(31)
() oa © ¢ =

_3071-2
(27 + 132

o C’=Owhent = 3/ ¥2 = 2.38 hours.

The concentration is greatest when ¢ = 2,38 hours. By the First Derivative Test, this is a maximum.

55. v=kR - 1) = R - P)
v/ = K2Rr — 3
= k(2R - 3r) =
r= Oor-%R
Maximum when r = 2R,

2
56. 20’000 ﬁm intervals: | 0 < x < 24400 | 24,400 < x < 35.000_]
’ ] Sign of P*; P'>0 P'<0 [
[ X =
Pr=244 - Too0 = °
x = 24,400
Increasing when 0 < x < 24,400 hamburgers.
Decreasing when 24,400 < x < 35,000 hamburgers,
5. p= Bk vand R, are constant 58, R = 0.001T% — 4T + 100
R, + R)?
0.00472 — 4
4P _ (R +RVR) - vRR[2R + R)(1)] (@) R = — =0
2./0.001T* — 4T + 100
) R, + R}
vR(R -R R T =10°R ~ 836660
(R, + R, : ! (1)) 128
Maximum when R, = R, .
=100 100
-28

The minimum resistance is approximately
R=~837atT = 10°,
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59, (a) Using a graphing utility, you obtain

B = —0.1538* + 3.53791% ~ 19.7537¢% + 42.3906¢ + 352.8234.

) 1

60. f(x) = 2 sin(3x) + 4 cos(3x)

1A A AL
ViV

)

The maximum value is approximately 4.472. You could u
value of foccurs at a point where f/(x) = 0. For instance,

6L. (a) Use a cubic polynomial
fx) = agx® + a,x* + ax + a,

) fx) = 3a;x% + 2a,x + ay,

(0, 0): 0=ga (r(©) = 0)
0=ga {r0)=0)
(2. 2): 2 = Bay + 4a, (f(2)=2)
0=12a, +4a, (F(2)=0)

(c) The solutionis ay = 4; = 0,a2=%,a, = —%:

fl) = —%x’ + %x’

@ 2

@2

Y N

-4

(c) The maximum of the model is B = 951.5 at
t = 1258

se calculus by finding f'(x) and then observing that the maximum
£1(0.154) =~ 0, and £(0.154) = 4.472.

62. () Use a cubic polynomial

f&) = ap® + ax* +ax + Gy
) Fx) = 3a;x2 + 2a,x + a;
(0, 0): 0=a (£(0) = 0)
0=a, (r0) = 0}
(4,1000): 1000 = 64a, + 162,  (f(4) = 1000)
0 = 48a, + 8a, (f14) = 0)

(c) The solution is g, = &, =0.a,=-3—;£.a3=:%22

s =2+ P

@

e .0 .
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63. (2) Use a fourth degree polynomial f(x) = g,x* + ayx® + a,x% + ax + a,
® £6) = 4ap° + 3,2 + 223 +
0,0: 0=g, (f(0) = 0)
0=gq (£0) = 0)
(4.0):  0=256a, + 640, + 160, (f(4) = 0)
0 =256a, + 482, + 8a,  (f1(a) = 0)
(2,4 4= 16a, + 8a, + 4a, (r(2)=4)
0=32,+12, +4a, (f(2)=0)

(c) The solution is a, = g, = 0,0y=4,8,=-2,q, =%_

1) == 2 + a2

@ .

? &H '
-2 5

0, 0) 4,0)
-1

64, (a) Usc a fourth degree polynomial f(x} = q,x* + asx® + ayx? + ax + ag.

®) f1x) = dax® + 30,2 + 2ax + g,
(1, 2): 2=a.+a,+a,+a1+an_ (r(1)=2
0 =4da, + 3a; + 2, + q (r(1) = 0)
(=1,4): 4=a4—a,+a,—a,+ao (f(-1) = 4)
0= —da, + 3a, — 2, + q, (f(~1) =)
(3,4): 4 = 8la, + 27a, + 9a, + 3g, +a, (f(3)=4)
0 = 108a, + 273, + 6, + q (r3)=0)

(c) The solution is a, =z§.al = —;.az =41,a, =%,a4 = —%
)=t 4 dat e 4 B,

d 8
1,4, a.4)
-4 C .
! i
65. True 66. False
Let i(x) = f(x) + g(x) where fand g are increasing. Then Let x) = f(x)g(x) where f(x) = g(x) = x. Then
D) =) + g'x) > 0 since f(x) > Oand g4x) > 0. h(x)=x2isdecreasingun(—oo.0). ’
67. False 68. True
Let f(x) = x2, then f'(x) = 322 and fonly has one If £ (x) is an nth-degree polynomial, then the degree of
critical number. Or, let f(x) = »* + 3¢ + 1, then fix)isan — 1.

J1x) = 3(x + 1) has no eritical mumbers,
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9. Assume that f(x) < O for all x in the interval {a, b) and let x; < x, be any two points in the interval. By the Mean Value
Theorem, we know there exists o number ¢ such that x; < ¢ < x; and

e = L),

X%
Since f(c) < Oandx, — %, > 0, then f(x;) — f(x;) < 0, which implics that flx) < f(x,). Thus, fis decreasing on the
interval.

70. Suppose f'(x) changes from positive to negative at c. Then there exists a and b in I such that f(x) > 0 for all xin (4, ) and
Fix) < Oforallxin (c, b). By Theorem 3.5, f is increasing on (a, c) and decreasing on (c, b). Therefore, f(¢) is a maximum of
fon (a, b) and thus, a relative maxipum of f.

71, Letf(x) = (1 + x)* — nx — 1. Then

F@=n(l+2"—n
= n[(1 + xp~! — 1] > Osincex > Candn > 1.

Thus, £ () is increasing on (0, oo). Since £(0) = 0=>7(x) > Con (0, o0}
(1+x)"—mc—l>0=>(1+x)“> 1+ nx

Section 3.4  Concavity and the Second Derivative Test

Ly=x2—x—-2y"=2 2.y=—x3+3x"—2,y'=—6x+6‘
Concave upward: (— oo, o) Concave upward: (—oo, 1)

Concave downward: (1, co)

A . —144(4 — »?) =1, =6

M=oY T @+ 12pP “fO=5TTY T+ 1P
Concave upward; {—o0, —2), (2, 20) Concave upward: (—eo, -1}
Concave downward: (—2,2) Concave downward: (—1, o)

s /@) =5 ay=2—,1,5(—3x5+4o;3+1ssx).y'=:93x(x—z)(x+z)
Concave upward: (—co, —1), (1, 00) Concave upward: {—co, —2), {0, 2)
Concave downward: (—1,1) Concave downward: (—2,0), (2, 00)

7. flz)=6x— x* 8 fl)=x*+3x—8
F=6-12 o) =2x+3
fm=-2 Fx) =2
Critical number: x = 3 Critical number: x = —3

(3 <0 M-H>o0

Therefore, (3, 9) is relative maximum. Therefore, (—3, —%) is a relative minimum.
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9 f)=(x-5p
f) = 2(x - 5)
S =2
Critical number; x = 5
18>0
Thetefore, (5, 0) is a relative minimym.

1 fG) =2 - 322 +3

S} =32 ~ 62 = 3x(x — 2)

F@)=6x~6=6(x~1)

Critical numbers; x = 0,x =2 *
fO=-6<0

Therefore, (0, 3) is a relative maximum,
Mf2)=6>0

Therefore, (2, — 1) is a relative minimum,

B. fx)=x* -4 +2
1) = 42 - 1222 = 4oz - 3)
F) =12x2 - 245 = 12x{x - 2)
Critical numbers: x = 0, x = 3

However, £7(0) = 0, s0 we must use the First Derivative
Test. f{x) < 0 on the intervals (—o0, 0) and 0.3);
hence, {0, 2) is not an extremuym. f*(3) > 050 (3, —25)
is a relative minimum.

15. fix)=x -3

’ 2
f'(x)=3x|,3
oy —2
0 =525

Critical number; x = @

However, £7(0) is undefined, so we must use the First
Derivative Test. Since f{x) < 0 on (—oo, 0) and
S > 0on (0, w0), (0, —3) is a relative minimum,

10. 7(x) = —(x - 52
f&) = -2 -3)
) = -2
Critical number; x = §
8 <o
Therefore, (5, 0) is a relative maximum,

12, fx) =5+32 -

) = 6x — 322 =352 — y)

f0) =6-6x=6(1-2

Critical numbers: x = 0,x = 2
FO=6>0

Therefore, (0, 5) is a relative minimum,
) =-6<0

Therefore, (2, 9) is a reiative maxinum,

4. f(x) =2 — 9 + 27
FG) =322 ~ 185+ 27 = 3(x - 3)2
F"x) = 6(x ~ 3)
Critical number: x = 3

However, £(3) = 0, so we must use the First Derivative

Test, f{x) 2 0 for all x and, therefore, there are no
relative extrema.

16. fl) = VaF+1

. X
&) = VR F1
Critical number: x = 0
. 1
) = @+ .
fO=150
Therefore, (0, 1) is a relative minimum,
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Critical numbers; x = 2
(-2 <0

Therefore, (— 2, —4) is a relative maximum.
ff2)>0

Therefore, (2, 4) is a relative minimum.

19. f(x)=cosx—x,0$xs41r
fx)=—sinx—1<0

Therefore, f is non-increasing and there are no relative extrema.

20, f(x) =2sinx + cos2;,0'S xS 27

53
x—1

18. f(x) =

-1
f'(x) = G — 10

There are no critical numbers and x = 1 is not in the
domain. There are no relative extrema,

Flx) = 2cosx — 2sin2x = 2 cos x — 4sinxcosx = 2cos x(1 —2ginx) =0whenx=— 7"

F¥(x) = —~2sinx — 4 cos 2x
rig) <o
r{5)> o0
%) <o

)

2. flx) =2 1L
£ = 342 — 12 = 3(x + 2)(x — 2) = Owhenx = 2.
fx) = 6x
f_’(—2) = —12 < 0=>(—2, 16) is a relative maximum.
ff2)=12>0= (2, —16) is a relative minimum.
f7(x) = 6x = Owhenx = C.

D<x<coo

| Test interval —o<x <l ‘

Usignofff) | 1) <0 116 > 0

| Conclusion | Concave downward | Concave upward J

Point of inflection: (0, 0)

e
[ N
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2. fR)=xr+1
J'(x) = 3 = O when x = 0.
S7(x) = 6x = Owhenx = 0.
Since f'(x) = 0 for all x and the concavity changes at
x=0,(0, 1) is a point of inflection.
3
3

4 /—M’.
8

4 fx)=22 -2 - 12

fl) =62 - 6x=12=6(x—2)(x + 1) = Owhenx = —1,2,

F@=12-6

F(—1) = =18 < 0= (~1,7) is a relative maximum.
f7(2) = 18 > 0=>(2, —20) is a relative minimum,
f7(x)=12x — 6 = Owhenx = 4,

2. f(x) =2 — 62 + 12«

F) =32 - 12x + 12
=3(x— 22 =0whenx = 2.
fY*) =6(x—2) = Owhenx = 2.

Since f(x) > O whenx # 2 and the concavity changes at
x = 2, (2, 8) is a point of inflection,

I\ T e

T lecm

Test interval ~;o<xr<y f<x<coo
Sign of f*(x) fx) <0 x>0
Conclusion Concave downward Concave upward

Point of inflection: (4, —‘?)

5. fo)=1-om

f'(x)=r‘—4x=x(x+2)(x—2)=0whmx=0,:l:-2.
ffa)=32-4

F(—2) = 8 > 0= (-2, —4) is a relative minimum,
F0)=-4<0=(0,0 is a relative maximum.
F7(2) = 8 > 0=> (2, —4) is a relative minimum,

S'x) =3 — 4 = Owhenx = =

2
\/E.

Test interval

o <rc-dy

2 2

\/§<x<—ﬁ

—j—§<x<oo

Sign of £*(x)

fx) >0

Sx) <0

Ff@>o0

Conclusion

Concave upward

Concave downward

Concave upward

Points of inflection: (:I:— -

775)



192 Chapter 3 Applications of Differentiation

2. f)=22*—8x+3
f'(x)=813-3=8(x—1)(x’+x+l)=0whenx=1.
f*(x) = 24x2 = Owhenx = 0.

Since £%(1) > 0, (1, —3) is a relative minimum. However, (0, 3) is =
nbtapointofinﬂectionsincef’(x) 2 0 for all x.

27, f(x) = x(x — 4P 2
=D -H+ -9 o tw/.
= (x — 4)*4x — 4) = 4(x — 1)(x — 4> = Owhenx = 1,4. o
f7x) = 4x — D2(x — 4)] + 4(x — 4F Moot

=d4(x— H20x— 1) + - 4]
= 4(x — )3z — 6) = 12(x — 4)x = 2)
F=36>0=(Q, —27) is a relative minimum,
f7(4) = 0=> test fails
By the First Derivative Test we see thatx = 4 does not yield a relative extrema.
2=} = 12(x = 4)(x — 2) = Owhenx = 2, 4.

Test interval -0 <x<2 [ 2<x<4 _4<x<>® !
Sign of £"(x) x>0 | k<0 >0 |
Conclusion Concave upward Concave downward | Concave upward |

Points of inflection: (2, —16), (4,0)

28, flx)=2(x—4)
£0) = 5 + 353 — )
= ox + 3(x — 4)] = 4x*x — 3) = Owhenx =0, 3.
f'(x)=4x’+8x(x—3)=4:{x+2(x—3)]=12x(x-—2)=0
£7(0) = 0 => test fails

fr3)=136>0=0, —27) is a relative minimum,
By the First Derivative Test we see that x = 0 does not yield a relative extrema.

F7(x) = 12x(x — 2) = O when x = 0, 2.
[ Testimerval | -o0 <x<0 0<x<2 | 2<x<ow |
| Sign of (%) £ >0 £ < 0 f@>0 |
| Conclusion Concave upward | Concave downward | Concave upward

Points of inflection: (0, 0), (2, —16)
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2. f(x) = x/x + 3, Domain: [-3, o) 8
f)= %)(x+3)'1/’+ Jx+3=%%=0whenx=—z. . .
m) = 6vVX+ 3 = 3(x + 2)(x + 3)-1/2 _ 3(x+4) 2-2)
) = 4x + 3) B 4(x+_3)3/z -

Since f*(~2) > 0, then (—2, —2) is a relative minimum, f*(x) > 0 on the entire domain of f (except for x = ~3, for which
S*(x) is undefired). There are no points of inflection,

30. f(x}) = x/= + 1, Domain; [=1,c0)

16 = @3+ 0 + AT BEL L gypei o 2

VEFT
w) = SVEF 1 — Bx+ (x + 1~1/2 W+4
A x+1) T At iR
Since f(3) > 0, then
-2 243
3 9

is a relative minimum. £*(x) > 0 on the entire domain of f (except for x = —1, for which P(x) is undefined). There
are no points of inflection. -

A f@) = sin(%),o Sx<dnm

)= %cos(%) = O whenx = m, 3m.

M) = Lo (X
x) = 4su1(2)
F7(m) < 0=> (m, 1) is a relative maximum.
F'Bm > 0=> (37 —1) is a relative minimum,

S7(x}) = Owhenx = 0, 27, 47,

——t

[ Test interval | O<x<om 2m < x < 4 |
" Sign of "(x) .' <0 [ >0
| Conclusion | Concave downward | Concave upwardJ

Point of inflection: (24, 0)

32. f(x)=2csc3—x-0<x<21r

2 o
3 1 1
Flx) = —3cse 2 Cot5 = Owhen x ke N (;2):. E(_-_,s_;z)
&)= %(CSCS'SZE + csc 3?.1:0093_2._1) # 0 for any x in the domain of £, ) O | E“'_z) i ¥
. [
v (n 1N
f’(?) >0=> (? 2) is a relative minimum. ' ' !

f{m < 0=>(m -2)isa relative maximum,

f”(‘;I) >0= (53—-7'-. 2) is a relative minimum.,
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1. flx) = sec(x-%).o < x<d4r

2

flx) = sec(x—z)tan( --;-.) = Owhenx=%,—2—,—2-,-2—.

fix) = set:’(x - %) + sec(x - 1—;) tnn’-(x - %) # 0 for any x in the domain of f.

f'(lzr) >0= (%, 1) is a relative minimum,

2.
34. f(x) =sinx+cosx,0 < x S 2%
fix) = cosx — sinx = O whenx =

F7(x) = —sinx — cosx

m

ala

f"(T-—W) <0= (T_w = 1) is a relative maximum.

f'(%) < 0= (— JZ_‘) is a relative maximum.

4’

f’(sTﬂ) > 0= (iE —Jf) is a relative minimum.

4 ;)
f7(x) = Owhenx = 31. IE
. 3w | 3w ¢ | I
’f’lbstmterval 0<.7c«:4 4<.7c'<4 4<x<21r
Sign of £*(3) £@) <0 >0 r@<o |
Conclusion Concave downward Concave upward | Concave downward

Points of inflection> (943, 0). (1411. 0

)
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35, f(x) = 2sinx +sin 25,0 € x < 247

E] (‘E'S_F)
S(x)=2cosx+2cos2x =0
2(2cos?x + cosx — 1) = 0 OZ\SM?:’:)’” -
3 —
(cos x + 1){2 cos x — 1) = O when cos x = %, —-lorx= %r' m, i;_r (? ff}mm‘-f’f
i
F) = —2sinx — 4sin 2 = —2sinx(1 + 4 cos x)
f”(?") <0= ("?' 2.598) is & relative maximum.
of S 57 : . o
b 3> 0= 3 —2.598 | is a relative minimum,
S*(x) = 0. By the first derivative test, (m, 0) is not a relative extrema,
£*(x) = Owhen x = 0, 1.823, 7, 4.460.
| Testinterval | 0<x< 1823 | 188B<x<w | m<s<dseo 4460 < x < 27 |
| Sign of f*(x) <0 | f'’>0 S <0 >0 |
I_Concluaiou Concave downward l Concave upward | Concave downward | Concave upward |

Points of inflection: (1.823, 1.452), (w, 0), (4.46, —1.452)

36, f) =x—sinx,0< x < 47
) =1-cosx20
Therefore, fis nondecreasing, and there are no relative extrema.
S*(x) = sinx = O when x = 0, =, 2, 37, 4.

| Test interval I O<xen T<Xx <2y m<x<dm | 31r<x<41r__]
I_Sign of f"(x) | >0 f7<0 f >0 f <0
Conclusion | Concave upward | Concave downward Concave upward | Concave downward

Points of inflection: (, @), (2, 21), (37, 3m)
Note: (0, 0) and (4, 4mr) are not points of inflection since they are endpoints.

37. f(x) = 0.20%(x ~ 3)%,[-1, 4]

@ f) = 0.2x(5x - 6)(x — 3)2

S5 = (x - 3)(4x2 — 9.6x + 3.6)
= 0.4(x — 3)(10x* — 24x + 9)

®) f40) < 0=> (0, 0) is 2 relative maximum,
7§) > 0=> (1.2, —1.6796) is a relative minimum,
Points of inflection: P
(3, 0), (0.4652, ~0.7049), (1.9348, —0.9649)

fisincreasing_whenf’> 0 and decreasing when
f< 0. fis concave upward when f* > 0 and
concave downward when f* < 0.

195
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38. f(3) = /6 — 2[5, V6]
_hl4-x)
{a) f’(x) = JETJ_’
fix) = Owhenx = 0,x =2

- 02 )
) = 6(2.‘;6 _9x;):-/212

%) = Owhenx =% .\/9_——2‘/3—3

) F7(0) > 0=> (0, 0} is a relative minimum.
F(x2) < 0= (2, 4./2) are relative maxima.
Points of inflection: (+1.2758, 3.4035)

L
3

() f'(x) = cosx — cos 3x + cos 3z

39. f(x) = sinx — zsin3x + %sinSx, [0, =]

LD
f’(x)-(thenx—6.x ¥ =g

f7(x) = —sinx + 3sin 3x — 5sin 5x

#%(x) = Owhenx = Z,x = %".x ~e 11731, x =~ 1.9685

6

o) f'(g) < 0= ("—2' 1.53333) is a relative maximum.

Points of inflection: (E 0.2667). (1.1731, 0.9638),

6'

(1.9685, 0.9637), (5—6-‘" 0.2667)

Note: (0, 0) and (1, 0) are not points of inflection

since they are endpoints.

40. f(x) = /2 sin x, [0, 24]

(a)f'(x)= ﬁmsx+5in72=;

Critical numbers; x =~ 1.84,4.82

"x) = — ; cosx  cosx  sinx
&) V2xsinx + 2x+JTx s
_2cosx _ (42 + L)sinx
V2 /2%
4xcos x — (42 + Dsinx

%/
(b) Relative maximum: (1.84, 1.85)
Relative minimum: (4.82, —3.09)
Points of inflection: {0.75, 0.83), (3.42, —0.72)

{cY

The graph of fis incressing when f* > 0 and
decreasing when f” < 0. fis concave upward when
f* > 0 and concave downward whenf" < 0.

The graph of f is increasing when f > O and
decreasing when f < 0. fis concave upward when
F* > 0 and concave downward when f” < 0.

fis increasing when f* > 0 and decreasing when
f* < 0. fis concave upward when f* > 0 and
concave downward when f* < 0.
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41,

45. (a)

46. (a)

TR e

J' < 0 means f

J* > O means f
decreasing increasing
J' increasing means F' increasing means
concave upward

concave upward

f' < Omeans f

S’ > 0 means f
decreasing increasing
S’ decreasing means J' decreasing means
concave downwards concave downward
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sl =al+bx2+cx+d
Relative maximum: (3, 3)
Relative minimum: (5, 1)
Point of inflection: (4, 2)
F00) = 3ax? + 2bx + ¢, f*(x) = 6ax + 2b

f(3)=27a+9b+3c +d=3 }98a+16b+2c=—2=>49a+85+c=—1

f(5) = 125a + 25b + 5c +d =1
f’(3)=27a+6b+c=0.f'(4)=24a+2b=0
49z + 8 t+c=-1 4a+2b= 0
27a+6b+ec= 0 22a+2b=-1

2+20 =-1 2a = 1
a=tb=—6c=%d=-2%4
f(x)=%r"—6xz+?x-24

0 fH)=a’+b*+extd
Relative maximum: (2, 4)
Relative minimum: (4, 2)
Point of inflection: (3, 3)
Flx) = 3ax? + 2bx + ¢,f"(x) = 6ax + 2b

f(4) = 64a + 16b + dc +d =2

f2)=12a+4b+c=0, f@)=48a+8b+c=0, /3 =18a+2b=0

28a + 6b+c=—1 18a+2b= 0
12a+4b+ec=_ 0 16a+2b=—1

16a+20 =-1 2a = 1
a=4b=-%c=12d=-6

fo) =3z —%x2 + 126 -6

fis cubic.
£ concave upwards on (—ao, 3), downwards on (3, ©9).

54, (a) 4

=
i 10

® Since the depth d is always increasing, there are no
relative extrema. f(x) > 0

(c) The rate of change of d is decreasing until you reach
the widest point of the jug, then the rate increases
until you reach the natrowest part of the jug’s neck,
then the rate decreases until you reach the top of the
g
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5. @n=1: n=2
fo)=x=c &) = (e~ 22
fe =1 £ = 2(z — 2)
=0 ) =2
No inflection points No inflection points
Relative minimum;
(2,0

[

]

1

Conclusion: If n > 3 and » is odd, then {c,

n=3 n=4
fax) = (x—2p FG&) = (x— 2
SO) =3 - 21 ) = 4z - 2
o) = 6(x — 2) ) = 12(x - 2)
Inflection point: (2, 0) No inflection points:
9 Relative minimum:
/ (2.0

infesion % |'
]

0} is an inflection point. If n > 2 and # is even, then (c, 0) is a relative minimum,

®) Letf(x) = (x ~ o), 0 = nlx — P2, ) = n(n — 1)z — P,
Forn = 3and odd, » — 2 is alsooddandmeooncavitychanges ax=c,

Forn 2 4 and even, n — 2isalsoevenandtheooncavitydoesnotchangeatx= c.

Thus, x = ¢ is an inflection point if and only ifr 2 3 is odd.

56. (a) f(x) = ¥x
F&) =g
S8 = —dx-31s
Inflection point: (0, 0)
(®) f£"(x) does not exist at x = 0,

57. (a) The rate of change of sales is increasing,
8§50

(b) The rate of.change of sales is decreasing.
§5'>0,8<0

(c) The rate of change of sales is constant.
S'=0C8=0

(d) Sales are steady.
§=C,8=0,8"=0

(€} Sales are declining, but at a lower rate.
§'<0,8>0

(f) Sale have bottomed out and have started to rise,

§>0

58, Letf(x) = x*.
Fla) = 1222
F"(0) = 0, but (0, 0) is not a point of inflection.
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9. f) =a + b + ex+d
Maximum: (—4,1)
Minimum: (0, 0)
(8) fx) =3ax® + 2bx t e, F4x) = 6ax + 2b
fO)=0=d=0 (b)'Iheplancwouldbedescendingatthegreamtrateat
the point of inflection.
Fl—4) = 1=> —64a + 16b — 4c =1
f(—4)=0=> 48a-— 86+ ¢c=0

f0)=0=

3. .3 S
fR=ba+2B=1x+tg=0=>x 2,

= Two miles from touchdewn.

Solving this system yields =mdb=6a=1.
Flx) = $52° + a2

60, (o) line OA: y = —0.06x slope: —0.06 o
line CB: y = 0.04x + 50 slope: 0.04 m]r
fo)=ad +bx*+ex+d 11 (00,90
F6) =3a@ + 2bx+ ¢ (om0 "GA
(—1000,60): 60 = (—1000fa + (1000)%k — 1000c + d |‘Mln
—0.06 = (1000)*3a — 2000b + ¢ S0 ww
(1000, 90): 90 = (1000)°a + (1000)%% + 1000¢ + d

0.04 = (1000)? 3z + 2000b + ¢
The solution to this system of 4 equations is a = —1.25 % 1078, b = 0.000025, ¢ = 0.0275, and d = 50.

() y = —1.25 x 1078 + 0.000025x% + 0.0275x + 50 ©) 01

100

pa—

=1100

=10

1100

-1100

Pal

/

(d) The steepest part of the road is 6% at the point A.

61. D=2x — 5L +3L%*
Di

8% — 15Lx? + 6L% = x(8x2 — 15Lx + 6L =0

x=0o0rx=

0.1

1100

15L + /3L _ (15 = /B,
16 16
By the Second Derivative Test, the deflection is maximum when

x=(15_‘/3-3

= T = ,578L.
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575573  8.521T?  0.684T
62. 5= T AT

(a) The maximum occurs “fhen T = 4° and § =~ 0.999999,
(b) s

+099987, 0 < T <25

+ =T
I3 0o 15 20 25 %

63. = 0.5x2 + 15z + 5000

=5 050+ 15 + 3000
X X

€ = average cost per unit
dac 5000

-E=0.5——;-=0whenx=100

By the First Derivative Test, T is minimized when
% = 100 units.

%f = (200)(2m) = 4007 rad/min
dv de
E = —24007cos § &t

= —24007(4007) cos 8

=0whena=-(2"—-'2-lh"=§+2mr.nanyinteger

(c) 5(20°) = 0.9982

64, C=2r 4 2000

= 0 when x = 100./T5 ~ 387

By the First Derivative Test, C is minimized when

r — o __ 300,000
C'=2 e
x == 387 units.
A

By the First Derivative Test, v is maximum when § = (37/2) + 2nar. The speed [v] is maxitnum when @ = (m/2) + 2ner and

(37/2) + 2nm.

66. E = kgx(x? + g?)~3/2
E'= hqx[-—%(x’ + az)*m(Zx)] + kg(x? + a2)—3/2

= ka(x* + a3 "~322 + (x? + 4)] = (x;'i ;2)2;;:)
E'=0fora® = 2x20rx = =7a_5=i2-2£_

By the First Derivative Test, E is maximized when x = (av2)/2.
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67. f(x) = 2(sinx + cos x), fO)=2 i
fx) = 2cosx - sinx), £1(0) =2 ,\f sz
%) = 2(—sinx — cos x), (0 = -2 - w _ .
P =2+2(x—0)=2(+3) I3 ‘
Px)=2
Pz(x)=2"'2(1-'0)+%(—2)(x—0)2=2+2:_x2
Px)=2-2%

Px) = -2

The values of f, P,, P,, and their first derivatives are equal at x = 0. The values of the second derivatives of f and P, are equal

at x = 0. The approximations worsen as you move away fromx = 0.

8 f=JT-x flo=1 .
LR 0= = (e
-3 3

1
) = g = 0 =5 J

2

Pl(x)=1+(-§)(x—0)=1—2

Pl’(x) = _%
2

r =1+ (Le-0+ Y -e-or=1-3-F

--1_x
P = -5
2 4
The values of f, P,, P,, and their first derivatives are equal at x = 0. The values of the second derivatives of f and P, are equal
at x = 0, The approximations worsen as you move away fromx = 0.
6. f(x) = 2sinx + cos), f(%) =22 a
y T
f@) = 2(cos x — sin x),’ f’(%) =0 2 / \ J
MV
-

() = 2(—sinx — cos x), _f"(%) =-2.2

P =22+ O(x - %) =232

Py =0

Pyx)=2V2 + o(x - %) + %(—Zﬁ)(x = 1{)2 -2/i— Ji(x B .,I,-)z
Pz} = —2\/5(1 = %)

Px) = -2./2

m/4. The velues of the second derivatives of fand P, are

The values of £, P,, P;, and their first derivatives are equel atx =
/4.

equal at x = /4. The approximations worsen as you move away from x =
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M f) == @)= 3

x—-1

~[

= —bx+1) =_3 __
f'(z)—m, 2) = W) )

o _ 322+ Gx =1 w23 233 \ N
P& = Gong —1p 1= 3= o

- 1+ (A 3, 0

Pl'(x)=-‘3‘:1£
Pz(x)=\/i+(—3—4‘/—_2-)(x—2)+; 23—16‘/2)&—2)’=J§—3—:é(;—z)+%‘/_5(x—2)2

P - -2, B,

Py = 2L

The values of f, P,, P, andtheirﬁrstderivativesarcequalatx = 2. The values of the second derivatives of f and P, are equal

&t x = 2. The approximations worsen as you move away from x = 2,

T f(x) = xsin(:tl-) ,
=] i) ) .
ro= ] 3l ) 5l :

Point of inflection; (%, 0)
When x > 1/m, f* < 0, so the graph is concave downward.

72, f@x) =x(x— 6)* = 3 — 122 + 36x
f'(x)=3x’—24x+36=3(x—'2)(x—6)=0
) =6x—24=6(x - 4) = 0
Relative extrema: (2, 32) and (6, 0)
Point of inflection (4, 16) is midway between the relative extrema of f;
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73. Assume the zeros of f are all real. Then express the function as f(x) = alx — r){x — r)(x — ry) where 7, 1y, and r, are the
distinct zeros of f. From the Product Rule for a function involving three factors, we have

60 = dle = e — 7 + G = 1) = )+ e = e = 7]
f'(x)=a[(x—r1)+(x—r,)+(x—rl)+(x—-r5)+(x—r,)+(x—r3)]
= al6x — 2(r, + r; + 1))
Consequently, f "(x) = Oif

Ar, + 1y + +r, +
x=(L ;2_r3)=i ?—r’:(Averageofr,,r,,andr;).

74. p)=ad+blP+cx+d
pfx) = 3ax* + 2bx + ¢

px) = 6ax + 2b
6ax +2b =0
I=—3—a'

The sign of p*(x) changes at x = ~ b/3a. Therefore, (—b/3a, p(— b/3a)) is a point of inflection.

bY_ (_ B i _b _ bk
P(_) = “( 2’7a’) + b(w) + ”( 3a) td=i 3, e

W'henp(x)=x‘—31""+2,a'= 1,b=-3,c=0add =2

-3 _,

%= T30

—2)3 —
0= S~ S+ 2 20420

The point of inflection of p(x) = 2* — 3 + 2is (x5, 3 = (1,0).

75. Supposey, < d < y, and let g(x) = f(x) — dlx — a). g is continuous on [, b], and therefore, by the Extreme Value Theorem,
attains & minimum value at some point ¢ in [, b]. This point ¢ cannot be the endpoints a or b because

gla=fla-d=y —d<0
gB) =fB)—d=y,—d>0

Hence, g aftains its minimum value at ¢, @ < ¢ < b. This implies that g(c) = 0 and fe} = d. The proof for
y, < d < y, is similar.

76. The First Derivative Test has the following advantages:
{. It does not fail as the Second Derivative Test sometimes does,
Example: f(x} = »*
2. It can be used for critical numbers that make the desivative undefined. The Second Derivative Test can
only be used if f(c) = O.
Example: f(x) = (x — 1/¥*
3. You do not need to take a second derivative to determine relative extrema.

Jx+ 7

Example: fx) = E-9

The Second Derivative Test usually works best on polynomials or on functions whose derivatives are easily determined. It has
the added advantage of providing additional information such as concavity and points of inflection.
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77. 'n'ue Lety =ax* + bx? + cx + d, q # 0. Then
=6ax + 2b = O when x = —(b/3a), and the
concamychmgua:thxspo:m

79. False

fG)=3sinx+ 2co8x
Fx) =3cosx — 2sinx
3cosx — 2sinx =0
Jcosxy = 2sinx
{=tnx
Critical number: x = tan~(2)
#(tan=13) ~ 3.60555 is the maximum value of »

Secr:'ﬂ 3.5

s

78. False, f(x) = 1/x has a discontinuity at x = 0,

80. True
y = sin(bx)
Slope: y* = b cos(hx)
~bSy'Sh (Assumesb > 0)

Section 3.5 Limits at Infinity
No vertical asymptotes No vertical asymptotes
Horizontal asymptote: y = 3 Horizontal asymptotes: y=x2
Matches (f) Matches (¢)
No vertical asympiotes No vertical asymptotes
Horizontal asymptote: y = 0 Horizontal asymptote: y = 2
Matches (d) Matches (a)
_ 4sinx 2 —3x+5
/=207 6 1) = 2 Rt
No vertical asymptotes No vertical asymptotes
Horizontal asymptotes: y = 0 Horizontal asymptote: y=2
Matches (b) Matches (e)
7. ) = - dx +? o
[z 100 |0 [ 10 L0 [ 100 [ie]os | " w
@ | 7 | 226 | 2025 | 2.0025 | 2.0003 J 2 ﬂ

Iim f(x) =2
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8. &) = x+1 =
= w0 | 0 ¢ | 10 | 108 _'|
I|l(x) | 1 |18.18 | 198.02 | 1998.02 I 19.998_l 199,998 1,999.998_l g =
}_1’11; flx) = (Limit does not exist.)

9. f (x) = 41:’_“_ 5 10
[ ] 100 | 10 ] 102 100 | 10t | 108 | 108 \ -0 10
&(")_ —2 | —298 | 29998 | -3 | -3 | -3 ] 73] e
lim f(x) = =3

10. f() =5 - 37 +1 .
. A

e | 1w | e e |10t 10° | 10¢]

e | 43 | 499 | 49099 | 4999999 | 5 |5 [ 5] °_I‘” b
Iim f(x) =5

2= 1 2-(1/9 _2-0_2
I 1ml:'!.x+2 .r—iun3+(2/x) 3+0 3
X _ Yz _0_
13, Jim =g = bl g 10
5x? N - S
15 x-l-lrlllacx +3 xl]bx-l-lael + (3/x) _
Limit does not exist.
17. lim x = lim /
T a2 —x xo-m X —X
e
e TS il/xi
18, fim —=—s = lim ——t =
R N R 1+ il/x"i

50 + - 1N () R
12. lim o5 3xz 77 A 10— 6/ + (/5

2x1°—1 o @-/) 0
14, lim o3 = W8 0 —@/e) 10 Y

. N
1"}1.“;(2’ f)‘°° W=

Limit does not exist.

g (forx < 0 wehave x = -ﬁ)

o+l . 2+ (l/x)
19. = Ji L L e SR
? xll'w 2 —-x 200 /1 — (1/%) g

1

2
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m =X+l _ -3+ (1/x) SR =
zo.xEr_nam_J‘PEu +x.(fm-x<0wehave V=
-V
- ___l.l_x) =3
F=~oe 1 + (1/x
2. Since (~1/x) < (sin(20)/x S (1/x) for all x # 0, we 22, lim TTE8X _ (1—9—‘)
have by the Squeeze Theorem, e X T *
; =1-0=1
.1 _ . sin(2x) L1
J:h-l;gn x = x]ﬂEo x = xllbnalnx Note:
OSIim“ﬁSO li m"-—ob the Squee; 7
Jm = . Jim > = Oby quet:.ze'meomnsmce
'Iherefore. Em s—‘I.L(£)=0. . ._ls ws l
X —ron X X X X
s . l= 0
B'xILIEer+sin_x_o M.le:Enmnx sn0 =0
im xsind = f 527 _ 1 i o Teing 1
. fim xsin = g 801 % M e g SRy [ ]
(Letx = 1/1) = (1)(1) = 1
(Letx=1/1)

. o (o4 V)= (e v Fw - Ea ] E T -

; g o _ .E+_—+\_l = ]i — =, =
28. tim (25 */433“)‘,‘1.’2.[(2” VaZ +]) ZH\/;E:'J,—]] P ey e, g Al

30. lim (x+ /07 —3x) = lim [(3:: + VorF=3) . :—:F\/%—:%J

X——ec X ==

A=
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. [y 1] 10 T | w0 | 100 | 18 | 10
\L(x).l 0.513 | 0501 | 0500 | 0500 | 0.500 | 0500

¥=330 ) 1 x+,/?_——x
= h
xl-!vgu'.+ X —x
lim 1
M T AR
=1
2

2, [wlw|[we| e | © 1 00|
b(x) 10 | 51 [ 504 | s00.1 | 50001 | 500001 500,000.1 |

ﬁmg:"—xd;’—x 2+ x/r -

X —boo xz'l'x-\/; x—lmx”+ ,/;

Limit does not exist.

3. I'_x 1o°_r 10! Tw [0 104_]_ 105 |_106—|
| | o049 | soo_Lo 500 l_soo 0500 | 0.500 | 0.500 |
Letx = 1/t

o f1Y_ sin(t/2) 1 sin{t/2) _
tim xsin() = Jim S5 = 1 5200

(e [0 | 10 | 100 o [0 | 100 \

1f(x) | z.oool 0348 | 0.101 | 0.032 | 0010 | 0.003 | 0.001

. ox+1
lim
x—oo X/ X

=0

2+x
1—x

Boy=

Intercepts: (—2, 0), {0, 2)

Symmetry. none

Hoﬂmntalasymptofe: y = —1 since
Jim - —1=}im 2+E
-l —X t=cl — X

Discontinuity: x = 1 (Vertical asymptote)

=1

Y
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Intercepts: (3, 0), (0. g)
Symmetry: none
Herizontal asymptote: y = 1 since

=3 _ . _ . x—-3
xﬂ—ﬂ:x_z—l_kll)x_z'

Discontinuity: x = 2 (Vertical asymptote)

By=g-z

Intercept: (0, Q)

Symmetry: origin
Horizontal asymptc;he: y=0
Verticel asymptote; x = +3

84

Wy=2=5
Intercept: (0, 0)
Symmetry: y-axis
Horizontal asymptote: ¥ = 1 gince
. 2 2
.I‘!lb@u.rz - 9 o ] . Il—u’l;.xi - 9.

Discontinuities; x = +3 (Vertical asymptotes)
Relative maximum: (0, 0)

3. y=

X

P-4

Intercept: (0,0)

Symmetry: origin
Horizontal asymptote: y=0
Vertical asymptote: x = 32

4

1
-8 - (]
1 )
1]
-4
N
R
Intercept: {0, 0)
Symmetry: y-axis
Horizontal asymptote: ¥y = 1 since
, - x?
::H@aexa'i'g—l xliingnxz‘l'g'

Relative minimum: (0, 0)

-4 4
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22
41.y=-1;—_-z

Intercept:- (0, 0)

Symmetry: y-axis
Horizontal asymptote: y = 2
Vertical asymptote; x = 32

i

-4

43, =4
Domain: x > 0
Intercepts: none
Symmelry: x-axis
Horizontal asymptote: y = 0 since

1im—2—=0= lim -—j-—.

x—dea [X Xx—boc

Discontinuity: x = 0 (Vertical asymptote)

-1

i

2x
48, y= -
Intercept: (0,0)
Symmetry: none
Horizontsl asymptote: y = —2 since
2
ol —x -z_x—bml —x

Discontinuity; x = 1 (Vertical asymptote)

2y=7+3

Intercept: (0, 0)
Symmetry: y-axis
Horizontal asymptote: y = 2
Relative minimum: (0, 0)

M, 2y =4

Intercepts: none
Symmetry: y-axis

Horizontal asymptote: y = 0 since

lim i=0= lim i

X —»—0C X—boz
Discontinuity; x = 0 (Vertical asymptote)

7

2x

e —

AR =T
Intercept: {0, 0)
Symmetry: origin
Horizontal asymptote: y = 0 since

. X o 2x
xklllwl'—_xz_o—.x]g%ﬂl—xz'

Discontinuities; x = 1 (Vertical asymptotes)

=

L~




47.

49,

50.

3
y=2-3

Intercepts: (/373, 0)
Symmetry; y-axis
Horizontal asymptote: y = 2 since

. 3V _ .. i3]
i (i-3) 2= am (- 2)
Discontinuity: x = 0 (Vertical asymptote)

b

W/

2
y—3+x

2 2 -2
Intercept.y—O—-3+x=>x—- J=>x= 3(

Symmetry: none
Horizontal asymptote: y = 3
Vertical asymptote: x = )

=43
Tntercepts: (1, 0)
Symmetry: y-axis
Horizontal asymptote: y = 4
Vertical asymptote: x = 0

Section 3.5  Limits at Inﬁniry_zg

1
48.)!—1+‘_c

Intercept: (—1,0)
Symmetry: none
Horizontal asymptote: y = 1 since

Hm (1 +l)=1= im (l-f-.-l-).
X ~p—on x X—poc X

Discontinuity: x = 0 (Vertical asymptote)

—s-_-\\ = a
\

N :

Domain: (—oco, ~2), (2, o0)

Intercepts: none

Symmetry: origin

Horizontal asymptote: none

Vertical asymptotes: x = +2 (discontinuities)
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- sl _3%-1
y=TF-4 B.fW=3-F="3
Domain: (—oo, —2), (2, 00) Domain: {—es, 0), (0, o0)
Intercepts: none _f’(x_)=;2,-=>Norelativeexu'ema
Symmetry: origin ]
Horizontal asymptotes: y = %1 since (&) = ——3=> No points of inflection
SE Vertical asymptote: x = 0

lim - =1, lim ———
X =€ ,/F-—4 "y Sy — 4 .
Horizontal asymptote: y = 5
Vertical asymptotes: x = £2 (discontinuities) prote: ¥
7
4 y=$

....... .
) ) f

. 1= A
AN 2 g ]
o) = (x® — 17 =@ - 1P OB R I_-T( "T(MT’
") = (2 = 1¥(=2) + 262)(® - D(2x) _ 232 + 1) I_
d -1 (2 -1y ~

Since £7(0) < 0, then (0, 0) is a relative maximum. Since f”(x) *# 0, nor is it undefined in the domain of f, there are no points
of inflection.

Vertical asymptotes: x = %1

Horizontal asymptote: y =1

x
58. f(x)=;2—_: 3
(2 - 4) = A2 .
PACTTES ¢ \
zxz 4)2¢0foranyxmthedommnoff z=-2]-8 |[3=2
(R = 4F(=22) + (2 + 4)2)(x — 4)(2x)
= (f_+—4;3m=0wh=nx=0.

Since f*(x) > Oon(—2,0) and f"(x} < 0 on (D, 2), then (0, 0) is a point of inflection.
Vertical asymptotes: x = +2
Horizontal asymptote: y = 0
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1 1 .
56, f(x)=xz-._t-2=(x+l)(x'—2) E—ITJ_, [x=2
= ~(x-1) _ =1 ; %-%ii]
f’(x)-m—()whenx-z. A ({‘2\1 r
oy _ (B = = 2P(=2) + (2 ~ )22 ~ x ~ 225 ~ 1) —
f(x)_ = (xz_x_z)‘ =
_ 62 —x+1)
_(xz—x—2)3
Since () < 0, then (}, —$) is a relative maximum, Sincef'(x)aeo,nmisitmmmnedinthedomainofﬂmmmno
points of inflection.

Vertical asymptotes: x = -“Lx=2
Horizontal asymptote; y=0

x—2 x=2
R & e e
=)~ -2 —4) gy ;
re) = B -4z tap IRTTTE) Rl = \’
) = O = A+ 3H(—2x + 4) — (— 2 4 4y — D2} —~ dx + 3)(2x — 4) _2\ CI1
£ = (2 - 4z + 3p
=2(‘3(;6f4::_5;); e 0 whenx =2

Since f*(x) > Oon (1,2) and f*(x) < Oon (2,3), then (2, 0) is a point of inflection,
Vertical asymptote: x = 1,x = 3

Horizontal asymptote: y = 0

8. f(x) = _xt1l

®+x+1 (-o.m'{'.lo.uslg (05321, 0.8440)
- TXx+2) e - LL‘
f'_(x)—m—ﬂwhenx-—o, 2. 1 \!ﬁ'-.‘ |
i L)
Fx) = %%;3"1——;)31) = 0 when x ~ 0.5321, —0.6527, —2.8794. t= 4
(—18194.-3’.2931
rfo<o

Therefore, (0, 1) is a relative maximum,
f(=2)>0
Therefore,

(-4

is a relative minimum.,

Points of inflection: (0.5321, 0.8440), (—0.6527, 0.4491) and (—2.8794, —0.2931)
Horizontal asymptote: y = 0
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59, f(x)=ﬁ%xT_i

3 1=

F&) = 75 yp = No relative exirema s s
GRS |
f'(x)=(F_._?%',ﬁ=0whenx=0. ~

Point of inflection: (0, 0)
Horizontal asymptotes: y = :l:%
No vertical asymptotes

60, f(x) =

2 sin 2x
X

f&)

Thereareaninﬁnibenumberofrelaﬁve extrema. In the interval
(—21, 24, you cbtain the following.

Relative minima: (£2.25, —0.869), (£5.45, —(1.365)
Relative maxima: (+3.87, 0.513)

=4xm52x—25in2:
=

-1.87 e 7.85

Horizontal asymptote: y =0
No vertical asymptotes

X!
61 () f(x) = ;l_T_Ll 4

xli-b,!:cx'l'l:l ¥ i

z—ocX t 1

Therefore,y = 1 andy = ~1 are both horizontal asymptotes.

®) fx) =-J—P2-L+—-—l

2x
lim ———=
/B 1 2

X —jos

q 2x
:E@u ;3+1=_2

Therefore, y = 2 and y = —2 are both horizontal asymptotes.
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&2 @ i) = L&)

E-32+10_ 10
TTom S sm3+g

xli’n;lch(x)=oo—3=co

Limit does not exist.

® ao) = L8
-3 10_ . 3 10
M= B EE
lim A(x) =5
X —doc

0. 10) = T2 e P
(a) a

s

© %0

=10

The graph appears as the slant asymptote y = x,

=70

The graph appears as the slant asymptote y = —-%x + 1.
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65. (a)

B ow e
SR E——— L
4

123 4

e

T
® lmf@=3  Jlmse)=0
(c) Since lim f(x) = 3, the graph approaches that ofa
horizontal line.-xlir':gﬂf‘ (x) =

67. C = 0.5x + 500

=&

T=05 +§0—(2
(os +-5—°9) =05

X—.m

68. line; mx—y+4=0

—_———de =
—n-|l| 1 2 3 4

69. () T, = —0.:003:2 + 0.677t + 26.564
)] ]

/n,_—

=10

© ]

z/ﬁ’-’—

=-10| 120
-10

1

g, o 2468 + 155¢
27 250 +9)

: S S =
66. v‘}‘;l’n_lm 100.[1 = o z)c] = 100{1 — 0] = 100%

|Ax, + By, + €| _ Im(3) = 1(1) + 4]
JAT + B2 Jm 41

- |3m+3|
Jm5+l

®) 10

(@) d =

=10 1

() lim dm)=3= hm d(m)

Thehne approachesthe verhcallme Hence, the distance
approaches 3, x = 0.

@ T,(0) = 266
T,(0) = -#"‘ﬁ ~ 2.7
(e) hm Tz l—ss' = 77-5

(f) ‘The limiting temperature is 77.5.
T, has no horizontal asymptote.
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68,436.82 + 4731.82;

™ N= 1000 - 2337 + 0.168 0 S £ S %0
(a) amo ‘ (b) For 1975, t = 75 and N = 2875.
(c) The maximum number of graduates occured in 1978
. {t = 78),
B o (d) dN/dr was the greatest in 1959 (t = 59.8),
4]

(e) Ast 900, N - 0 since the degree of the
denominator is greater than the degree of the
numerator.

71. False. Let f(x) = ﬁzx_-i-_z- {See Exercise 2.)

72. False. Lety, = Vix + 1, then 3,(0) = 1. Thus, y,* = 1/(2/5 F T) and y, 0) = 1/2. Finally,

y_

1 1
n= —4(m)?ﬁandy.‘(0) =77

Letp = ax® + bx + 1, then p(0) = 1. Thus, p* = 2ax + b and p(0) = 3 = b = {. Finally, p” = 22 and p"(0) = —{=a=-}.
Therefore,

[+ a/2x+1, z<o0 ~
f(x)—[ L r L w0 =1,

[/ -/, x<o0 0
fe = {1/(2\/1_""_1). x>0 WSO=7

- (-1/4), x<o0 il
£ = {—1/(4(;: +1p7), x»g WO = 4

J*(x} < 0 for all real x, but £(x) increases without bound.

73. x = 2 is a critical number, 74. Yes. For example, let f(x) = _6|§___2L_
V-2 +1
Sx) < Oforx < 2, ,
Fix) > 0forx > 2. B
Am fG) = lim f(z) = 6 ;
-_6 2

For example, let f(x) =

0lG-22+1 &

r—t ——x
-+ =1 2 4 8
-2
¥
b
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75, tim B8 = g S5 EET D

x o0 q(x) o bmeT + b|x+ bo
Divide p(x) and g(x) by x".
a, N a ay
- m—n -1
Casel: If n < m:xl'iﬂ%:,ﬁ_ﬂx_ X T""
b, +- +xm_1+;&
ag
an+- + 1 -:
Case2: fm=n: limL(-xl= lim ————— Ll
x-)wq(x) x—boe b, by
b,.'l" +xm—-1 ;;
anxn—m+., +—&__1+%

Cased: Ifn > m:xli_.ngc%((;—;=xli_r'x;1°- b b
b,,+---+—’—_+;g

Section 3.6

1. (g) fhas constant negative slope. Matches (D)
(¢) The slope is periodic, and zero at x = 0. Matches (A)

2. Since the siope is negative, the function is decreasing on
(2, 8), and hence f(3) > f (5).

A Summary of Curve Sketching

(b) The slope of f approaches oo as x—0~, and
approaches —co as x—07. Matches (C)

(d) The slope is positive up to approximately x = 1.5.
Matches (B)

3, Since f(x) = 2/3 for all x, f(x) s a line of slope (2/3).

The y-intercept is (0, 1): £(x) = (2/3)x + 1. Hence,

f6)=5.

4, Kf(x) = 2in[-5, 5], thenf(x}) =2x + 3 and f(2) = 7 is the least possible value of f(2). If f(x) = 4 in[- 5, 5], then

f(x) = 4x + 3 and f(2) = 11 is the greatest possible value of £(2).

5. (a) fx) =0forx = —2adx=2
" is negative for —2 < x < 2 (decreasing function).

f!is positive forx > 2 end x < -2
(increasing function).

(¢) f' is increasing on (0, o). (f">0)

"f(")=x43f1

(a) For n even, fis symmetric about the y-axis. Forn
odd, fis symmetric about the origin.

(b) The x-axis will be the horizontal asymptote if the
degree of the numerator is less than 4. That is,
n=0,1273

(¢) n=4givesy =3asthe horizontal asymptote.

@) %) = 0atx = O (Inflection point).
F*is positive forx > 0 {Concave upwards).
f*is negative for x < 0 (Concave downward).

(@ f1x) is minimum at x = 0. The rate of change of fat
x=0islessthanthetateofchmgeoffforallother
values of x.

(1)) There is a slant asymptote y = 3xif n = 5:

;3—1’—1=3x-g3j—1-.
O Tol112]3]4]5]
Ml1]2]3]|2]|1 o‘
In]2]3]4]|s5]|2 3—|
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T y=x-32+3

¥ =32 —6x=3xx—2) =Owhenx=0,x=2
Y'=6x—6=6(x—1)=0whenz=1

:l y |y |y Conclusion
~oo<x <0 + | - Increasing, concave down—
x=0 3 0 | — | Relative maximum
0<x<1 = | = | Decreasing, concave down
x=1 1 | — | 0 [ Point of inflection ]
l<x<?2 - | + Decreasing, concave up 1
x=2 —1| 0 | + | Relative minimum
2<x< oo + | + Increasing, concave up

8 y=~i-3+2)

¥=—-x+1=0whenx= 1

y*= —2x = Qwhenx =0

1 y Ly |y Conclusion
—o<x < —1 - | + Decreasing, concave up
x=-1 -3 0 | + | Relative minimum
—l<x<0 + | + Inereasing, concave up
x=0 -3 | + | 0 | Pointof inflection
O<x<1 + | — Increasing, concave down
x=1 0 0o |- Relative maximum
lex<oo - 1— Decreasing, concave down
9. y=2—x—x
y=—1-32
No critical numbers
y*= —6x = O whenx = 0.
¥y |y | ¥ Conclusion
—o<x<l = | + | Decreasing, concave up
x=0 2 | — | 0 | Pointof inflection
0g<x< oo | = l — | Decreasing, concave down
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10, fix) =iE—1P +2

fx) = (x— 1 =0whenx=1.
Fx)=2(x —1) =Owhenx = 1.

| 1@ [ r@ [ & Conclusion
—co<x<1 + - Increasing, concave down
¥= 1 2 | 0 | 0 | Pointofinflecion |
| lex < o0 | + + Increasing, concave up

i fix}=3—-9%x+1

F0) =922 — 9 =9(* — 1) = Owhenx = x1

fx)=18x=0whenx =0

@ | £ | e Conclusion
—-m<x<—1 + = Increasing, concave down
x=-1 7 0 — | Relative maximum
-1<x<0 = — | Decreasing, concave down
x =10 1 = 0 Point of inflection
D<xc<l = + Decreasing, concave up
x=1 -5 0 + Relative minimum
lcx<oo + + Increasing, concave up

12 f@) =&+ Dx = 2)x - 5)

FO =+ Dx—2)+ x+Dix—5+&—2kx-5)
=3(x’—4x+1)=0whmx=2:l:\/§.
() = 6(x — 2) = Owhenx = 2.

&) | | Conclusion
—o € x <2~ 3 + — | Increasing, concave down
x=2-J3 63 | 0 | — | Relative maximum
2-J/3<x<?2 = — | Decreasing, concave down

x=2 0 | — | o | Pointof inflection |

2<x<2+/3 = + | Decreasing, concave up
r=2+.3 -6/3] © + | Relative minimum
2+ f3<x<o0 + + | Increasing, concave up

'R ]

12
2-+3,6v3)

r 20
4= + A ot ]
—12-9 -6 -3 t 51

J 2+/3,-6v3)
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13, y=3x+ 4

¥ =128 + 12% = 122%(x + 1) = Owhenx = 0,x = —1.
¥"= 362" + 24x = 12x(3x + 2) = Owhenx = 0,x = -3,

Y |y |y Conclusion

-0 <x< =1 - | + Decreasing, concave up

| x=~-1 —1| 0 | + | Relative minimum
-l<x< —§' + | + | Increasing, concave up
x= —§ -¥| + | 0| Pointof inflection
-2<cx<0 + | = | Increasing, concave down
x=0 +0 | 0 | 0 | Pointof inflection

| 0<x<oo | + | + | Increasing, concave up i

14, y =32 - 622

¥ =120 — 12x = 12x(3* — 1) = Owhenx = 0, x = +1.

Y=367 - 12 = 12032 — 1) = O when x =+,

3

i y |y [y Conclusion
—o<x < —1 + | Decreasing, concave up |
x=-1 -3 + | Relative minimum
-l<x< --? + | Increasing, concave up
x= —% -2 0 | Point of inflection
—% <x=<0 — | Increasing, concave down
x=0 0 = | Relative maximum
Dcx« % — | — | Decreasing, concave down
x= % -g 0 | Point of inflection
-? <x< + | Decreasing, concave up
x=1 =3 + | Relative minimum
l<x<oo + | Increasing, concave up

S ma §

~(-4.-4)
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18, f(x) = — 45 + 16x
F) =45 — 12x% + 16 4x +1)x—2)*=Owhenx=—-1,x=2.
Frlx) = 12x% — 24x = 12x(x — 2) = Owhenx =0, x = 2.

I @ [ @ | Conclusion | 3 ina
—oo<x<—1 = + Decreasing, concave up
x=-1 11 0 | + | Relativeminimum |
-1l<x <0 + + Increasing, concave up
x=10 0 + 0 Point of inflection
lex<?2 + = Increasing, concave down
x=2 16 0 0 Point of inflection
' 2<x<o@ + + Increasing, concave up

16, flx) = 2% — 83 + 18 — 16x + 5
f’(x)=4r"—24:=+35x—16=4(x—4)(x—1)==0whenx=1,x=4.
f”(x)=12:’--48x+36=12(x—3)(x—1)=0whenx=3.x=l.

TR T @ Lrw Conclusion
|_—oo <x<1 = + Decreasing, concave up |
lx=1 0 0 0 | Point of inflection
| l<x<3 ' - = Decreasing, concave down |
|x=3 16| - | 0 | Pointof inflection
J<x<4 =) O Decreasing, concave up
x=4 —27| 0 | + | Relative minimum
|_4 <X <oo | . + |+ | Increasing, concave up
17. y=2x%—5x

y = 5x¢—5="50— 1) = Owhenx = £1.
y” = 20« = O whenx = 0.

|__ Sa y' | y” Conclusion ]
—so<cx<—1 + Increasing, concave down
x=-1 4 | 0 | — | Relative maximum
-1<x<?@ [ = Decreasing, concave down
x=0 0 | — | 0 | Pointof inflection
0<x<l + | Decreasing, concave up
r=1 —4 | 0 | + | Relative minimum
leax<oo J + | Increasing, concave up |
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18. y=(-1p
¥ =5x—1=0whenx= 1.
y'=20{x — 1P = Owhenx =1,

y [ ¥ |y Conclusion
—co<x<l1 + [ - Increasing, concave down
x= 0 | 0 | 0 | Pointof inflection
l<x<oo + | + | Increassing, concave up
19. y=|2x - 3|
s o 22 = 3) =3
= 2z = 3| undefined at x = >
¥y'=0
Y y Conclusion
—00 < x < % = Decreasing
x=13 0 | Undefined | Relative minimum
% <x <o + Increasing

20. y=|x*—6x+ 5

o 20— 3 = 5z ~ 1)

,_ 2x = 3)(3 — 6x + 5)
e/ [ — 6x + 3|

& - 96— 1]

= 0 when x = 3 and undefined whenx = 1,x = 5.

S AR -G+ 2 -~ 1)

YT W&+ Ja- 9k - 1)

undefined whenx = 1, x = 5.

y b ¥y’ Conclusion
—c<x<1 = + Decreasing, concave up
x= 0 | Undefined | Undefined | Relative minimum, point of inflection
l<x<3 + S Increasing, concave down

=3 4 0 - Relative maximum

3<x<5 = = Decreasing, concave down
x=5 0 | Undefined | Undefined | Relative minimum, point of inflection
S<x<oo + + Increasing, concave up
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21, y=x/x—4,

Domain: (- co, 4]

y'=2—’3J%——ix—x=0whenx=§mdmdeﬁnedwhm x=4,
b X 16 - 16 -

¥ = Ma- )m—OWhenx 3 and undefined when x = 4.

Note: x = Lﬁ is not in the domain.

b ¥ bl Conclusion |
—o<x< % + = Increasing, concave down
x =-§ 3—1% 0 = Relative maximum
% <x<4 = - Decreasing, concave down
x=4 0 | Undefined | Undefined | Endpoint
2, y=x/4- 2, ¥
i

Domain: [—2,2]
, 44— 2

y' = m = 0 when x = ++/2 and undefined when x = £2.

(4 x’)m = { when x = 0, +6 and undefined when x = +2.
Note: x = /6 are not in the domain,
y ¥ y* [ Conclusion 1

x=—2 0 | Undefined | Undefined | Endpoint
—-2<x< =2 - + Decreasing, concave up
x=—1:2 =2 0 -+ Relative minimum
-2<x<0 + + Increasing, concave up
x=0 0 + 0 B Point of inflection

|0<cx< V2 + = Increasing, concave down
x=-2 2 0 - Relative maximum
A exc? - - Decreasing, concave down
x=2 0 | Undefined | Undefined | Endpoint
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23, y=13x2/3- 2y

21 - 5'2)

y’=2x_1/3—-2= x1/3_

= 0 when x = 1 and undefined when x = (.

y'=3;—33< 0 when x # 0.

|y y! 2 Conclusion
—m<x<{ = = Decreasing, concave down
=0 | 0 | Undefined | Undefined | Relative minimum .
0 < r<1 + - Increasing, concave down |
x= 1 0 - Relative maximum
|'_1< X< oo '_ = = Decreasing, concave down |

U y=32l-2

2 201 - /3
y’=;,1—n“2*=lxlTl

y= —2(917; + 1) < Owhenx # 0.

= 0 whenx = %1, undefined when x = 0,

,_l_ y | ¥y bl Conclusion J
| —o<x< —1| + - Increasing, concave down _:
| x=-1 2 0 = Relative maximum
—l<x<0 = = Decreasing, concave down
=9{ 0 | Undefined | Undefined | Relative minimum =)
[0<x <1 I + = Increasing, concave down
L x= 2 0 = Relative maximum
l<x<coo = = Decreasing, concave down
: 1 .
25, y=smx—ﬁsm31,05x521r '
2
' _1 - =T 3m
¥ =cosx 6cos3x—0whenx—2,2. A
S o _o T 5T T llw F Na/
y'= smx+2sm3x-0whenx—0,6.6,7r,6. i a 2 2

ive maximum: {7 12
Relative maximum: (2, 18)

ive mimimume [3% _19
Relative tminimum: (—2. 18)

5 4)

Inflection points; (16'? ';-). (T ) (m0),

()

1llr 4

6 "3)
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26. y=cosx—

2

l::usz:r.l) <.x < 2w

y*= —cosx + 2cos 2x = —cosx + 2(2cos?x — 1)

= 4cosx—cosx —2=0whencosx =

1+ /33
8

Therefore, x =~ 0.5678 or 5.7154, x = 2,2057 or 4.0775.

Relative maxima: (E 3)

Relative minimum: (w. ——)

3°4)

(=

3
2

y/= —sinx + Ein2x=—sinx(1—2cogx)=0whgnx=0,m%-r'§3£_ ]

3 w 0.8431, —0.5931. jl!

Inflection points: (0.5678, 0.6323), (2.2057, —0.4449), (5.7154, 0.6323), (4.0775, —0.4449)

27. y#Zx—mnx.—-!<x<E

2 2

yr=2- seczx=0whenx=t%.

¢

y.—

—2gec? xtan x = Owhenx = 0.

Relative maximum: (E I. l)

4'2

Relative minimum: ( z 1- I)

o >

Inflection point: (0, 0)

Vertical asympiotes: x = X

P e ] S R ———

e S S

3

2

=X

28. y=2x+cotx,0<x<m

y’ =2 - csc’x =0 whenx =

=13

TR A

y"=2csc’xcotx = Owhenx =

3ar
"2

™
)

Inflection point: (1—; 1r)

&

Relative maximum; -1

o
TR

Relative minimum: (

-

Vertical asymptotes: x = 0,7

¥

aiw
L]
R
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29, y=

z*
2+3

JECs. ST =
y_(x’+3)2 Owhenx =0,

v 18(1 —x%) _
y'= o2 + 3y = 0Owhenx = 1,

Horizontal asymptote: y = 1

! y |y |y | Conclusion |

| ~o<x< -1 | = | = | Decreasing, concave down _[
x=-1 1 | - | 0.| Pointofinflection
-l<x<0 — | + | Decreasing, concave up
x=10 0 0 | + | Relative minimum
OCcxcl + | + Increasing, concave up

| x=1 1 |+ | 0| Pointofinflection

1<x < oo | + = Increasing, concave down 1

X
0. y=3% 1

s 12 {(1-xx+1)

y=(x"+l)z= @ + 17 = Owhenx = £1.

oo _22(3 — 57

¥ o2 + 1) = Owhenx = 0, +./3,

Horizontal asymptote: y = 0

¥ y| oy Conclusion
Ii-w <x< -3 -1 - Decreasing, concave down
=-J3 —% — | 0 | Pointof inflection
| -VIcxr<c -1 -1 + Decreasing, concave up
(x=-1 =5 | 0| + | Relative minimom
| -l<x<0 + | + Increasing, concave up
'_x= 0 o + |0 Point of inflection
_0 <x<l1 + | = Increasing, concave down
| *= 1 % | 0] - Relative maximum
| l<x< /3 J == Decreasing, concave down |
x=.3 {:i — | 0 | Point of inflection |
| Vi<icoo | - +. Decreasing, concave up

¥y

T 59

227
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3. y=7=

y.r= —E_—I_Z)E < Owhenx # 2,
2

L p———

Y (x_.z)s

No relative extrema, no points of inflection

e 33}

Vertical asymptote: x = 2
Horizontal asymptote: y = —3

2x
'”’=§?f
(x, ,;)21) < Oif x % 1.
W +1)3 =0ifx=0.
Inflection point: (0, 0)
Intercept: (0, 0)

Vertical asymptote: x = %1
Horizontal asymptote: y =0
Symmetry with respect to the origin

=,

o s

’
1
']
\u

w

]
=]

e ——

y’=-(12—_6x7)5=0whenx=0.

6(3:2 + 2)

= (,\:3——2)3 < Owhenx = 0.

Therefore, (O, -%) i5 a relative maximum.
1
Intercept: (0, —5)

Vertical asymptotes: x = /2
Horizontal asymptote: y = 1

TR

YT eh

=
34, f(x)=x+2

f'(x)=§3-'< 0 when x % 0.
P =5#0.

Intercept: (—2,0)
Vertical asymptote: x = 0
Horizontal asymptote: y = 1
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4
35 glxy=x+ prpr . 70.[129:, 4064)
. 3517
g =1- (128-:1)’ o, +(12'f+_1§f 1 0 whenx ~ 0.1292, 1.6085 \_/
832 — 1) J3 v s, 1

3
£10.1292) < 0, therefore, {0.1292, 4.064) is relative maximum.
2"(1.6085) > 0, therefore, {1.6085, 2.724} is a relative minimum.

ng) (xz_l_ 1)3 =0whenx =+—— : : T

Points of inflection: (—% 2, 423) (? 3, 577)
Intercepts: (0, 4), (—1.3788,0)
Slant asymptote: y = x
36. f(x)—x+%22- 37. f(x)=x2+1=x+%
64 _ (x— 402+ 4x + 16) _
’(x)—l xs xa 0whenx=4. f’(.x)=1—$—=0whenx=:l:l.
f”(x)=%2->0ifx=l=0. f”(x)=%$0
‘Therefore, (4, 6) is a relative minimum, Relative maximum: (—1, —2)
Intercept; (—2 ¥4, 0) Relative minimum: (1, 2)
Vertical asymptote: x = 0 Vertical asymptote: x = 0
Slant asymptote: y = x Slant asymptote: y =
¥
4V
;)"3
.Iu s
-
_ ¥ X
38. f(x)—x"—l__x+xz—l
Fx) = ‘% = O whenx = 0,+./3.
7) = 2"("2 +1)3,) = Owhenx = 0,

Relative maximum: (— V3, —l‘z{—i)
Relative minimum: (ﬁ,%)
Inflection point: (0, 0)

Vertical asymptotés: x==l

Slant asymptote: y = x
Origin symmetry
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_P—6x+12 4
Vo= TR
O &
’ -4
-2k —6) -
= - 4R = 0Owhenx = 2,6.
8
w2
YT

¥* < Owhenx =2,

Therefore, (2, 72) is a relative maximum.
y" > Owhenx = 6.

Therefore, (6, 6) is a relative minimum.
Vertical asymptote: x = 4

Slant asymptote: y =x — 2

W -+S 3

2% = 1 b

4.
y x—-2 x—2

3 2—Bx+5 4+

y’=2—m—- (1_2)2—=0whenx=

y'=(x—_62¥¥=0

Relative maximum: (4"—2‘/6. —1.3990)

Relstive minimum;: (#. 7.8990)

Vertical asymptote; x = 2

Slant asymptote: y = 2x — 1

_ 2 1 192-1
AR == x @+ 1)

Wt

=10

x = 0 vertical asymptote
y=0horizonta1asy1npfote

&

(g
1A
e .L_'_._ﬂ'_-'
- [
I
P )

=51 __1
42. fle} = 5 —4 x+2)

il

4

= —2, 4 vertical asymptote
¥ = 0 horizontal asymptote



-4 4

{0, 0) peint of inflection
y = %1 horizontal asymptotes

o= e

Vertical asymptote: none
Horizontal asymptote: y = 4

T

-1

The graph crosses the horizontal asymptote y = 4. If a
function has a vertical asymptote at x = ¢, the graph
would not cross it since f{c) is undefined.

6— 2
47. W) = 53—

_28-29_[2, ifx # 3

3—x  |Undefined, ifx=3

The rational function is not reduced to lowest terms.

O—-
-2 4
-1
hole at (3, 2)
9. f(x) = —‘% =—x+1 +;3—2

INEW
h -\

The graph appears to approach the slant asymptote
y=—x+1 '
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4ax

4, f(x) = WAFST;

-8 .}

-a

y = x4 horizontal asymptotes
(0, 0) point of inflection

It —5x+3
»*+1

Vertical asymptote: none

46. glx) =

Horizontal asymptote; y = 3

7

A

-1

The graph crosses the horizontal asymptote y = 3. If a
function has a vertical asymptote at x = ¢, the graph
would not cross it since fic) is undefined.

2+x—2
x—1

(x,+z'.(x—1)={x+2, ifx# 1

48. glx) =

x—1 Undefined, ifx=1

The rational function is not reduced to lowest terms.

-8 // 4

/

hole at (1, 3)

-

50. g(x) = =2x+2-

=15 x—35

22— 8x— 15 S
x

The graph appears to approach the slant asymptote
y=2x+ 2
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51. Vertical asymptote: x = 5

Horizontal asymptote: ¥y = 0

53. Vertical asymptote: x = 5
Slant asymptote: y = 3x + 2

_ 1 32-13x-9
y—3x+2+x_5— =5

ax

55. f(x} G-
(8) The graph has a vertical asymptote at x = b, If
a > {, the graph approaches cc as x—b.If 2 < 0,

the graph epproaches — oo as x— b. The graph
approaches its vertical asymptote faster as |a| —0.

56, f(x) = %(ax)’ — () -;:(ax)(ax -2.2%0

Fx) = a% — a = alax — 1) = Owhenx =

n_l""

FG)=a* > Oforall x.

(a) Intercepts; {0, 0), (%. 0)

Relative minimum: (l, —l)
a 2

Points of inflection: none

5.0 =—(@—-1)}x—-3)=-x+4x—3
Relative minimum when x = 1,

Relative maximum when x = 3,

Flx} = —§+ 2x? — 3x + C, Cis any constant .

LetC=0;.f(x)=—';—a+2x’—3x

= -4

@) =o0.

52. Vertical asymptote: x = —3
Horizontal asymptote: none

y=x+3

54. Vertical asymptote: x = 0
Slent asymptote: y = —x
1—x2

X

1
= =y 4 ==
¥ x b

(b) As b varies, the position of the vertical asymptote
changes: x = b. Also, the coordinates of the
minimum are changed.
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58. f > 0forx > 0= f(x) is

increasing.

J < Oforx < 0=f(x)is

decreasing

JF is undefined when x = 0.

One such function is f(x) = —xlz.

61, f"(x) = 2 > 0 =>fis concave up.
=2+ ¢

f@ =2+ Cx+C,

Let C, = C, = 0, then f(x) = 22,

62. f"is linear = f is cubic.
fW=al+bP+cex+d
F? < 0 when x < 0 => concave down.
> 0 whenx >0=>concave up.

Therefore, (0, £(0)) is a point of inflection, Since fis concave up to the right and

59, flx) = 2
f{¥) = 2x + C, Cis any constant.
IfC = 0,f(x) = 2x.

60. f”is linear = fis quadratic.
Ff<Owhenx < 0= fis
decreasing. f* > 0 when
x > 0 => fis increasing,
Therefore, (0, £(0)) is a relative
minimum,

f@=a®+ba>0
Ifa =3 and b = 0, then
Fi) =32

¥

concave down to the left => a > 0. Let f(x) = £°.

63. fis cubic.
Jf is quadratic.

f7is linear.

64. f”is constant.

J'is linear.

f"is quadratic.

\
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In Exercises 653-70

fO=a*+bkx+ex+d
) =32+ 22x+¢
S¥x) = 6ax + 2b
= _—25:I:-.-'4b‘—12ac_—b:l:\/5’—3ac
Jx) = O whenx = = = S

Furthermore,
Jlim f() = co if and only it > 0.
Him £(x) = —co if and onlyifa < 0.

65. Since‘li_ﬂnf(x) =—oo,a < 0.

Also, f{x) < 0 for all x. Therefore, the discriminant is
negative,

P —3a < 0=b < 3ac

67. Since lim f(x) = —o0,a < 0.
X =hae

Also, since there is only one critical point, the
discriminant is zero.

P -3=0=PF=73a

69, Since lim f(x) = —oo,a < 0.
X=bps

Also, since there are two critical points, the discriminant
is positive.

B —3ac > 0= > Jac

71.

66. Sinoe:li.n;f(x) =oo,a > 0.

Also, f{x) > 0 for all x. Therefore, the discrimanant is
negative.

=3 <0=b < 3ac

68. Since lim f(x) = o0,a > 0.

Also, since there is only one critical point, the
discriminant is zero.

b - 3gc = 0= b = 3ac

70, Since x]i_l.l;laf(x) =oo,a > 0.

Also, since there are two critical points, the discriminant
is positive.

P —-3ac > 0=5 > Jac

(any vertical translate of f will do)
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(any vertical translate of the 3 segments of Fwill do)

Section 3.7 Optimization Problems
L @ | First Number, z | Second Number Product, P
10 110-10. | 10(110 — 10) = 1000 |
20 110 — 20 20(110 — 20) = 1800
30 110 - 30 | 30(110 — 30) = 2400 |
40 110 -40 | 40(110 — 40) = 2800
- so 11050 | 50(110 — 50) = 3000
60 | 110-60 60(110 — 60) = 3000
®) " First Number, x | Second Number Product, P |
10 | 110-10 10(110 — 10) = 1000
20 110 - 20 20(110 — 20) = 1800
30 110 — 30 30(110 — 30) = 2400
40 110-40 | 40(110 — 40) = 2800
s 110-50 | 50(110 = 50) = 3000 |
60 110-60 | 60(110 — 60) = 3000
70 110-70 | 70110 — 70) = 2800
80 | 10-30 80(110 — 80) = 2400
i 90 110 — 90 90(110 — 90) = 1800
[ 100 110 — 100  |100(110 — 100) = 1000 |

The maximum is attained near x = 50 and 60.
—CONTINUED—
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1. —CONTINUED—

(©) P=x(110 — x) = 110x — 2? (e)%=110—2x=0whenx=55.
@ o s
Ei=_2 <0

P is a maximum when x = 110 — x = 55,

0 120
o

The solution appears to be x = 55.

2. Let x and y be two positive numbers such thatx + y = S. 3. Letxandybetwopositivenumﬁmsuchtlmtxy= 192.
P=xy=x§—2)=8- .S‘=.1L:+y=.1:+E
P § o
—=§—-2x=0whenx =7,
dx 2 %=1—T,—2=0whenx=\/192.
—22- 2<0wht=rut:—s
= — ==, -
dx® 2 %=%i>0whenx=\/1 2.

P is a maximum when x = y = §/2.
§ is a minimum when x = y = /192.

4. Let x and y be two positive numbers such that xy = 192. 5, Let x be a positive number.
- =192 SR |
S=x+3y= 5 + 3y S—x+x
ds 192 _ N a8 _,_1_ -
Ey—-s——yT—Owheny—s. & 17 @~ Owheax =1
S _ 384 _ s _2 -
Ey—z—?:-Owheny—s. dxz_x3>0“'h°n.x_l'
§ is minimum wheny = 8 and x = 24. The sum is 2 minimum wheax = 1 and 1/x = 1.
6. Let x and y be two positive numbers such that 7. Let x be the length and y the width of the rectangle.
*+2y =100 2 + 2y = 100
=] = — = = 2
P=xy=y(100 — 2y) = 100y — 2 y=50—zx
if-:;;=100—4y=0\!vhe.ny=25. A =xy=1x(50 - z)
dA
2 —=50—-%= enx = 25.
4P o _4 < Owheny =25, dx 2
. - dA
P is a maximum when x = 50 and y = 25. Ex?=—2<0whenx=25.

A is maximum when x = y = 25 meters.
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8. Let x be the length and y the width of the rectangle,
2x+2y="P

A is maximum when x = y = P/4 units. (A square!)

10. Let x be the length and y the width of the rectangle.
xy=A
=4
Y X

P=2x+2y=2x+2(%)=ix+

24
x

P is minimum when x = y = /A centimeters.
(A square!)

R.d=J{x-27+[2 - 1/2F

=V =4+ (17/4).

Since d is smallest when the expression inside the radical is smallest, you need only find the

critical numbers of f(x) = x* — 4x + 1
fl=da*—-4=0

x=1

By the First Derivative Test, the point nearest to (2, ) is (1, 1).

9, Letxbeﬂnelengthandythewidthoftherectangle.
Xy = 64

J’=?

P=2;.:+2y=2x+2(ﬁ)=z;.;+12—8
X X

E=2—?—=Oth=8'

P is minimum when x = y = § feet.

n.d=/ix- 47 + (V5 - 0P
= -7+ 16

Since d is smallest when the expression inside the radical
is smallest, you need only find the critical numbers of

R =x -7+ 16
fH=2%-7=0
=1

By the First Derivative Test, the point nearest to (4, 0) is

{172, V772).

¥

4

& v3)

X
1 2 3 @40
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13.

15.

17.

Chapter 3 Applications of Differentiation -

42 — ) = kOt — 0
i = 0 — 9 = Ko — I W =t o0y
0 _ 1o, - dF _ 22-002
e & (22 + 00292

= kQ — 20 =0W’hx=%ﬂ_

20 _ _ -2
s 2k < Owhenx = 5

d(Q/dx is maximum when x = /2.

v = 180,000 (see figure)

= x4 2y = {5+ 200000

of fence needed.
ds 350.“)0'

—_—=1-

dx x?

42 _ 720,000
PR

where § is the length

= 0 when x = 600.

> 0 whenx = 600,

. § is & minimum when x = 600 meters and y = 300

meters. -

() A = 4{arca of side) + 2{area of Top)
(@) A = 4(3)(11} + 2(3)(3) = 150 square inches
(b) A = 4(5X(5) + 2(5)(5) = 150 square inches
(©) A = 4(3.25)(6) + 2(6)(6) = 150 square inches
150 — 2x2
4x

150 — 222 75 1
=] =y —— | == ==
V=1x% x( e ) 2 * 2.:’

V’=125-—%x2=0=>x=15

© S=dxy+2u2=150=y=

= O whenv = /1100 =~ 33.166.

By the First Derivative Test, the flow rate on the road is

maximized when v = 33 mph.

16, 4x + 3y = 200 is the perimeter. (see figure)

A= 2= 22055 S5 - )
.‘;_:-_-g(so—zx)=0whenx=25-

2
%=—13—6<0whenx=25-

A is a maximum when x = 25 feet and y = 1 feet.

() V = (length)(width)(height)
{a) V= (3)(3)(11) = 99 cubic inches
(b) .V = (5)(5)(5) = 125 cubic inches
(c) V = (6)(6)(3.25) = 117 cubic inches

By the First Derivative Test, x = S yields the maximum volume. Dimensions: 5 x 5 x 5. (A cube!)
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18. @) [peight. x | Longth & Width —=—= (b) V=124 — 22,0 < x < 12
1 #-21) |126-2)p=4ss | @
2 24 - 2(2) 2[24 — 2(2)F = 800 ‘
3 24 — 2(3) 3[24 — 2(3)P = 972
4 24 — 2(4) 4[24 — 2(4)P = 1024 °0 "
5 24 —2(5) 5[24 — 2(S)] = 980 The maximum volume seems to be 1024
6 24 — 2(6) 6[24 — 2(6)]* = 864
@ 2 =224 — 2(-2) + (24 — 207 = (%4 — 2)(24 - &)

= 12(12 — x)(4 — x) = O when x = 12, 4 (12 is not in the domain).

42y

=z = 12(x - 16)

d!

Fx] < Owhenx = 4.

When x = 4, V = 1024 is maximum.

19. () V=x(s — 2020 <x<§

P 28— 2)(-2) + (- 2P

= {5~ A}{s — 6x) = 0whenx=-§,§(s/2is noti:ithe;domain).
2
d*v _ s
2 < Owhenx = &

3

2s
V= 27 is maximum when x

(b) If the length is doubled, V = #(2s)? = 8@13’) Volume is increased by a factor of 8,

onitn

et f
¥y
=zx+27(§) _ }
ot X el
= 2x + ay = 200
=y= 2HIa -—(lm—x)

~—CONTINUED—
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20. —CONTINUED—

Y T

| Length, x Width, y | Area, xy
2 2
10 ;(100 10) | (10)17(100 10) = 573
2 2
20 =(100 — 20) (20)=(100 — 20) ~ 1019
T T
2 2
30 =(100 — 30) (30)—(100 — 30) = 1337
T T
2 2
40 ;(100 — 40) (40)1—?(100 — 40) ~ 1528
2 o 2
50 =(100 — 50) (50)={(100 — 50) =~ 1592
T o
2 2
60 1—'_(100 — 60) (60);_ (100 — 60) = 1528
The maximum area of the rectangle is approximately 1592 m2,
2 2 dA _ 2 _ _ _
(c)A-xy—xq—r(loo—JF) —;(IOOx—x") d p W(IOO 2Z)=0=x=50
(e) mom0 By the First Derivative Test, this yields the maximum

ares, A = 5000/ =~ 1591.55 m?,

[} 100
[

Maximum area is approximately
1591.55 m? (x = 50 m).

2, 16=2y+x+ "(E)

2
RN=dy+2+ 7w
_ 32 ux
y 4
B mfx\2 (32— 2x— mx rx?
A "’*E(z) ( 4 ) 8
Ry ——y2 T2, T2
8x 53 4x +8x
dA .  mom . A7
dx-s x 2Jr+4x—8 r(1+4)
8 32
Owhenx =1 (/&) "4+
d?A 7 7
F_—(1+4)<0whenx—4+ﬂ_
=32—2[32/(4+1r)]— 1I'[32/(4+1r)]= 16
¥ 4 4+

Theﬁreais maximum when y = 2 fﬂfeetandx =3 izﬂfeet.
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22. You can see from the figure that 4 =Jt.yam:ly=6

23.

24,

— X

2
6—x 1
A-—x( - )-—E(Gx—x“).
dA 1
% =36~ 2 = Owhenx =3,
d?A _
e 1 <« Owhenx = 3.
A is a maximum when x = 3 and y = 3/2.
® n
2_2
@ x_l
2
x—1

o

(2.587,4.162)

10

4
\/x’+4+ —3 (x 1)2.J:>1

A= %base x height

B =

(2VIE—T2)4 + ) = /T6— K4 + )

16 — K)~Y3(—2k)(4 + R) + (16 — h2)/2

1S
il
N,L»—-

= (16 = B)~V{—h(4 + k) + (16 — K]

_ ZUR +2h - 8] _ —2(h + 4)(h - 2)
V16— 12 J6- R

L is minimum when x =~ 2.587 and L =~ 4.162.
(c) Vertices: (0, 0), (2.587, 0) and (0, 3.260)

dA/dh = 0 when h = 2, which is a maximum by the First Derivative Test. Hence, the sides of the equilateral triangle are

216 — 2 =2./16 — 4 = 4./3.

=2ty =2t/25— 57 (see figure)

1 -2 —

= Sl +2.25 -

zx(z)(\ezs-x’) 255

25— 22\ _ oy o5V
(JZ_S—_x’)—Oth y== 3.54,
By the First Derivative Test, the inscribed rectangle of maximum area has vertices
J-st'o 5v25/2
S22 )

b

Width; 5‘/_ ; Length: 5./2
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26, A=2xy=2x/r2—x? (see figure)
dA 2'.1"‘ - 27 2r

?x'= o =0whmx=—2-.

By the First Derivative Test, A is maximum when the rectangle has dimensions

J2rby (\/ir)/ 2.

27. A= %(Zr + 20 2 —x2=(r+2).r’ — x2 (see figure)
iA.= l 2 - 1/2(— % J——
= (r+x)(2)(r )V -2x) + St —x
ot e o2
Jr-2 Jri— x?
_(r-29(r+2) _ =r
T 0 when x 7

T
[

(o V72) e vF)
L Ry

=0

y
!

| r.m

(«.1/?'-_:’) (:.\/?-_x’)

0 .0

By the First Derivative Test, A will be a maximum when the trapezoid bases are r and 2r, and the altitude is (ﬁr)lz.

28'.xy=30=>y=%
A=(x+2)(37cq+2) (o)
dA - =30\ , (30 ,\_2(*—30) _ -
dx'("+2)(x’)+(x+2)_ 2 = 0 when x = +/30.

30
y_‘/s—o—m

=X + 2t}

1

= X el

l

I

]

Y |y+2

By the First Derivative Test, the dimensions (x + 2) by (y + 2) are (2 + V/30) by (2 + +/30) (approximately 7.477 by

7.477). These dimensions yield a minimum area.
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29. V = mr*h = 22 cubic nches or h = oy
@
Radius, r | Height Surface Area
02 ,,(3_22)2 211(0.2)[0.2 + ﬂ(fz)z] ~ 2203
04 n{Tzi)? 2a(0 4)[0.4 * ﬁ(c23.24)=] 111.0
0.6 % 2m(0) 6)[0.6 + ﬂ(_(z)-zﬁﬁ] 75.6
08 | o 21:('0.8)[0_.3 + «(3.23)2] ~ 59,0
®)
Redius, r | Height Surface Area
0.2 ﬁ 24(0. z)[o 2+ 2 2),] ~ 2203
04 ﬁ 24(0. 4)[04 + 4)2] 111.0
08 | 2z | 2ui06]0s + ﬂ(ois), ~ 756
08 ﬁ 21(0.5) :o.s + % ~ 59,0
o F%F 21:(1.0):1.0 + ﬁ ~ 503
12- ﬁ(izz)z 211(.1.2):1.2 + 4,5_22): ~ 457
14 ;{—12_27), 2«(1.4):1.4 + %4), ~ 437
16 ﬁfﬁ), 211(1.5)[].6 + 1,(21,.25)2: ~ 436
18 ﬂ(ﬁ), 2l s)[1 8+ 1.{123)2- ~ 448
20 | 2o | o202 ]~

The minimum seems to be about 43.6 for r = 1.6.

) §S=2nr2 + 2qrh
- . 2, . 4
—2m‘(r+h)—21rr|:r+ﬂrz]—21rr+r
G 1o0

(1.52, 43.46)

-1 4
-10

The minimum seems to be 43.46 for r =~ 1.52.

=2 w304in
mr
Note: Notice that
-2 __ n (“m) ar.
re 'n‘(ll/ﬂ')zn /3
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30. V='n'r’h=Vowbicunimorh=;‘:?5
2 = 2 Yo
S=2qr2+ 2wrh = 2| wr* + .
. _l’n)= _ /.
& 2(2‘”’ ) Owhenr 21rum|;_

. = Yo@m? _ 2V
h Y, v.,/zqri= aV?  (QmA c?

By the First Derivative Test, this will yield
the minimum surface area.

32, V=ark
x+2nr =108 =>x = 108 — 27r (see figure)
V = 7r¥(108 — 27r) = 7#{108r2 — 2m°)

S w(216r — 6mr?) = 67r(36 — 7r)

dr

=0whenr=%andx=36.
dav _ _36
i (216 — 127rr) < Owhenr = p—

31. Let x be the sides of the square ends and y the length of

the package.

P=dx+y=108 = y=108 —4x
V = x%y = x%(108 — 4x) = 108x2 — 4z

dv
i 216x — 1242
= 12x{18 — x) = O whenx = 18.
dv _ — _ =
= - 216 — 24x = —216 < O whenx = 18,

The volume is maximum when x = 18 inches and
= 108 — 4(18) = 36 inches.

Volume is maximum when x = 36 inches and r = 36/ =~ 11.459 inches.

33 V= %wx’h = —'rrxz( + /72— 1) (sec figure)

W o L 2 v 2+ V) - (2R + A E -3 =0

b“bﬁn?—
2 /=R = 38 - 292

4r?_(r’- —x3) =9z — 12x%r2 + 414
0 = 9! — 8x%r2 = 32922 — 8r%)

X

- O'Z.fr

By the First Derivative Test, the volume is a meximum when

-t AR
Thus, the maximum volume is

_1 8_:-z 4r 32mr?
V—Ear(g)(a)— 81 ——cubic units.

o.n

(e}
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3. V= mxth = mx2(2/F = F) = 202277 = (see figure)
= 2af 22— x-29) + 2007

= Ii%(zﬂ — 3x)

2p2
= 0 when x = 0and x? =%=x—@
By the First Derivative Test, the volume is a maximum when
Jﬁr 2r
x==3" and b = ﬁ

Thus, the maximum volume is
ﬂ(z )( ) 4
V3
4
3, V=12= 31#3 + 7rih

{4/3)mr® 12 4

B N
S = dmr? + 2qorh = dar + 2m 122 ir)
T 3
8
=4mri+ = —omrl=_art+ =
3 r
%=§m-—%=0whenr—i/9/ = 1.42 cm

F=%w'+:3_a > Owhenr = ¥/9/7cm.

The surface area is minimum when 7 = /9/2rcm and b = 0. The resulting solid is a sphere of radius r ~ 1.42 cm.

36. V=13000 = %ﬂr’ + arh

3000 4

=s——gr

art 3

Let k = cost per square foot of the surface area of the sides, then 2k = cost per square foot of the hemispherical ends.

C = 2{dwr?) + k(2wrk) = k[s'rrr'2 + 21rr(

dc _ [32 60007 BN
T M5 ml' 2 ] Owhenr =
By the Second Derivative Test, we have

1125
2

dc 32 12000 1125
e "5"1'r+ ] > Owhenr 2

Therefore, these dimensions will produce a minimum cost,

)

e 5.636 feet and b ~ 22.545 fect.
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37, Let x be the length of a side of the square and y the length of a side of the triangle.

4z + 3y =10
_a2, L (3
A-x’+2y(2y)
—_ 2
=g101632)+J§

%(m 3y)(—3)+—‘/—§y 0

&I&

-30+9 +4./3y=0

__3%

YT 9+ 4 /3
dA_9+4/3
dy? 8

A i3 minimum when

>0

__10/3
9+4/3

30
4 9+4,/§de

38. (a) Let x be the side of the triangle and y the side of the
square.

A—-(cot—)x’+ ( )y where 3x + 4y =20

SURNIEY P
Loy 1
60

-¥T 4349

When x = 0,4 = 25, when x = 60/(4+/3 + 9),
A ~ 10.847, and when x = 20/3, A =~ 19.245. Area is
maximum when all 20 feet are used on the square.

(c) Let x be the side of the pentagon and y the side of the
hexagon. '

= ot Tlx2 + Y cor T2 -
A—z(mts)x +z(oot6)y where Sx+ 6y =20

- %(wt‘?")xz + %(./5)(20 = 5’)2,0 <x<4

-7 S & _3Y(20 = 5x) _ W
A—E(cots)x+3\/§( 6)( = ) 0
x = 2.0475

When x = 0, A ~ 28.868, when x =~ 2.0475,
A = 14091, and when x = 4, A =~ 27.528, Area
is maximum when all 20 feet are used on the hexagon.

{b) Let x be the side of the square and y the side of the
pentagon.

_&f my,_ 3f M\, -
VT S

-2+ 1.1204774(4 - %x)z, 0$xsS5.

A= 2.15276334.(4 -3

x = 262

When x = 0, A =~ 27.528, when x =~ 2,62, A =~ 13.102,
and when x = 5, A = 25. Area is maximum when all 20
feet are used on the pentagon.

(d) Let x be the side of the hexagon and r the radius of the
circle.

0

O\

A= 4(cot )1’ + ar? where 6x + 29rr = 20

—Mx2+w(lg—£) os;sm
T T

3
A'—sf—s(m 3:) 0

x == 1,748

When x = 0, A = 31,831, when x =~ 1,748, A = 15.138,
and when x = 10/3, A = 28.868. Area is maximum when
a]]20feetareusedo:llthecircle.

In general, using all of the wire for the figure with more
sides will enclose the most area.
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39, LetSbetlmstrﬁ:ngthanclkthec:onstantofproporl:icma]it_w,r.Givenhz W =242 1R = 242 — 2
S = kwh?
§ = kw(576 - w?) = k576w — w?)

L~ 576 - w9 = Owheaw = 8./3, = 846

2
%}2= ~6kw < 0 whenw = 8./3,

These values yield a maximum,

2
40. Let A be the amount of the power linc. 4. R= zg-sinZG
A=h-y+2/FT+ 2
2 x {:%=£E°—-cosza=0when0=%.iz.
—=-1+——=2Z = Owheny = %= :
dy Vi +y Mt/ V3 2 2
d*R v . _m
e = 8in 20 < O when 8 = —,
A 22 0fory = -2 de g 4
dy? (@ +yppn > VY =4 By the Second Derivative Test, R is maximmm when
The amount of power line is minimum when y = x/./3. 6 = m/4.

¥
'

(b) The distance between the back of the first vehicle
and the front of the second vehicle is d(r), the safe
stopping distance. The first vehicle passes the given

T on T A 1 point in 5.5/ seconds, and the second vehicle takes

IR 2 e -|_60 150 109 d(r)/s more seconds. Hence,

5 s

556 | 1011 | 16.67 | 22.22 27.7ﬂ
4! 51 |' 137 | 272 | 442 | 664

d(s) = 0.071s? + 0.398s + 0,727 @  T() = 00715 + 0389 + 6.i27
© 1

- _ 6227 _ 6227

T(s) = 0.071 Sty
=5 = 9,365 m/sec

2 ’° T(9.365) =~ 1,719 seconds
3600
= 200715 + 03895 + 0.727) + = 9.365 m/sec + Tot = 3.37 km/he

The minimum is attained when s == 9.365 seconds. (e) d(9.365) = 10,597
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. f(x) = 1
(8

g(®) = f* — i on[0,4]

-1 4

® ) = F0) — gl = b2 — (kxt — 1) = 22—
d=2—-1P=0=8=2
= x = 0,22 (in[0, 4]

2

The maximum distance is d = 4 when x = 2./2.

ma=25eca
o

= %oos afcos?a — 2 sin? a]

=%ma{1 — 3sintal
=737 = i
—Owhena—-z,z.orwhenma :I:ﬁ.

Since a is acute, we have

sina=71§=>h=2mna=2(71§)=ﬁfeet.

(¢) =) = x, Tangen line at (2/2, 4) is
y — 4=2/3(x - 2/2)
y=2J/2x— 4.
g'(x) = }2° — x, Tangent line at (2+/2, 0) is
y - 0 = (§(2v3P - 2v2)(x - 2v3)
y=2/2x -8
'I‘hetmgentlinesareparalleland4verﬁcalunitsapan.

(d) ‘The tangeat lines will be parallel. If d(x) = f(z) — (&),
then d'(x) = 0 = f(x) — g'(x) implies that f'(x) = g(x)

at the point x where the distance is maximom.

Since (d%)/(da?) = (k/4) sin a9 sin*a = 7) < O whensina = 1 //3, this yields a maximum.

45. Larbethemuminaﬁonmpoimpwhichisxunimfmmmce1.

d-¥T =x VL
d¥T, = =( ¥4 + ¥I)
__d¥i
7311+?r,
dF _ 6 6
o
This is the minimum point.

]

d¥I,

+ =— ;
(d_x)4>0whenx :1-"11+VI_2
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46. S=VEZ+4L=J/T+(3 -2 <
TimE=T=\/x=+4+\_-J.fz—6x+1o BRSR e
2 4 e e
b i
dT X x—3 A‘--_‘lllll
Py i —_—= Lesfisn—o) 4
& 2 /F¥d a/F-Gr0 ° - g

2 _ 99—+
Z+4 4 -6+ 10)

*-60+92+8—12=0

You need to find the roots of this equation in the interval

[0, 3] By using a computer or graphics calculator, you can determine

that this equation has only one root in this interval (x = 1). Testing at this value and at the endpoints, you see that x = 1 yields
the minimum time. Thus, the man should row to a point 1 mile from the nearest point on the coast.

\/x’+4+ /X2~ 6x+ 10

41 ¥y

47. T=

x x—3

'd_T= + —— =
& wJ/2+4 v SE-6Gxt 10

0

x x—3
—m——— = gin —_— e — —gi
b ad e a0 &

sin §, &in
= = 62.
41 V2 k4! Va

d—zz= 4 + : >0
d? v +4P2 7 (2 - 6x + 102

this condition yields a minimum time. -

48 T .._-;ti-l'-d_lz_i_ﬁ E+ia—.w:E

k¢! Y2

ar _ X xX—a -0
& v +d? vvd? + (@ — x)2
Since

T a e w7y = g,
we have

snf_sing _o_ sing _sing

v, vy v, vy

Since

4T dz? dy?

dx? v,(x? -I--dl"')le + vld;? + (a — x)2PP2 =2

this condition yields a nummum time.

() Distance from origin to y-intercept is 2.
Distance from origin to x-intercept is /2 = 1.57.

B d=V2+y=/T+@2 - 2sinxR

N

(0.7957, 0.9798) .

Minimum distance = 0.9795 at x = 0,7967.
(©) Letf(x) = d*(x) = x* + (2 ~ 2sin x)2,
Fx) = 2x + 2(2 — 2sinx)(—2 cosx)

Setting f°(x) = 0, you obtain x =~ 0.7967, which
corresponds to d = 0,9795.
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50. Fcos § = k(W — Fsin 6)
- KW
cos § + ksin @

dF _ —kWikcos 6 — sin 6) _
do {cos 8 + ksin 6)

F

0

kcos@=sin§=>k=tan = § = arctan k

Since

kl

1
+ ksing= + =

the minimum force is
kW kW

F= st +ksind JE+

1 5 =l 2 —
51. V—3-rrrh s-rrr 144 — »

T

Vi +1,

%E = %ﬂ[r’-(%)(lM — ) VY-2) + Zrﬂ,-'m:ﬁ]

1 @r-ﬁ:l:"[r(%—r’)

BN T e

m] =0whenr=0.4\/3.

By the First Derivative Test, V is maximum whenr = 4/6and h = 4./3.

Area of circle: A = #(12) = 1447

Lateral surface area of cone: § = m{4/6)~/

_1447r—48\/61r=2_1r

== 3
52. @ [ Bage 1 Base 2 Altitade | Area |
8 |8+ 16cos10° | 8sinl0° | ~221
8 8 + 16cos20° | 8sin20" = 42.5
8 |8+ 16cos30° | Bain30° | ~ 597 |
8 8 + 16cos 40° | Bsind0® = T2.7
8 |8+ 16c0s50° | 8sinS0° | ~ B80S
| B8 8 + 16cos 60° | Bsin60° ns 83,1

—CONTINUED—

(av/6F + (437 = 48./67

Area of sector: 144 — 48/67 = % Br2 = 728

(3 — /) =~ 1.153 radians or 66°

®) | Base 1 Base 2 Altinde | Area
8 |8+16cos10° | Bsin10° | ~ 221
8 8 + 16c0s20° | Bsin20° = 42.5
8 |8+ 16cos30° | 8gin30° | =507
8 |8+ 16cosd0° | 8sind0® | =727
8 |8+ 16cos50° | Bsin50° | ~ 805 |
8 |8+16cos60° | Bsin60° | = 83.
8 8 + 16cos70° | 8sin70° = 80.7
8 + 16cos 80° | 8sin80° = 740
8 8 + 16cos 90° | Bsin90°

= 64.0

The maximum cross-sectional area is approximately
83.1 square feet.
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52. —CONTINUED—

(c)A=(a+b)§
8sind
2
= 64(1 + co= B)sin 6,0° < § < AP

=[8 + (8 + 16 cos 6)]

(O™
(607, 83.1)

—— =2
53.mn8—L1=>Ll—sina
7 __1

cos 6 Lz=’L‘__oosB

@[ o | L |L|L+L
01 | 200 [ 70| 271
02 | 101 [70]| 172
03 | 68 |73 141
04 | 51 76| 127 |
105 | 42 [80] 121
106 | 35 [85] 120 |

® e | L | L, | L+L |
057 | 3.706 | 8315 | 12.021
| 058 3.650 | 8.369 | 12.018
059 | 3.595 | 8.424 | 12019

The minimum length of L, + L, is approximately
12.018 meters.

2 7
(C)L=I“+L‘=;in_0+m

@ =

(0.58, 12.02)

o 16
]

The minimum is approximately 12.018 meters.

(d) % = 64(1 + cos Scos 8 + (—64 sin g)sin #
= 64{cos 8 + cos?§ — sin? §)
=64(2c0s?6 + cos 8 — 1)
= 64(2 cos § — 1)(cos & + 1)
= 0 when 8 = 60°, 180°, 300°.

The maximum occurs when 8 = 60°.

L/
€ Lw)—sino-'-oosﬂ 2c8c 0+ Tsec d

L6} =—2cscfcot®+ Tscc@-tan 8= 0
2cscfcot = Tsec Htan

zcosﬂ _ - 8in@
sin? @ cos? §

2cos®0 = 7sin® B

2 _sin'g
7 cos®@

tan & = (_2’)1/3 /98

= tan’ ¢

=] = T=§0“0.5824 raclians,
L(0.5824) = 12.018 meters
(f) height =L : gin ¢ = (12.018)(sin(0.5824))

= (.61 meters
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tan $(1 — 0.1 tan )

4. E= 01 - tang

dE _ {01 +tan #)[sec? & — 0.2 tan o sec? ] — (tan ¢ — 0.1 tan? ¢)(sec? $}
d¢ {0.1 + tan ¢)?

_Osec?dfl —02tan d — tan’ ) _ o

(0.1 + tan ¢)?
When1 — 0.2tan ¢ — tan’ ¢ = 0;
-1+ /101
tané =g
¢ = 42.1°,132.1°

By the First Derivative Test, the maximum occurs when ¢ = 42.1°

55, The slope of the line is (—4/3), and the equation is
e
y—0=-—3k 3)
-4
= 31:+4
Fortherectangle,let(x,y)=(x,(—4/3)x+4)bethevertexonthe]ine.Thentlwareais

A=bh=x(—%x+4)=—%x2+4x.

AR = —§z+4=0=>x=%andy= 2, Base =%.height -2
For the circle, you can use geometry to note that the center of the inscribed circle is {r, ), and the distance from (r, 7) to the
line {4/3)x + y — 4 = Cisalsor:

|(4/3)}r+'r-il_1r

V(16/9) + 1

|7r — 12| = 5r
Tr — 12 =+5r
r=1,6.
Clearly, we must choose r = 1. Hence, the center is (1, 1) and the radius is 1.
For the semicircle, observe that the center must be of the form {r, 7), and must lic on the line y = (—4/3)x + 4. Thus,

=4
r=- r+4

3r=—4r+ 12
Tr=12
12

PE =

7
The center is (12/7, 12/7) and the radius is » = 12/7.
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Section 3.8  Newton’s Method
Section 3.8 Newton’s Method
1.:,((:;::_ ’ L Xy fx,) f'(xu) T f(’(in) xn_f:((:)
x =17 1 | 17000 | —0.1100 | 3.4000 | —0.0324 | 17324 |
2 | 17324 | 00012 | 3.4648 | 0.0003 1.7321 |
2. fx) =322 [
f’(x) = 6x n x, f(xu) f’(.t,,) f-%(:.% Xy — fl((xx)
(.} (]
= | ! | 10000 1.0000 | 6.0000 | 0.1667 08333 |
|2 | 08333 | 00832 | 49998 | 00166 0.8166
_3. f(.x) = ginx ) [ E(x ) ng )
F) = cosx R "_xn fx,) f’(x,,) f'(x,,) xu—f’(x,,)
% =3 |1 /30000 01411 | —09900 | —0.1425 | 3.1425
2 | 31425 | -0.0009 | -1.0000 | 00009 | 3.1416
4. f(x) =tanx
S N (17" S % W P ) N i
Sx) = secx _ fx,) Sx,)
x =01 1 |01000| 01003 | 1.0101 | 0.0993 0.0007
{2 | 00007 | 00007 | 10000 | 0.0007 00000 |
5. f@W=x2+x-1 [ ' ) flz) |
£ =32+ 1 A A~
Approximation of the zero of fis 0682, 1 | 0.5000 | —0.3750 | 1.7500 | —0.2143 | 0.7143
o 2 | 07143 | 00788 | 2.5307 00311 | 0.6832
3 | 06832 | 00021 | 2.4003 0.0009 | 0.6823
6 fD=x+x~1 N ) | sy [&) |, _ flx)
f'(x)=5x‘+1 | " " " f'(‘:n) " f(xn)
Approximation of the zero of f1s 0.755. 1 | 0.5000 | —04688 | 13125 | -03571 | 08571
g 2 | 08571 | 0319 | 3.6983 0.0864 | 07707
'3 07707 | 00426 | 27641 00154 | 07553
4 i 07553 | 00011 | 26272 0.0004 | 0.7549
7.f(x)=3 x—1-x | Eg ) —Eg )—l
3 | B s f(xu) f’(xn) f’(x ) X, f‘(x )
o= ! 1112000 | 01416 | 23541 | 00602 | 1.1398
3 | 1.1458 | ~0.0003 | 29284 | —0.0001 | 1.1459
Similarly, the other zero is approximately 7.854. -
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B fi) = + 3 | = —
on | e | e | L |- L)
) = 32 | ) | ™ 1)
Approximation of the zero of fis —1.442. 1 {-1.5000| —0.3750 | 6.7500 | —0.0556 | —1.4444
2 |-1.4444| —0.0134 . 6.2589 —0.0021 —14423 |
_ 3 |—1.4423| —0.0003 6.2407 —{(.0001 —1.4422
9. fx) =2 — 3927 + 4.79x — 1.881
fix) =32 — 78+ 479
[x) _ &
A Xy fix,) fix,) f&,) X )
1 | 0.5000 | —0.3360 1.6400 —0.2049 0.7049
2 | 07049 | —0.0921 0.7824 —0.1177 0.8226 :
3 | 0.8226 —0.0231 0.4037 —0.,0573 0.8799
_4 [ 0.8799 | —0.0045 0.2495 —0.0181 | 0.8980
5 | 08980 | —0.0004 | 0.2048 —0.0020 0.9000
l. 6 | 05000 | 0.0000 0.2000 0.0000 0.9000
Approximation of the zero of fis 0.900.
1 ) fiz,) |
A p—
n Xn f(xn) i (xu) f’(xu) Xn f’(xu)
| | 11 | 00000 | —0.1600 | —0.0000 | 11000 |
Approximation of the zero of fis 1.100.
' g fo) | fm) |
“" x, f(xu) e} f’(xn) A f’(x,,) |
| | 19 | 00000 | 0.8000 | 0.0000 1.9000
Approximation of the zero of fis 1.900.

10, f(x) = — 102 — 11 o il
2 ! I VR PN I (A N R 3!
Flx) = 4x® — 20x ” " o) | ™ )
Approximation of the zero of fis 3.317. 1 3.5000 @ 16.5625 101.5000 | 0.1632 3.3368 =l

2 | 3.3368 1.6288 81.83749 | 0.0199 3.3169
3 | 3.3169 0.0219 79.6208 | 0.0003 3.3166

1. f(x) = x + sin(x + 1} i : 1) ) £lx) L flx,)
Fx) =1 + coslx + 1) " i f) | )
Approximation of the zero of fis —0.489. | 1 |-0.5000 | —0.0206 | 18776 | —0.0110 | —04890

| 2 —0.4890 | 0.0000 1.8723 0.0000 —0.4890

12, f(x) = * — cosx ; : ) 5) fix) e £lx,)
fx) = 32 + sinx B " " ) fx)
Approximation of the zero of fis 0.866. 1 | 09000 | 01074 | 32133 | 00334 | 0.8666

_2 | 0.8666 | 0.0034 3.0151 0.0011 0.8655
I 3 | 0.8655 0.0001 3.0087 I 0.0000 0.8655 |




13.

15,

16.

17.

18.
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) =f) - ) =2+ 1 - /5T 4 ae) | ) |
1 n X h(x,,) h’(In) h’(xn) | Xy = mﬂ_)'
hi(x)=2- 2\/_4 . —
3a7 106000 | 00552 17669 | 0.0313 | 0.5687
Point of intersection of the graphs of f and g occurs 2 | 0.5687 | =0.0001 | 1.7661 0.0000 0.5687J
when x == {0,569, ) ) _
. N e o= =
W hx=fx)-—gl)=3-x—5— u - hix)
S S mn e | e | |~ W) |
B = -1 + %1): 1 | 29000 | -0.0063 | ~09345 | 00067 | 28033
G 2 | 28933 0.0000 | -09341 | 0.0000 2.8933 J
Puint of intersection of the graphs of fand g occurs o =
when x =~ 2.893,
h(x) = f(x) — glx) = x — tanx [ hix) B h(x,)
W) = 1 - sect A Bl ol S >
Point of intersection of the graphs of f and g occurs | 1 | 45000 | —0.1373 | —21.5048 | 0.0064 4.4936
when x = 4,493, l 2 | 44936 | —0.0039 I —20.2271 | 0.0002 44934
h(x) = f(x) — glx) = x* — cos x h(x,) h(x,}
h b —lr —_ AL
hfx) = 2x + sinx | ol I ) W) | TG
One point of intersection of the graphs of fand g occurs IL . 0.8000 | —0.0567 | 23174 | -0.0245 i .
both symmetric with respect to the y-axis, the other point — -
of intersection occurs when x = —0.824,
Letg{x) = f{x) —x=cosx— x _ i -_E(ﬁ) g(x,)
n X, (x, X, =
g’ = —sinx — 1. | " g (x,) 8'(x,) PL’S) : » " e'lx,) )
The fised point is approximately 0.74. 1 | 1.0000 | —04597 | —1.8415 | 02496 | 0.7504
2 | 07504 | —0.0190 | —-1.6819 | 0.0113 | 0.7391
3 | 0.7391 0.0000 | —1.6736 | 0.0000 | 0.7391
Letg(x) = f{x) —x = cotx — x i
i nlom | ek | ) - £l
8 (X) = —escix — 1, g'(xu) g’(xu)
The fixed point is approximately 0.86, 1 | 1.0000 | —0.3579 | —24123 0,1484 0.8516
2 | 08516 | 0.0240 | —2.7668 | —0.0087 | 0.8603
'3 | 08603 | 0.0001 | —27403 | 0.0000 | 0.8603
19. f) = —32+3, flo)=232—6x
1G] s ®x=1
Y ') oS
N R
- ]
{ W Continuing, the zero is 1.347.
* 1
~CONTINUED— ©@xn=y

= —.L(IL)-
n=ux &) 2.405

Continuing, the zero is 2.532.
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19. —CONTINUED—

) g wprap
¥
\ !

. |

a5

T\ \1
y = =1313x + 3.156

The x-intercepts correspond to the values resulting
from the first iteration of Newton's Method.

20, f(x) = sinx, f{x) = cosx

@ 2

-8 am
() x, = 1.8

X = x —f‘,(L(;:%ms.oss
©x =3

X =x - }%’3 =~ 3.143

21, y=2¢— 62+ 6x— 1 =£{x)
y' =68 = 12 + 6 = f)

() If the initial guess x, is not *“close to” the desired zero of
the function, the x-intercept of the tangent line may
approximate another zere of the function,

The x-intercepts correspond to the values resulting
from the first iteration of Newton's Method.

(e) If the initial guess x, is not “close to” the desired zero
of the function, the x-intercept of the tangent line may

approximate another zero of the function.

22, y=42 - 122 + 12x — 3 = f(x)
y =122 — 24x + 12 = f'(z)

=1 x__g
L=
£(x) = 0; therefore, the method fails. 2
o 17 Fx;) = 0; therefore, the method fails.
n X .f Fn I i
1Ji] t ] o n | a0 |70 | £ | -
3 3 1
22 |°® E :
lzj1|] 1t |o [—] = |
23, y=—-2+32—-x+1=fx §it) (x, )
y'=—3x2+6x — 1 = fx} " x"”f(x") 1) &) | ™7 )
xl=1 1 1 2 2 1 ! 0
. 20| 1 -1 -1 1
Fails to converge. 3 | . | 5 > ; 7
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24. f(x) = 2sinx + cos 2 E % | f&) | i)
Sfx) = 2cosx — 2sin 2x
HEIERE
37 2
x,=-?

Fails because f(x,) = 0.

25, f)=x-a=0 26, fx}=x—a=0
o =2 ) = nar-1
2 _ x*—a
ey =X J‘.rzx- a Xig1 = X — nxp-1
_2":2"":2+“_xi2+“_fl+a e —xta _(-lx'+a
= o, = o) =E 2 i 1 nxp 1
x2+7 x2+5
27. %, =T 28, %, "'k,—
i 1 2 3 4 5 i 1 | 2 3 4
% | 2.0000 | 2.7500 | 2.6477 | 2.6458 | 2.6458 x, | 2.0000 [ 22500 | 2.2361 | 2.2361
V7T = 2646 V5 == 2236
4} 3
29. %, = a_xJTG 30. ., = EEL:]E
4x‘ 3x’
i1 2 3 4 | il 1 2 3| 4
x, | 1.5000 | 1.5694 | 1.5651 | 1.5651 | x, | 2.5000 | 2.4667 | 2.4662 | 2.4662
46 =~ 1.565 /15 = 2.466

31 f(x)=i—a=0

1
fx) = -2
X1 =x,—%’ =x,+x,,’(xin—a) =x,tx,—xfa=2,—x%=x(2-ax)
32. (@ x,.5 = x,(2 — 3x,) ® x,.; = x,2 - 11x,)
N 2 | 3 4 i 1 2 3 | 4
x, | 0.3000 | 0.3300 | 0.3333  0.3333 x; | 0.1000 0.0900 | 0.0909 | 0.0909

3 =~ 0.333 1t~ 0.091
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33. f)=1+cosx ) f(xT'
Fit) _d\x)
P) = —sinx nl gk | S| PR Gy T G
Approximation of the zero: 3.141 | 1 {30000 | 00100 | —0.1411 | —00709 | 3.0709
2 | 30709 0.0025 —=0.0706 | —0.0354 3.1063
| 3 | 3.1063 0.0006 —0.0353 | -0.0176 3.1239
. 4 | 3.1239 0.0002 —-0.0177 | —0.0088 3.1327
5 | 3.1327 0.0000 —-0.0089 | —0.0044 31371
6 | 3.1371 0.0000 —0.0045 | —0.0022 31393 |
7 | 3.1393 0.0000 —-0.0023 | —0.0011 3.1404
8 | 3.1404 0.0000 —0.0012 | —0.0006 3.1410
M. i) = tanx [T, | [y | £ | )
f,(x) = sec’x n 'xn f (xn) f’(xn) f’(xn) e f(xﬂ) .
Approximation of the zero: 3.142 1 | 3.,0000 | —0.1425 1.0203 —0.1397 3.1397
2 | 3.1397 | —-0.0019 1.0000 =0.0019 3.1416
3 Iil!ﬂﬁ 0.0000 1.06000 0.0000 3.1416
35, flx) = xcosx y
fix) = —xsinx + cosx=0 1|[(0.860.0-561)
Letting F (x) = f'(x), we can use Newton's Method as follows. =
[F1x) = —2sinx + xcos x]
Flx) _Fx)
n X, Fix,) Fx,) ) X, )
1 | 0.9000 | —0.0834 | —2.1261 0.0392 0.8608
2 | 0.8608 | —0.0010 | —2.0778 0.0005 0.8603

Approximation to the critical number: 0.860

36. f(x) = xsinx
fx) = xcosx +

sinx =0

One root is x = 0. Letting F(x) = f'(x), we can use Newton’s Method as follows.
[F'(x) = 2cos x — xsinx]

Fx) |, _Fl)

n x, Fix,) Ffx,) ) %~ Fl)
|1 20000 0.0770 | —2.6509 | —0.0290 2.0290
| 2 | 20200 | —0.0007 | —2.7044 0.0002 2,0288

Approximation to the critical number: 2.029




3 y=f)=4-51,0)

d=Jx-1P+0 -0 =VG-1F+@-PP= P -T2 = +17

d is minimized when D = x* — 7x — 2x + 17 is 2 minimum.
X)) =D'= 433 - 14x ~ 2

gi(x)=1222 - 14
| [ ae) [, e
a X g(xu) g’(xn) g’(x,,) X, 8'(1,.
1 20000 | 20000 | 340000 | 00588 | 1.9412
2 | 19412 | 00830 | 312191 | 00027 | 19385
3 | 19385 | —0.0012 | 31.0934 | 00000 | 19385 |

x == 1.939

Point closest to (1, 0) is = (1.939, 0.240).

d=JVx-4f+ 0+ =VG- P+ @+ P =/AFTIE - +25

d is minimum when D = x* + 7x2 — 8 + 25 is minimum.
g)=D'=4x+ 14x — 8

Newton's Method

g'x) =122 + 14
2x) _glx)
h *n 8 (xu) g’(xu) g,(xn) Xy g’(xn)
1 | 05000 | —0.5000 | 17.0000 | —0.0204 0.5294
05294 | 00051 | 17.3632 | 0.0003 0.5291
| 3 | 05291 | —0.0001 | 17.3594 | 0.0000 0.5291

x = 0.529
Point closest to (4, — 3) is approximately (0.529, 0.280).

Minimize: T = Distance rowed , Distance walked
) Rate rowed Rate walked
=~ 3 * 4

39.

T
X x—3
L — +— =
P im—earn""
. P—6x+10=-3x—-3)/2+4
16:%(x* — 6x + 10) = 9(x — 3)2(x2 + 4)
T — 4253 + 432 + 216x — 324 = 0

Letf(x} = 7x* — 4223 + 4322 + 216x — 324 and f*(x) = 283 -
solution is in the interval (1, 2).

1262% + 86x + 216. Since £(1) = —100 and f(2) = 56, the

it9} _ L&)

! n xn f (xa) f ’(xn) f'(x,,) xn fl(x')
1 | 17000 | 19.5887 | 135.6240 | 0.1444 | 1.5556
2 | 1.5556 | —1.0480 | 150.2780 | —0.0070 1.5626
| 3 | 15626 | 00014 | 49.5591 | 0.0000 | 1.5626

Approximation: x = 1.563 miles
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40, Maximize: C =

41.

C’'=

312 + ¢
50+

_ =3¢ - 28 + 300t + 50 _

(50 + A

Letf(x) = 3¢ + 28 — 300t — 50
Flx) = 126 + 62 — 300.

0

| ) | gl
il I A A O~ O [ ™
1 | 45000 | 124375 | 9150000 | 00136 | 44864
[2 44864 | 00658 | 9043822 | 00001 | 44863

Since f(4) = —354 and f(5) = 575, the solution is in the interval (4, 5).
Approximation; ¢ = 4.486 hours

From the graph, choose x; = 40.

2,500,000 = —76x + 4830x* — 320,000
765 — 48302 + 2,820,000 = 0
Let f(x) = 762° — 48302 + 2,820,000

F1x) = 2282 — 9660x.

X,

n x £x) fs) f%)j x.-fﬂ.(-x:)j_‘_
1 | 40.0000 | —44000.0000 | —21600.0000 | 2.0370 | 37.9630
|2 | 37.9630 | 17157.6209 | —38131.4039 | —04500 384130
|3 | 384130 | 7800914 | -34642.2263 | —00225| 384355
| 4 | 384355 | 26308 | —344653435 | —0.0001| 384356

The zero occurs when x = 38.4356 which corresponds to $384,356.

42, 170 = 0.808x* — 17.974x% + T1.248x + 110.843,1 £ x £ 5

Let f(x) = 0.808x° — 17.974x2 + 71.248x — 59.157
Fx) = 2.424x* — 35.948x + 71.248.

Prom the graph, choose x; = 1 and x; = 3.5. Apply Newton's Method.

) )
n| x| f@) | ) }'T;; % -%3
1 | 1.0000 | —5.0750 | 37.7240 | —0.1345 1.1345
2 | 1.1345 | —0.2805 33.5849 | —0.0084 1.1429
13 11429 | 00006 | 333203 | 00000 | 11420 |
T T — 1
| oa | s | s | ER]A-ZA
; 1 3.5000 4.6725 —248760 | —0.1878 3.6878
2 36878 | —0.3286 _—28.3550 (0.0116 3.6762
3 3.6762 | —0.0009 | —28,1450 0.0000 3.6762

The zeros occur when x = 1.1429 and x = 3.6762. These approximately correspond to engine speeds of 1143 rev/min and

3676 rev/min.

43, False. Let f(x) = (x — 1)/(x — 1). x = 11is a discontinuity. It is not a zero of f{x). This statement would be true if
F(x) = p(x)/q(x) is given in reduced form.

44, True

45, True




47 f) =43 -32 +3x—~2
) =3 — 6x +

Letx, = 12.
| [ . fe) | _f)
n xn f (xn) .f (xn) ff(x") xu f'(xn)
|1 | 120000 7.0000 | 36.7500 | 0.1905 11.8095
2 | 118095 02151 | 34.4912 | 00062 | 11.8033
3 | 11.8033| 00015 | 344186 | 00000 | 11.8033
Approximation: x = 11.803
48, f(x} = V&~ Zsinlx — 2)
Domain: [—2,2]
x = —2 and x = 2 are both zeros,
x
= /43— —2) - in(x —
fx) 2 cos(x — 2) W/ sin{x — 2)
Letx, = —1.
. 1 | fe) [ f)
.i | xn f(xn) .f'(xn) f’(xn) I xn f'(xn)
|1 | —1.0000 | —0.2444 | —1.7962 | 0.1361 | —1.1361

2 | —11361 | —0.0090
|3 | -1.1416 | 0.0000 |

—1.6498 | 0.0055 | —1.1416
—1.6422 | 00000 | —1.1416

Zeros: x =12, x =~ —1,142
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L f)) =2 E J19 T19 T[2]200 |21
Pl =2 fO) =7 | 36100 | 39601 | 4 | 40401 | 44100
Tangent line at (2,4): y — f(2) = f2)(x —2) LT =4x—4 | 3.6000 | 3.9600 | 4 | 4.0400 | 4.4000
y—4=4x-2)
y=4x-4
2 )= T
x 19 |19 |2 201 |21
__2 '
@ =-3 76 = xlz 0.2770 | 0.2525 | 02500 | 0.2475 | 0.2268
t line at {2,1): ' ! -'
Tangeat line t 2,.) () = —%x + % 0.2750 | 0.2525 | 0.2500 | 0.2475 | 0.2250
y = f(2} = £(2)(x — 2} L

1

y-3=-3-2

1
y=grty
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3. f) =2 [ 19 | 199 | 2] 200 [ 21
F) =54 fR) =2 24,7610 | 31.2080 | 32 | 32.8080 | 40.8410
Tangent line at 2, 32): y — £(2) = f@)x—2) | T)=80x~ 128 | 24.0000 | 31.2000 | 32 | 32.8000 | 40.0000

y — 32 = 80(x — 2)

y = 80x — 128
4. fx) = x x Tis Jim [2 J200 [21 |
1 -
f’(x)=2—f-; ) == 13784 | 14107 | 14142 | 14177 | 14451
x 1
TR == +—= | 1.3 . 1.4142 | 1. 1.44
tine at (2, V3): ) 75 | 1979 | 14107 1.4177 96 |
y = f(2) =F2x-2)
1
= =——(x—2
y—-2 7 ﬁ(x )
x 1
= —— e —
YT 22
5. fx) = sinx x 19 19 |2 201 |21 |
fx) = cos x fx) = sinx 09463 | 09134 | 09093 | 0051 | 0.8632
Tangent line at (2, sin 2): T(x) = (cos 2)(x — 2) + sin2 | 0.9509 | 0.9135 | 0.9093 | 0.9051 | 0.8677

y—f@ =) -2
y —sin2 = {cos 2){x — 2)
y=(cos2}{x — 2) + sin2

6. flx) = cscx
fx) = —cscxcotx

Tangent line at {2, csc 2): y — £(2} = F(2)x — 2)
‘ y — csc 2 = (—csc 2 cot 2)(x — 2)

y= (—csc2cot2)(x — 2) + csc2

x 19 [1%9 |2 201 | 21
Fx) = cscx 1.0567 | 1.0948 | 1.0998 | 1,1049 | 1.1585
| T()=(—csc2cot2)(x — 2) + csc2 | 1.0494 | 1.0947 | 1.0998 | 1.1048 | 1.1501

7. y=f0) =2 7() = 32,x=1,Ax = dx = 0.1

Ay = f(x + Ax) = f(x) dy = f(x) dx
=f(1.1) — £(1) = f(1}0.1)
= (L1 - (1)® = 3{0.1)
= 0.331 =03

8. y=fx)=1-220)=—4xx=0,Ax=dx = -0l
Ay =f(x + Az) — f(x) dy = f(x)dx
= f(-0.1) - f(0) = F(0)(—0.1)
=[1 = 2(-0.14 - [1 - 2(0] = —0.02 = {0)(—0.1) = 0
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10.

15.

17,

19,

21,

y=f) =2+ 1,7 =4, x = —1, Ax = dx = 0.01

Ay = f(x + Ax} — f(x) dy = f'(x} dx
=f(—0.99) — £(-1) ' = f{—1)(0.01)
=[(-099)* + 1] - [(—1} + 1] = —0.0394 (—4)(0.01) = —0.04

y=flx)=2x+1,f&) =2,x=2,Ax = dx = 0.01

Ay = flx + Ax) — f(x) dy = f'(x) dx
= f(2.01) - £(2) = f'(2)(0.01)
= [2(2.01) + 1] — [2(2) + 1] = 0.02 = 2(0.01) = 0.02
y=132—4 12 y=200 13. y=;";’_11 14 y= JF=4
dy = 6xdx dy = 3Jxdx o .
D= (-1 B v i
y=2/T=R 16. y=\/;+-%
- ' 1— 222
dy=(=—f—+ﬂ)d7c= = dr =(1 1 _x-1
1-2 1-2 & =57 zx‘/;)dx—zx‘/;dx
y=::‘_’:1 18, y=xsinx
dy = {xcos x + sin x) dx

_[6G2 + 1)2sec* xtan x — sec? x(2x)
= @+ 17 &

- [25eczx(x’tanx+mnx—x)]dx

B (2 + 17

y=§_ms(6m:2— 1) 20. y=x—tan2x

- =(1-—2t ec? x) dx

—E RSt

A=2 22, A=1%bhb=136h=50

z=12 db = dh = +0.25
Ax =dr =1 dA =1bdh +3hdb
dA = 2xdx AA =~ dA = 1(36)(£0.25) + 3(50)(+0.25)
AA = dA = 2(12)(x) = £10.75 square centimeters

= :l:% square inches

A= qr?

r=14
Ar=dr=3}
AA =~ dA = 2qr dr = w(28)(])
= 7 square inches

263
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24, x = 12inches
Ax = dx = £0.03 inch
@ V=i
dV = 3x2 dx = 3(12)*(x0.03)
= +12.96 cubic inches
() §=6x2
dS = 12x dx = 12(12)(£:0.03)
= +4.32 square inches

26. (a) C = 56 centimeters
AC = dC = 1.2 centimeters

cye 1
= 2 = — ] = =2
A=ar v(zﬂ_) 4"I_C

1
27

33.6

o

1 2} =
CdC = 5(56)(11.2) =

ﬁ:;f)]%s)i ~ 0042857 = 4.2857%

LML 22 <003

> »r %

g

aly >
o
8

25. (a) x = 15 centimeter
Ax = dx = £0.05 centimeters

A=2
dA = 2x dx = 2(15)(£0.05)

= 1.5 square centimeters

Percentage error:
%=(*—1‘5-)§z=0.00666. =2a
m)%=”_;’.=MsO.Oﬁ
-%s%ﬂomﬂlﬁ%
27. r = 6inches

Ar = dr = £0.02 inches

@ V= %frr”

dV = darr2dr = 47(6)*(+£0.02) = £2.88 7 cubic inches
) S=4mr?

dS = 8ar dr = 87(6)(£0.02) = £0.967 square inches

. av _ 4wridr _ 3dr
{c) Relativeerror: “y — (4/3)r? »

- %(o.oz) =001 = 1%

28. P = (500x — x?) — (%.'a:2 = Tix + 3000),xchangesfrom1]5to 120

dP = (500 — 2x — x + 17)dx = (577 — 3x) dx = [577 — 3(115))(120 — 115) = 1160

. dP ‘ 1160
Approximate percentage change: ?(lm) = 23517.50

29, V=arth=40mr,r=5cm, ik = 40cm,dr = 0.2 cm

AV == 4V = 80#rdr = 80w(5)(0.2) = 807 cm?®

(100) ~ 2.7%

30. V=4nP,r=100cm,dr = 0.2cm
AV = 4V = 4qrr? dr = 4w(100)3(0.2) = 80007 cm®
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3. (a) T=2n/L/g 32. T=2wJ/L/g
T L
= dL T2 = 4w=(—)
evL/g g
Relative error: _dr’lL
=73
dar _ (wdlL)/ N/,
T 2n/L]g dg = AmL 1—;? dT
< 4L . .
=ar Relative error in g:
1 ) ) dg _ (—8w2Ld1)/T?
=E(relatweermrmL) }&—Wz“
1 ar , —
= -2-(0.005) = 0.0025 = —ZT = —2 (relative etror in period)
= —2(0,001) = —0.002

Percentage error: d?r(loo) = 0.25% = %% , 1
. |48 i
(b) (0.0025)(3600)(24) = 216 seconds Percentags ot in §: | 2 |“°°’ 5%

= 3.6 minutes
3. E=IR 34, =300 4 << 100
E 100 — p'
R=2
I (8) p=40
dR = —I—"‘;dl Ap=dp=2
8,000,000
dR _ —(E/T)dl _ _dI 4C=T1oo - ¥
R E/l 1 000,000
-4 il
R 7= |7
() p=75
Ap=dp=2
8,000,000
dC = W(Z) $25,600.00
35, §=26°45" = 26.75°
46 = £15* = £0.25° 9-=
(@ h=95cch e ®) |£:—| = cot 8dB < 0.02
dh = —9.5 csc Acot 840 dB 0.02 002“‘“9
<
%= —cot 840 9(oot0) g
d_ < 0021812675 _ 0.02 tan 0.4669
) 26.75° 0.4669

|4‘:|ﬁ| = (cot 26.75°)(0.25%)
= 0.0216 = 2.16% (in radians)

Converting to radians, (cot 0.4669)(0.0044)
= 0.0087 = 0.87% (in radians),
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36. See Exercise 35.

A= %(‘base)(height) = %(9.Scot 6)(9.5) = 45.125 cot 8

dA = —45.125 csc? 040

|ﬁ| _csc?0do _  df
A cot 8 sin @cos @

e 0.25°
~ (sin 26.75°)(cos 26.75%)

- 00044
(sin 0.4669)(cos 0.4669)

= (.0109 = 1.09% (in radians)

38. h=S50tam @
8= 715" (sec figure)
dh = 50 sec? @ dé

dh _ sec? 71.5°
. h tan71.5° L

d8 < £0.018 radians soft

dd < +0.06

40. Letf(x) = ¥x,x=27,dx = 1.

Flx+ Ax) ~ £G) + ) dx = z/i+ﬁx-,ax

3. r="CGim20)
- r—az Sin

vy = 2200 ft/sec
9 changes from 10° to 11°

(2200
16 -

- 10( -
Bis 10(130)

dd = (11 — 10)

dr = (cos 28)do

ats
180

Ar = dr

_ (22002 (&)(L)_
=16 °%\7g0/\1sp) ~ 4961 feet

39, Let f(x) = /,x = 100,dx = —0.6.
flx + Ax) = f(x) + flx)dx
_ 1
=J/x+ zﬁdx
flx + A9 = /994

1 —
~ /100 + 5 m(—o.s) =097

Using a calculator: /394 ~ 9.96995

flx+ Ax) = E/z_s-a/ﬁ+§(y-%ﬁ(1)=3+%-s.os7o

Using a calculator: 3/28 =~ 3.0366

41, Letf(x) = &/x,x = 625,dx = —1.

S+ 89 = fG) + S0 dx = Y5 + g

fu+u)=m~:/sﬁ+zw—f.a_s);(-n

=5- = 4,998

L
500
Using a calculator, 4/624 ~ 4.9980.
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42 Letf(x) = 23, x = 3,dx = —0.01.
Fle+ Ax) = £(x) + flx)dx = 2 + 32dx
flx + Ax) = (299P =~ 3° + 3(3(—0.01) = 27 — 027 = 26.73
Using 4 calculator; {2.99)° = 26.7309

43. Letf(x) = 4, x = 1,dx = —0.01,/"(x) = 45°. 44. Letfx) = % x = 4,dv = 002, () = 1/(2/%).
Then Then
F(0.99) = f(1) + f(1)dx F4.02) = £(4) + f8)dx

0.99)* =~ (1)* + 4(1)3(—0.01) = 1 — 4(0.01).
LAY oon Va2 = /4 + L(o.oz) =2+ %(o.oz).

2/4
45, Let f(x) = secx, x = 0,dx = 0.03, f(x) = secxtan x, 46. Let f(x) = tanx, x = 0, dx = 0.05, /'(x) = sec?x.
Then Then
£(0.03) = £(0) + £1(0) dx F(0.05) = £(0) + f(0)dx
sec 0.03 =~ sec 0 + (sec O tan 0)(0.03) tan 0.05 ~ tan 0 + sec? 0(0.05) = 0 + 1(0.05).
= 1 + 0(0.03).
47. True 48.'1'rue.§xz=%=a 49, True
50. False 51. A(x) = 22
Let f(x) = +/x,x = 1,and Ax = dx = 3. Then (8) dA = 2xdx = 2xAx
By =flx + &) = £() = (&) — f(1) =1 M =G+ant-2
and = 2 Ax + (Ax)?
b=fWdr=rae =3 o -

Thus, dy > Ay in this example.

E}'
1

(c) AA - dA = (Axp

52. Let & = (Ay/Ax) ~ f'(x). Then Axe = Ay — f/(x) Ax. Since Ax = dx, we have Ay ~ f(x)dx = Axe or
Ay — dy = gAx where e — 0 as Ax—>0. Thus, Ay — dy tends to 0 very rapidly, since Ax— 0 and s —0.
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Section 3.10 Business and Economics Applications

1. (a) C(0) represents the fixed costs. M ¢

{c) The marginal cost function has a relative minimum. It r
occurs when production costs are increasing at their
slowest rate,

® -
1

3. R=900x — 0.1 4 R = 6002 - 0.022°
4R _ 900 - 02x = - S
=, = 900 — 0.2x = 0 when x = 4500. = = 1200z — 0.06¢

By the First Derivative Test, x = 4500 is a maximum. = 6x{200 — 0.01x) = 0 when x = 0, 20,000.

By the First Derivative Test, x = 20,000 is 2 maximum.

- R = 1,000,000
: 0.02x* + 1800
dR _ 0.02: + 1800 — x(0.04x)] _
= 1'°°°'°°°[ (002 + 18002 | °
1800 — 0.02x% = 0 when x = 300.
By the First Derivative Test, x = 300 is a maximum.
= 303/ —
() Boelint S 7. _C=0.125x+20+£x@
dR 20
== =20"12 - 2 =" — 2 = 0whenx = 1000.
= X §=0.125—%0-=0whenx=200.

By the First Derivative Test, x = 1000 is a maximum.
By the First Derivative Test, x = 200 yields the

minimum average cost.

8. t‘=o.oou=—s+?
dC _ _250 _ _
% = 0002 - 2 = Owhenx = 50.

By the First Derivative Test, x = 50 yields the minimum average cost.

= 3000 — x(300 — x)'/2
- —x(%)(BOO — 3 IA(=1) ~ (300 - 2 = ~3(300 — )"VA(200 — 3) = O whenx = 200

By the First Derivative Test, x = 200 yields the minimum average cost.
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10. c_w

2 + 2500
@_(x’+2500)(4x—l)—12x7—1+5000r12xl= ¥ —2500 _
o @ + 25007 (xz+2500)2-0whenx—50.
By the First Derivative Test, x = 50 yields the minimum average cost.
n. €=100+ 30x 12. C = 2400x + 5200
p=%—-x P = 6000 — 0.4x2
P=xp—-C P=xp-C
=00x — «* - 30x — 100 = (6000x — 0.42%) — (2400x + 5200)
= —x + 60x — 100 = —0.4x* + 3600x — 5200
dP dP
E——Zx+60 dx=—l.2x=+3600
= O whenx = 30, s0p = 60, = 0 when x = 55, s0 p =~ 4800,,
By the First Derjvative Test, x = 30 is a maximum. By the First Derivative Test, x ~ 55 is a maximum.
13. C = 4000 — 40x + 0.02¢%
P =50—-001x
P=xp— C=50x — 0.01x? — 4000 + 40x — 0.02x2 = —0.03x2 + 90x — 4000
dP

== —0.06x + 90 = 0 when x = 1500, so p = 35.

By the First Derivative Test, x = 1500 is a maximum,

14 C=35x+2/x-1
-Jx-1
Pexp—C=A0x—2/x—1=-35x—2/x—1=5x- (x + 2)/x— 1
F=s-[e+a})e- v+ -]

x+2+2(x—1|] _3x  _10J/x-1-3%
=5~ =5 = Owhenx = 10, = 37,
[ 2Vx—-1 3 ZJx- 2Jx-— whenx “0p 4

By the First Derivative Test, x = 10 is a maximum.

18, C=2%+5c+ 18 16. C=#-62+1%
Averasecost———c 2+ 5+ 28 Avemxecost‘-‘? 2= 6x+13
dc 18
E=2—§=0wh=nx=3. §=2x—6=0whenx=3-
N=6+5+6=17
t() %=3x3—12:+13whenx=3.

By the First Derivative Test, x = 3 is a minimum,

dac
M =% 7 _36+13=
Marginal cost: ___d!C =4x+5 arginal cost 7 27-36+13

Averagecost =C=9— 18+ 13 =4
Atx=3:%= 17 = T(3}
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Clx)

17. Average cost: C(x) = 5

% n I% @) _ 0=s'2C') - () = O when C') = S2 = (),
x
Marginal cost = average cost

This condition will yield a minimum (if it exists).

18, 4P=230+20.:—%-sz

dP— — -_— —_—
ds—20 s = 0whens = 20

P is maximum when advertising is $2000 since 42P/ds?> = ~1 < 0.

B. @ Order size,x | . Price Profit ']
102 | 90— 2(0.15) | 102[90 — 2(0.15)] — 102(60) = 302940 |
104 90 — 4(0.15) | 104[90 — 4(0.15)] — 104(60) = 3057.60
106 90 — 6(0.15) | 106[90 — 6(0.15)] — 106(60) = 3084.60
108 90 — 8(0.15) | 108[90 — 8(0.15)] — 108(60) = 3110.40
110 90 — 10(0.15) | 110[90 — 10{0.15)] — 110(60) = 3135.00
112 90 — 12(0.15) | 112[90 — 12(0.15)] — 112(60) = 3158.40
® [Oreraize.x | Profit | @ % = 45 - 0305~ 0 whea x = 150.
148 3374.40 p
149 3374.90 Since Fr 0, an order size of x = 150 units yields
150 3375.00 a maximum proft,
151 3374.90
i (&) 4o
|_152 1 3374.40 (150, 3379)
The maximum profit is 3375.00 for x = 150.
© PG) = 90 - (< — 100)(015)] — 60x N
= x(45 — 0.15x),x 2 100 .

20. Let x be the number of $40 increases in rent.
Profit = P(x) = (50 — x)(720 + 40x) - (50 — x)(48)
= 33,600 + 1328x — 40x*
P'(z) = 1328 — 80x = O whenx = 16.6 ~ 17.

Since PYx) < 0, this yields a maximum. The rent should be 720 + 40(17) = $1400.

21. Total cost = (Cost per hour)(Number of hours)

2
T=(v_.+5)(¥)=&+55_0

600 60 v
dT _ 11 _ 550 _ 11v? — 33,000
dv 60 2 6002
= O whenv = +/3000 = 104/30 =~ 54.8 mph.
d’T _ 1100

o Rk > 0 when v = 104/30 so this value yields a minimum.
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= (Cost per hour)(Number of hours)

110 llv
(?(E + 7. 50)( = )

50
11 825

<11 _ 825 _ 11v? — 41,250

11y
50v?
= O whenv = /3750 =
1650

22. Total cost

¥

25/6 ~ 61.2 mph.
d*T

23. The total cost T(x) is

T(x) = 12(5280)(6 — x) + 16(5280) \/ el %

T'(x) = 5280,: 12 + e Jm]

Jxmll_ﬁ
3m=4x

9(.10:2 + %) = 162

=T=2x= = (.57 miles.

2 3,
4 247
This is a minimum by the First Derivadtive Test.

\\\\‘ f——le"*

I

L)
Ny by e

Power

ot X ] station

25. S, = (4m — 12 + (5m ~ 6)* + (10m — 3)?

4 — 24 — 1)) + 2(5m - 6)(5) + 2(10m ~ 3)(10) =
Line: y = Tar*
= o) - 1]+ o) - of < o) - 9
N I%% I ,%%_ 6| 141 3| ?:2 =6

26.S2=|4m-1|+|5m—6|+|10m—3|

Using a graphing utility, you can see that the minimum occurs when m = 0.3.

Liney = 0.3x

= |4(0.3) — 1] + |5(0.3) — 6] + |10(0.3) — 3

= 4.7 mi.

oy Owhenv = ZSJ_soﬂusva]ueyleldsammmnm.

4. Letkbeﬂlecostpermﬂeforlaymgpipeonland,and
T(x} the total cost.

T=2%/E+4+ k4 - %)

SV
D -
7T
=J/¥+4i
4=+ 4
3;2=4=>x=-%~1.15mi1es

By the First Derivative Test, this is a minimum.

rd
-

LY
NVried
\“
N ot 4 — g et

l!aﬂ?leq

| T

64
282m — 128 = O whenm = 1a1

1mi

©.3,4.5)
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jdm—1|  |5m — 6 , |10m — 3] 5
H = + + = L
27. 55 e+l J/m+1 Jmi+l =

Using a graphing utility, you can see that the minimum occurs when x = 0.3.

o
Line: y = 0.3x \V//‘
10

5. - [4603) — 1] + 5(03) — 6| + [1003) - 3 . @349 )
3 /10-35[ +1 w 4.5 ml.. 1 2 3" ~

28. By the methods of calculus, finding the minimum of the sums of the squares of the lengths of the vertical feeder lines is
easiest (see Exercise 25). The minimum of the sum of the perpendicular distances best meets the objective of minimizing the
amount of feeder line required (see Exercise 27). This minimum is easily found by using & graphing utility.

29. Let d be the amount deposited in the bank, i be the 30. For the linear demand function, the rate of change (slope)
interest rate paid by the bank, and P be the profit. ism = —&. Therefore, the demand x is
P=(012)d - id x=800—25§(p'—25)=925—5p

d = ki* (since d is proportional to i%)

P = (0.12)(k?) - i(?) = K0.12i* — #) R=1p=—5+925

R
4R _ _10p + 925 = O whenp = $92.50.
%=k(o.w-3i=)=0whi=%=o.os. - 1P whenp = §
4?P .
Fae k{0.24 — 6{) < 0 when i = 0.08 (Note: k > 0).
The profit is 2 maximum when i = 8%.
1. c= 1003+ ) < N PR PR
SR | || ) | ™ )
c'= 100(—% o _30_2) 1 | 40,0000 | —0.0128 | 0.0204 | —0.4341 | 404341
=+ 30) 2 | 404341 | —0.0004 | 0.0277 | —00131 | 40.4472
s a o f 400 30 3 | 404472 | 00000 | 0.0277 | 00000 | 404472
o= g3 =100 -4 + 20 i [[[do4m |
. (1200 60
709 = 1000 - 30)3)
Approximation: x = 40 units
cC _8 I '
32 E—;— . + 0.4 + 0.02x + 0.00012 n x, fix,) #1x,) | % x"-_f'(j:))
= ..3_:29 + 0,02 + 0.0002x 1 | 130.0000 | —00013 | 0.0009 | —14406 | 131.4406 |
2 | 1314406 | 0.0000 | 0.0009 | 0.0000 131.4406—|

U’=f(x)=—§%+0.02+0.0002x

) = %09 + 0,0002

Approximation: x = 131 units
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33. R=1900x— 0.1x*
x = 3000
dx = 100
dR = (900 — 0.2x)dx
= [900 ~ 0.2(3000)](100}
= $30,000

.| 22t — 60
35.F—100,000(1+sm[ 365 ])

dr _ 2w [ 2u(t — 60)
(a) Fin 100.000(3 55 cus[———sﬁs ])

27(t ~ 60) _ E°r3__'rr
365 2 2°

t = 151.25 or 333,75

The maximum occurs when ¢ = 151.25 which
corresponds to May 31,

= 0 when

36. (a) 12

o bt s o 13

(b) Maximum sales x = 7.18 (July)
{(c) The cosine factor: 9,90

(d) 0.02 would mean a steady growth of consumption
over time. In this case, the maximum consumption in
2000 (that is, on 73 < ¢ < 84) would be 12.1 billion

gallons,

38. (a) 10

(b) period = 4= 8 = 7/2,
Using a graphing utility, 2 + bt = 6.2 + 0.25t.
Finally, ¢ ~ 1.5

y =62+ 0.25x + 1.5 sin(%rx).

4, P=(500—x2)—-(%x_’-77x+3000)

x=175

de=35§
dP = [(500 = 2x) — (x - 77)]dx

= (—3x + 577)dx

= [-3(175) + 577)(5)

= $260
dP__260 _ N 1
7= 32,0375 0.004996 ~ 0.5% OIE‘JB
() mom

] 68

Sales are mirimum when ¢ = 333.75 which
corresponds to November 30,

37. R =47t - 193.50 + 2941.7¢2 ~ 19,204.7¢ + 52,012
(8) R:) = 18.8 — 580.5° + 5883.4¢ — 19,294.7 = 0
Tl_le real root is ¢ = 7,22 (1987), which yields a
minimum,
{b) The maximum occurs at ¢ = 14 (1994),
(c) The minimum revenue was 5995 million dollars.
The maximum revenue was 8050.6 million dollars,

(@) wo

€ w

(d) For the year 2000, 17 € 1 < 20, and the maximum
sales would be $11.9 thousand.
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39, (a) Demand function (b) Cost function
{(c) Revenue function (d) Profit function

=_1 2
40. P=—358° + 657+ 400

{(2) i -—is2 + 125 = —%s(s — 40) = O whenx = 0,5 = 40.

ds 10
2
%— —%s + 12

d?P P .
F(O) > 0=>s = 0 yields a minimum,

2
%(40) < 0=> 5 = 40 yields a maximum.

“The maximum profit occurs when s = 40, which corresponds to $40,000 (P = $3,600,000).

4P 3 _ _
) i ss+12—0when3—-20.

The point of diminishing returns occurs when s = 20, which corresonds to $20,000 being spent on advem$ng

41.n=dp§:x=(4—°°:33"—)/“=1—;‘3°;°
When x = 20, we have
400 17
n=l—m=—?.
Since |y| = & > 1, the demand is elastic.
PR .. _ (400 —052%/x _ 1 _ 400
dp/dx = 2 X
‘When x = 20, we have
1 400 1

Since || = § < 1, the demand is inelastic.

_ _pix =(5—0.03x)/x= __5
2n= i 003 | 00&k

When x = 100, we have

w 0.03(100) 3

Since |} =4 < 1, the demand is inelastic.

plx _ 500/[xx+2)] _ _x+2

U= o~ =50/l v 2F1 T
When x = 23, we have




Review Exercises for Chapter 3

275

Review Exercises for Chapter 3

1. A number ¢ in the domain of fis a critical number if f(c) = OQorf’

is pndefined at c.

2@f@)=—f-4=-3
{c) b]

At least six critical numbers on (—6, 6).

3. g(x) = 2x + 5cos [0, 27)
gz} =2~ Ssinx-
= Owhensiny =% -
Critical numbers: x =~ 0.41, x = 2,73-
Left endpoint: (0, 5)
Critical number: (0.41, 5.41)
Critical number: (2.73, 0.88) Minimum
Right endpoint: (2, 17.57) Maximum

5.fx)=3-|x~4
(a) 4

IEVAN'

N

=1

f=fmM=0
(b) fis not differentiable at x = 4.
7 f)=x31<x<8
1) = P

fb) ~fl@ _4-1_3
b—a 8-1 7
3

() £(=3) = ~f(3) = —(~4) = 4

(d) Yes. Sincef(—2) = —f(2) = —(~1) =1 and
F(1) = =f(=1) = -2, the Mean Value says that there
exists at least one value ¢ in (—2, 1) such that

fO=f(=2) -2-1_
fle) = 1-(=2)  1+2 _

(e} No, ii_l:’% J(x) exists because £ is continuous at (0, 0).

[43)] Yles, Jis differentiable at x = 2.

=L

. X
~ 4, f().’) - mm.z]
o) =+ = + )] + 2+ 1
1
TRt
No critical numbers
Left endpoint: (0, 0) Minimum
Right endpoint: (2, 2/./5) Maximum

6. No; the function is discontinuous at x = 0 which is in the
interval [~2, 1],
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8. f(x)=i.]$xs4

=5

fG)~fla) _(/49-1_-=-3/4__1
b—a 4—-1 3 4

9. f(x)=x—cosz,-£$x$1—r

2 2
Fx)=1+sinx

£(6) — fla) _ (m/2) = (=m/2) _
b—a (w/2) — (—7/2)

fle)=1+sine =1

c=0
10. fA=Vr—-2x0<xs4
1
X

fo)—fla) _—6-0_ _3
b—a 4—-0 2

fw =372

=g =2= 3

c=1

i1. f)=Ax*+Bx+C
f)=24x+B
flx) 'f(-‘l)=A(xz=_x12)+B(’&_xl)
XX 2 x
=Aflx, +x)+B
f'(c)'=mc+B=A(xl+x,)+B
24c = Alx; + x)

+
=1 3 = = Midpoint of [x,, x;]

c

13, f(x) = (x— 10— 3)
F@ = -1+ -3}k —-1)
=@x-1@Ex-7)
Critical numbers; x = 1andx = §

14. g(x) = (x+1P
gk) = 3x + 1P
Critital number; x = —1

12, f)=22-3x+1
Sy =4x-3

[ -f@) _21-1_
b~a 4-0

flo)=4c—-3=35
¢ = 2 = Midpoint of [0, 4]

Interval —o<cx<l | 1<x<] |Tcxcom

Sign of f(x) Ffx)>0 ) <0 fxy>0 ‘

Conclusion Increasing | Decreasing Increastng |

Interval —co<x<—1 —1<x<oo.

Signofg'®) | g >0 g®>0 |

Conclusion Increasing Increasing |

L]
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18, h(x} = Ja(x ~ 3) = /2 - 3512 | Interval =|0<x<1 l<x<oo
Domain: [0, o) | Signofh(s)| M) <0 | ) >0

Conclusion | Decreasing | Increasing

- 3 1/2 _ 9. —1/2
hx} T 7

=: 2y — 1) = 3;;;1)

Critical nymbess: x = 0, x = 1

16. f(x) =sinx + cosx, 0 S x < 2 |
£6) = sinx + cos * T ‘Interval O<x<2 1_r<x<_5_41_r 5717<x<21r]
F)=cosx —sinx- ~ 4 | 4

|
Sign of 1 x) >0 x) < Q >0
Critical numbers: x=%r,x=-54lr L goff) | 1 i F)
| Conclusion | Increasing Decreasing Increasing

17, B =4t — 8¢ |Testlntervn1 —w<t<2 | 2<t<oo |
B} =¢*— 8 = Owhent =2, | Signofh() | A7) < 0 R) > 0
Relative minimum: (2, —12) Conclusion Decreasing Increasing

3. /m | -
18, 8(1)=§m(7—1)-[0-4] Test Interval 0<x<1+-1—2r 1+;2-r<x<3+% 3+%<I<4_‘
80 = Y7 cos( T - 1) Signofgx) | g% > 0 2 < 0 gW>0 |
2 2 L Conclusion Increasing Decreasing Increasing J
=0whenx=1+—3+= -
' m mw
Relative maximum; (1 + 2. -?-).
T2
. . 2 3
Relative minimum: (3 + = ——)
)

19. fx) =x+cosx, 0 < x < 27 r
d Test Interval D<x<Z £<x<2'£ 3—E<x'<21r
Fx) =1 - sinx | 2 2 2 2

: Lf L} LJ L
f"(x)=—cosx='0whenx=%,37w. !‘Slgn(’ff (x) f(x) S0 f(‘t)>o } f(x)< D
- | Conclusion | Concave downward | Concave upward[ Concave downward
ints of inflection: [T 7). (3% 37 - ) o
Points of inflection: (2. 2),( ) )

20. f(x)=(x42)2(x—4)=x3—12x—16 |T‘est1nterval —o<x<0 0<x<oo
f0) =32~ 12 CSignoff'() | ) <0 %) > 0
f*(x) = 6x = Owhenx = 0. | Conclusion | Concave downward | Concave upward

Point of inflection: (0, ~16)
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22 2 2
5 = 15 -_——
2. bm o s = im TS T3
23, Tim S°%Z = , since |5 cos x| < 5.
X —»ac X
2%+ 3
25. hx) = x—4
Discontinuity: x = 4
lim 2x+ 3 +!3Zx

z—lm.l'_4 14-1_(4/)

Vertical asymptote: x = 4
"Horizontal asymptote; y = 2

3
27. fy=2-2
Discontinuity: x =0
lim (E-z)=-z
Xx=roe \X

Vertical asymptote: x = 0
Horizontal asymptote: y = —2

2. f() = f+£§

Relative minimum: (3, 108)
Relative maximum: (—3, —108)

-5 8
~1
Vertical asymptote: x = 0
x—=1
3 f0) = {338

Relative minimum: (—0.155, = 1.077)
Relative maximum: (2.155, 0.077)

o2
-z [ ]

-14

Horizontal asymptote: y = 0

2x 2/x
2. im =5 = W0 3 s

=0

B ) - 7
lim 3x 3x/x
x—bmm x-m: \/PT/\/_
—3 —
s ST @A)
.
x-»—uJ,?T z—b—:l: JE T 2/- VA
— lim e = 3
x40 — /1 + (2/32)

Horizontal asymptotes: y = 3

30, £(2) = | = 32 + 2] = e — 1)z - 2)|
Relative minima: (0, 0), (1, 0), (2, 0)
Relative maxima: (1.577, 0.38), (0.423, 0.38)

7

,n.I
32, glx) =T—4cox+ cos 2x

Relative minima: (27k, 0.29) where k is any integer.

Relative maxima: ((2k — 1), 8.29) where & is any integer.
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B fD=dx—2=x24-2 34, f(x) = 4x* — 2 = (4 ~ x)
.Domain; {—oo, ao); Range: (—oo, 4) . Domain: (—co, co); Range: (— oo, 27)
Fx)=4— 2% =0whenx =12 S0} = 12¢% — 4x® = 452(3 ~ x) = O when x = 0, 3.
fM)=-2" ) f‘[x)=24:r—12x’=12x(2—x)=0whenx=0,2.
Therefore, (2, 4} is a relative maximum, G <0
Intercepts: (0, 0), (4, 0) - Therefore, (3, 27) is a relative maximum.

36.

. flx) = x/16 — 2

Points of inflection: (0, 0), (2, 16)
Intercepts: (0, 0), (4,0)

' I B S

'Tsustﬁ!
T i

Domgain: [~4, 4]; Range: [~8, 8]

16 — 2x2
= = =+2./2: hen x = +4.
£ o= 0 when x = +2./2-and undefined w x=%

70 = G =
r(-2v3) > 0
Therefore, (—2+/2, —8) is a relative minimum.
f2v2) <0
Therefore, (2+/2, 8) is a relative maximum,
Point of inflection; (0, 0)
Intercepts: (—4, 0), (0, 0), (4, 0)
Symmetry with respect to origin
Jo) = (3 — 4 ’
Domain: (—oo, oo); Range: [0, o0) T
f(x} = 4x(x* — 4) = O whenx = 0, £2,
F"(x) = 4(3:% — 4) = O when x = iﬂﬁ.
) <o
Therefore, (0, 16) is a relative maximum.
ffx2) >0
Therefore, (2, 0) are relative minima.
Points of inflection: (£2./3/3, 64/9)
Intercepts: (—2,0), (0, 16), (2, 0)
Syn_lmetry with respect to y-axis
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37, f(x) = (x — 1) — 3

Domain: (— oo, oo); Renge: (—oo, o) cae | &)

-

F2) = (x = 1z — 3)(5x — 11) = Owhenx = 1,%, 3,

11£/6

) = 4z — 1)(56* — 20x + 23) = Owhenx = 1, ="~

@ >0
Therefore, (3, 0) is 2 relative minimum.,
11
{3) <o
11 3456

Therefore, (T’ 3—12—5) is a relative maximum.

Points of inflection: (1, 0), (u_—SJE o.so). (11_+5;/§ 0.46)

Intercepts: (0, —9), (1, 0), (3,0)

38, fx) = (x — 3)(x + 2 y
Domain: (—co, co); Range: [—1%’:- o0) : \
£ = —3)3)x+ 2?2+ (x+2°

= (4x — T)(x + 2)* = Owhenx = -2,}.
£ = (x — D= + 2) + (x + 274

= 6(2x — 1){x + 2) = Owhenx = —2,1.
r@)>0
Therefore, (, —1$52%) is a relative minimum.
Points of inflection: (—2, 0), {}, —%)
Intercepts: (—2,0), (0, —24), (3, 0)

3. f(x) = x'P(x + 3)¥?
Domain: (— oo, oo); Range: (— o0, 00)

x+1

Fx) = (o + )i = 0 when x = —1 and undefined whenx = —3, 0.

_2 .
)= x—sﬂ(xm is undefined whenx = 0, —3.
By the PFirst Derivative Test (—3, 0) is a relative maximum and (-1,- Y4)is
a relative minimum. {0, 0) is a point of inflection.
Intercepts: (—3, 0), (0, 0)

40. f(x) = (x = 23 + 1)

Graph of Exercise 39 translated 2 units to the right (x replaces by x — 2). 3t

(—1, 0) is a relative maximum. j /
(1. = Q/Z) is a relative minimum, 3 o A
(2, 0) is a point of inflection. 74

Intercepts: (—1,0),(2,0)
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a1 fx) =11

x—1 p
Domain: {~o, 1), (1, oc); Range: (— oo, 1),(1, c0) k

]
-2 . l:l:] 1
) =G=IE < Oifx# L I T

) g ) J,_1 e
f”(x = (x — 1)3 -
Horizontal asymptote: y = 1 T

Vertical asymptote: x = 1
Intercepts; (~1,0), (0, —1)

42'.f(x)=142-xx=

Domain: (oo, oo); Range: [—1, 1]

~ 21—l +3) _ i 1
PO =" e = Ovhenz = 21, *—\7L,_\—,*

) = _(—%’df;Tf) = Owhenx = 0, /3, "’|

M) <o
Therefore, (1, 1) is & relative maximum,
F(-1)>0
Therefore, (— 1, — 1) is & relative minimum.
Points of inflection: {-+/3, —v/372), (0, 0), (/3, V3/2)
Intercept: {0, 0)
Symmetric with respect to the origin
Horizontal asymgptote: y = 0

.10 = 3

Domain; (~ oo, oo); Range: (0, 4] 0.9
A3/
f'(x)=ﬁ%':,)3=0whenx=o_ (~%3) ] (‘%3)

~8(1 — 32 3 4 4
fx) = '(81_(_,_12)3—)=0Whenx=:|:—3\/':. -3 -1 -1 H
<o
Therefore, (0, 4) is a relative maximum,
Points of inflection: {+-/3/3, 3)
Intercept: (0, 4)
Symmetric to the y-axis
Horizonta! asymptote; y = 0
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44"’e(")=1-|i‘:-z:¢‘*

Domein: (— oo, oo); Range: [0, %]

_(+ x)(2x) — 2242 _ 2x(1 — D)1 + 21 + 23 _

i (1 + 0% 1+ grbezsl st
(L AP — 108) - (2 — 26 (2)(1 + A4S _ 201 = 124+ 3F) ~ \/es_tﬁ
f (x) b (l +14)4 = (1 +x4)3_ -=(Owhenx =% 4 '—3 ]
fr£1) <0
Therefore, (:I:l, -l-) are relative maxitna, ¥
? i
F70) >0 }-
Therefore, {0, 0) is a relative minimum. /{L_F\
—_— == \’
Points of inflection: (:l: {,/E'B—m. 0.29). (:: {,/ 6%5, op,o) S ] P
Intercept: (0, 0) T
Symmetric to the y-axis

Horizontal asymptote: y = 0

: 4
.f(x)=x3+x+;

Domain: (—oo, 0), (0, o0); Range: (—o0, —6],{6, )

- _4_+2—4
FflR =37 +1 Z= 2

o B_64+8
f(x)—&"'xg"' 2

-1 <0

Therefore, {— 1, —6) is a relative maximum.
>0

Therefore, (1, 6) is a relative minimum.

#0

Vertical asymptote: x = 0
Symmetric with respect to origin

1—
46.f(x)=r"+;—

= O whenx = +£1,

*+1

X

Domain: (—o9, 0), (0, cc); Range: (—oo, o0)

Therefore, (—5_2-, 2—;-;) is a relative minimum.
Point of inflection: (—1, 0)

Intercept: (—1,0)
Vertical asymptote: x = 0
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a1, 1) = |2 - 9| . : .
Domain; (— oo, °°) Range: [0, o)

&) = 2?32 9] ! = 0when x = 0 and is undefined when x = +3,

)= 2|v‘(f :I)lsundeﬁnedatx +3.

) <0
Therefore, (0, 9) is a relative maximum.
Relative minima; {+3, 0)
Points of inflection: (+3, 0)
Intercepts: (+3,0), (0,9)

Symmetric to the y-axis
—2x+4, x51 49. f(x) = x + cos x
48. =kx—1+[x-3 =12 1 <3
f) =|x—1] + |z - 3] -4 x : ; Domain: [0, 27]; Range: [1, 1 + 247]
Domsin: {— oo, co) fx) =1—sinx 2 0, fis increasing.
Range: [2, co) N — - _mim
(0.9 F(x) cos x = 0 when 23
s of inflections (T (3T 3%
. Points of inflection: (2. 2). ( 2° 2 )
4 Intercept: (0, 1)
sj ;
2w, 22 + 1)
a‘it ' 2" //
1 I A
A S T Sl E
N T
50. f(x) = %(2 sin #x — sin 277x) H
1
Domasin: [ 1, 1]; Range: [ 3\/'.3;1/;] \ +/\
£} = 2{cos 7x — cos 2mx) = —2(2 cos mx + 1)(cos mx - 1) = 0 \% i \
Critical Numbers: x = :l:%, 0 ==
Fx) = 2n(—sin % + 2sin 2mx) = 2o sin m(~1 + 4 cos 7x) = O whenx = 0, +1,+0.420.
By the First Derivative Test: (—% _:;r/i) is a relative minimum.
(-i-. 3—2§) is a relative maximum.

Points of inflection: (—0.420, ~0.462), (0.420, 0.462), (+1, 0), (0, 0)
Imm"va (_ lv 0)- (0: 0)3 (1| 0)
Symmetric with respect to the origin
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51. Lett = O at noon.
= g2 = (100 — 1212 + {— 101} = 10,000 — 2400z + 244+
dL - =300
i 2400 + 488t = Owhent = 51 4.92 hr.

Ship A at (40.98, 0); Ship B at (0, ~49.18)
d? = 10,000 — 2400t + 24412

ws 4098.36 when 1 = 4.92 = 4:55 pM.,
d =~ 64km

52. Ellipse: % =1, y==.14 -2

144

A= (2:)(5\/144 - F) = 5x¢"144 -2

dA_4 _—x:_ ._.-—_‘
dx _i[n--nm,—xa+ it J"3]

= IMr__Iin’] 0 whenx = /72 = 6/2.

F -

The dimensions of the rectangle are 2x = 12/2by y = §ﬂ-f144 -72 =42

53, We have points {0, y), (x, 0), and (1, B). Thus,

_y=8_0-8
0—-1 x-17+

x=1

Letf(x) = L2 =x2 + (xixl)z.

R TR

_ 64

-1

A(x ~ 1) — 64] = 0 when x = 0, 5 (minimum).
Vertices of triangle: (0, 0), (5, 0), (0, 10)

=0

54, 'We have points (0, y), (x, 0), and (4, 5). Thus,
y—5_5-0

Letf(x) = L2 =x? + (xS_x4)z

_100x ’
AT

A(x — 4P — 100] = Owhenx = Corx = 4 + ¥100.

(100= 125, )

SA (100,00

12

—-“

3/
\/x"+ 4),=x_4m=-100+4-.100“+25~127feet

/100
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55, A = (Average of bases)(Height) ;

_ (x ;— 8;\/382 +223x = 32 (see figure)

%=1[—)&_L‘-"“+* +Js,=+—z,m;=] .L e
z

ANy

_ 22— x)(s + x)
——Ip—=
4\.'3.“2 +?.u:—x1
Aisamnximumwl;enx=2.r.

=0 whenx = 2s.

56. Label triangle with vertices (0, 0), (a, 0}, and (b, c). The equations of the sides of the triangle are y = {¢/b)x and
¥ = [¢/(b — a)](x — a). Let (x, 0) be a vertex of the inscribed rectangle. The coordinates of the upper left vertex are
(x, (c/b)x). The y-coordinate of the upper right vertex of the rectangle is (c/b)x. Selving for the x-coordinate % of the
rectangle's upper right vertex, you get

c c
-b.x_b—a(f_a)
(b —a)x=b(x—a)
E=b;ax+a=a—a;bx.
Finally, the lower right vertex is
(—a;bx.O).

b
X—Xx

Width of rectangle: a — 2 ;

Height of rectangle: %x (see figure)

A = (Width)(Height) = (a - ; bx - x)(%x) = (a - %x)%x
%=(a—§ )§+ (%x)(—§)=—2:c—zx=0whenx=§.
A(z) = (o= §3)53) = (3)E) = oo = 2(3) = 30mmorvime

§7. You can form a right triangle with vertices (0, 0), (x,0)and  58. You can form a right triangle with vertices (0,y), (0,0,

(0, y). Assume that the hypotenuse of length L passes and (x, 0). Choosing a point (2, 4) on the hypotenuse
through (4, 6). . (assuming the triangle is in the first quadrant), the slope is
=y-6_6—-0 6 -5 _b-0 —bx
e e Y e it At
6x -
mf(x)ﬂz”“”’:‘z*(x-et)z' lztf(x)=L==x=+y==x=+(ai)z.
- = Y. =4 1. - ‘bx)[i]
f'(x)—2x+72(x_4)[(x_4)z]—0 Sx) 2x+2(a_x (a__x).g
A(x - 4)* — 144] = Owhenx = Oorx = 4 + Y144, zv[(a(;-f)i);“ ] _ o whenx = 0,2+ YaF.
L = 14.05 feet Choosing the nonzero value, we havey = b + /3%,

L= Jla+¥ab?p + (b + ¥/aBP
= (a? + 306 + 3G/ 4 By
= (4?3 + B3/%)*/2 meters
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orL, = 6csc @ (seefigure)

9. csc 8= 3
csc(%—ri') %m'l.2 9csc(——)

L L1+L,=6csc8+9csc(%— )=Gcsc9+9sec9

E——Gcsceoot8+95ec0tan0 0

de
2 32
3 [ — E e——
tan’ 0—3=>tan9 7
(2 V3P + 23

—— 2/3
sec 8= .'1+tan?@ = /1+(-§) =" 3iA

LTI

sco——ma— 2173
2/3 4 92/3)1/2 2/3 4 /3172
L= 6(3 ;l/i ) +9(3 ;,,23 e 3(3%/3 + 23/33/2 ft = 21.07 ft (Compare to Exercise 58 using @ = 9 and b = 6.}
6ll. Using Exercise 59 as a gnide we have L, = a csc §and L, = b sec 6. Then dL/dé = —acsc Gcot B + b sec §tan & = 0 when
/ /3 275 / 173 73
tan 6 = ¥a/b,sec 6= "bl,*;b , csc 8= “a,;;—bzand
(@ + B _ (a2 + BA2pA,

(azfs + B3 L2
ﬂ1/3 +% bl/!

L=L +L,=acscO+bsecf=a

This matches the result of Exercise 58

6L y = 1 cos(129) — % sin(12/)
v =y’ = —4sin(12f) — 3 cos(124)
inch and v = y* = 4 inches/second.

Lor 1
(a) Whent = 3" %
sin(12e) _ 4 (120) = _%.

—4sin(121) — 3 cos(121) = O when cos(12r)

(b) »
Therefore, sin(12f) = —% and cos{12f) = —. The maximum displacement is

Q-4
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62, (8) y=A sm(\/E]Tn-t) + Bms(ﬁﬁt)
y' = AVEk/m oos(\/%t) = Bﬁﬁsin(\/k/—mt)

sinvkime A A
= 0when——— = == tan(-/k/m1} = =.
b cos-/k/m1 B ( /m) B

Therefore,

sin( k/mt)= ;

E

63 fx)=x*—3x—1
From the graph you can see that f(x) has three real zeros.

27

Jk?m

F : 1_ - .L
Y, o/ SEm 2w

(b) Period:
VEk/m
(c) The frequency is changed as the square root of k.

(d) The frequency is inversely proportional to the square
root of the mass,

Flxy=132-3
i - .
3 B A PE R B N
1 | —1.5000 | 0.1250 | 37500 | 0.0333 | -1.5333
2 | —1.5333 | —0.0049 | 4.0530 | —0.0012 | -1.5321
flx) fix,)
n n L —_
Xy I&,) Flx,) f’("u) Xp f’(xn)
1| —0.5000 | 03750 | —2.2500 | —0.1667 | —0.3333
2 | —03333 | —0.0371 | -2.6667 | 00130 | —03472
3 | —03472 | —0.0003 | —2.6384 | 0.0001 —0.3473J
1@2' ﬂ)i
n xn f(xu) f’(“n) f‘(xu) : xll f(xn) |
|1 | ~19000 | 0.1500 | 7.8300 | 0.0203 | 18797 |
|2 | 18797 | 00024 | 7.5998 | 0.0003 | 18754 |

The three real zeros of f(x) are x =~ —1,532, x = —0.347, and x =~ 1.879.

64. fO) =2 + 2x + | _
From the graph, you can see that f(x) has one real zero.

Flx)y =32+ 2
fchanges sign in [ 1, 0},
n Xy f (xn) r (xn) ;,Lx‘(x:;_ X, = f’%
1 | —05000 | —o0. 1250. 2.7500 | —0.0455 —0.4545 _l
2 | —04545 | —-0.0029 | 26197 | ~-0.0011 —0.4534 .

On the interval [— 1, 0): x =~ —0.453.
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65. Find the zeros of f(x} = x* — x — 3.
FR=43-1
From the graph you can see that f(x) has two real zeros.

fchanges sign in [~2, —1].

f) |, _I&)
n X f (xn) f’ (xn) f‘(.!“) %5 M -
1 | —1.2000 | 0.2736 | —7.9120 | —0.0346 | —1.1654
2 | —1.1654 | 00100 | —7.3312 | —0.0014 | —1.1640

On the interval [— 2, —1]: x =~ —1,164,

f changes sign in [1, 2].
: £oa) L)
X, n x'l -
i I B A Bl e i
1| 15000 | 05625 | 125000 | 0.0450 | 14550
2 | 1455 | o00068 | 113211 | 00024 | 14526 |
3 | 14526 | —0.0003 | 11.2602 | 0.0000 | 14526

On the interval [1, 2]; x =~ 1.453,

66. Find the zeros of f(x) = sinax +x — 1,
) =mcosmx + 1
From the graph you can see that f(x) has three real zeros.

| om | e | e | FE | s D6
1 0.2000 | —0.2122 | 3.5416 | —0.0599 0.2599
l_2_" 0.2599 | —0.0113 | 3.1513 | —-0.0036 0.2635
3 | 0.2635 0.0000 | 3.1253 0.0000 0.2635
| owm | s | re | £E x,.—%’:ﬁ_
1 1.0000_ 0.0000 | —2.1416 | 0.0000 1.0000 |
o | oa | e | s |G s oL
1 | 1.8000 | 0.2122 | 3.5416 | 0.0599 1.7401
2 | 1.7401 | 0.0113 | 3.1513 | 0.0036 1.7365
| 3 . 1.7365 | 0.0000 | 3.1253 | 0.0000 1.7365

The three real zeros of f{x) are x = 0,264, x = 1, and x =~ 1.737,

3 2
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67. y=x(l —cosx) =x—xcosx 68, y=.36-
%=1+xsinx—cosx %=%(36_*‘2)-m("2")=v£x1
dy = (1 + xsinx — cosx} dx dy = \,.-%i?d‘

69. () § = —0.0810 + 2.9197 — 15.5459¢ + 92.3247 (¢) Maximum is § = 303.3 at ¢ = 20,98 (1990).
G . Note that this is not accurate!

(d) The derivative S(r) is greatest at t = 12.0 (1982),

70. (8) 7 = ~0.009696:* + 0.2123* — 0.7089:2 — 7.3904¢ + 79.1361

() = {c) According to the model, the cost was a minimum {42.1) at
. t = 6.7 (1986).
. (d) I7s) is decreasing most rapidly when ¢ = 14 (1994),
o 1"
[/]
. S = 4xr2dr = Ar = +0.025 72 p=75—%x
ds = dr = 87{9)(x0.
Sy ORI 80 = p(8) - pl7)
= % 1.8 square cm - 8 7 1
4s Bardr 2dr - TS_Z = 75—2 " Tq
5 (100) = Z===-(100) = ==(100)

— gj“:;ﬂl(loo) ~ £0.56%

=4
V—31rr

dV = 4qr2 dr = 42{9)2(+0.025)
= +8.17cubic cm

dv dqridr 3dr
v (100) = W(IW) = =—(100)

_ 360028)

9 (100) ~ +0.83%

73 p=36-—-4dx

C=222+6
R=xp
P=R—-C=2x(36~4x) — (2 + 6) = -6(x* ~ 6x + 1)
dpP
E——G(Zx—ﬁ)—ﬂwhenx—l
2
%=—12 < 0, x = 3 is 2 maxirnum.

For x = 3, the profit is P = $48,



299 Chapter 3

Applications of Differentiation

74. C=%x3+62x+125

p=75—?15-x

R=2xp

@ P=R—C=x(75—%x)—(i—x‘+62x+125)

dP 1

Foi 3x+'7’5 x x— 62 6J|:+_13 0 when x 7(11umts).

3 2

(b) ) =§=%x+62+1—?(a\ruageoost)
&£_1 15 _,
& 4 X

x2 — 500 = 0 when x = 10-/5 (22 units).

© 1=/ -1/3

_plx _(5/H-0/3)_ | 25 _x-255
X

1l
o~

(L)

s+ (3

r
4 —-=
2 0

[ndk)

i
w9

75. R = (Number of people)(Rate per person)
= n[8.00 — 0.05(n — 80)], n = 80
= 12 ~ 0.05»%
die 12 — 0.10n = O when n = 120.
dn
2R o o il be maximam when 120 bu
i —0.10 < 0=> Revenue will be maximum w people go on the bus.
76. The cost of fuel is proportional to s*/2, C = 50 when
£ = 25, and fixed cost are $100.
C, = ks*/2 where 50 = k(2502 = k = %

78.

The total éostc = %;3/1 + 100.

£-Co @RI 2, 10
5 5 5

dc 1 100
=2 e o O /2 =
ey A 0 when s*/2 = 500,

5 = 500%/3 =~ 63 mi/hr

p=600—3x
C = 0.32% + 6x + 600
P=xp—C—xt
= x(600 — 3x) — (0.3x2 + 600) — x¢
= —3.3x2 + (594 — )x — 600

&%

=—66x+594—-1t=0

=594—r

=766

[ d

7
2

r

- [
r

y, WO B8 a
[}

(@) t=35 x=89, P=2568170
(b) t=10, x= 88, P =25236.80
{c) +=20, x=87, P=2436030
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9. 2+ 4y2 — 2% — 16y + 13 =0
(@ 2~ +1)+4(2-dy+4)=—-13+1+16 ¥
(x—12+4ly —22=4 ‘_T
—12 -2 | an
e + 1 =1 3
The graph is an ellipse;
Maximum: (1, 3) ' | a0
Minimum; (1, 1) a a2
®) P +42 -2~ 16y +13=0
B _ o 6P
2x + sjfdx 2 lﬁdx =0
D iey 16 =2 —
dx(Sy 16) =2 — 2x
dy - 2—-2x - 1—x
dx 8y—-16 4y-—8
The critical numbers are x = 1 and y = 2. These correspond to the points (1, 1), (1, 3), (2, ~1), and (2, 3). Hence, the
maximum is (1, 3) and the minimum is (1, 1).
80. f(x) = x", nis a positive integer,
(a) fx) = nxm=?
The function has a relative minimum at (0, 0) when » is even.
(®) f(x} = nln — 1)x7~2
The function has a point of inflection at (0, 0) when nisoddand n > 3,
81. False 82, False 83. The first derivative is positive and
the second derivative is negative,
Letf(x) = 2, ¢ = 0. 2x S — :
Letf(x) = , The graph is increasing and is
Vi +2 concave down,
Jhas borizontal asymptotes at
y=2Zandy= -2,

84. (8) §= —0.1222# + 1.36552 — 0.9052¢ + 4.8429
(b) =

1 14
[]

(c) S7f) = 0 when ¢ = 3.7. This is 2 maximum by the First Derivative Test.
(d) No, becanse the £ coefficient term is negative,
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CHAPTER 4
Integration

Section 4.1  Antiderivatives and Indefinite Integration

Solutions to Exércises
LT E NP T P ORI | 1( 1 )_' _1
I'E(r‘.l-c) Z(Sx + C) 9x = z,dxf+x+c = 43 -
dfl , et df22+3) ')'_1(2 /2 i )
S.d—x(a.t3 4x.+C) B—4=(x—2x+2) 4.&( W +C _dxgx-'i + 212 4 ¢
=xl/i_x—3/z=xz_x;/2_1
4/3
5 |Yxdx jxlﬂdx I—ic x4 + €
3 : 43
1 2 ! _1
6']1"# frd” -1+ ¢ Al
1 x-1/2 2
7. |—=dx x4 —+tC =4
fx\/; J “ -1/2 Jx e
x4 2y . 1. 3
8 |x(x*+3)dx & + ) dx THiT) e Frpic )
L Hos 3= ok :
9, fzxad’ ZJ-x dx A3 +C‘ 4Jt2+('.'
1 1 ) .
10. f(_Zx)’dx sfx dx s\—2 +C 16x3+c
dy _ dr _ ' d_ an
11. A ki 12, -7 13. dx x?
Check: %[P+C]=3r’ Check: ;9[11'6+C]=1r g
e L2 + ]« 1
: dx| 5
; _1,:
14'512=3x_4 15.I&3+-2)dx—zx +2%+C
dx
)’=—x'3+C=—j3l+C ‘ Check:d%(i—x“+2x+c)=x3+2

Check: %[—x":" +C] =314

293
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16.J‘(x"' 2%+ Ndx = -2+ +C 11.J‘(x3/’+2x+1)dx=%r’f2+x3+x+c
_‘ d(2'
H — - -_— = ,2 = ,2
M'd:_za:i x’+3x+C) »—2x+3 Check.dxgx’ +x’+x+C) 2+ 2x+ 1

O (R o = R e

Check: d%(%zaﬂ+xlﬂ+c)=xm+§x-'ﬁ=,/§+—

25
ik 3 4
19. |35%dx= x”’dx=§§+c=§x5ﬂ+c 20. [(4 +1)de= GF+ Ddr =M+ x+ C
Chuk-i(s /=+c)=x=f==VF Check-i(47/4+x+c)=x3/4+1=,/F+1
I F T
21 —1-4x=fx'-=dx="—-z+c=—L+c 2. | L= |xtax= —+c-—l+c
r —2 2 2 g
df 1 it 1 1
Check:d—x(——zg+c)—x, Check—( +c) .

23.J.xi+x+ldx=J.(x’_/2+x1/’+x‘1/’)dx=3x’f’+zx"/’+?xm+C=1—2511/2(3x3+5x+15)+C

Check: —(—15/’+—x’/2+2:1/3+C) 22 4 2 4 5712 = "%
X
o [2+1 _ ‘
e (1+x3ds 25 |(x+ 1)(3x~2)dx = |(32 +x— 2)dx
x~! 1 1
=x+=—+C=x-=-+C =X+ -2&+C
-1 x 2
: d 1, ol B+l , 4 1,_ = _
L'ht-ck:z(x—;+C) ]+—x5 2 Ched.z(xs+§xz 2x+C)—3x’+x 2
=+ 1)3x—2)
26, f(zﬂ;l)zm=‘j(#—4ﬁ+l)m 27. J.yz\/;dy=jy”zdy=%y7/’+c
4, 4 df2
=] —_— » =] /2=
P et C Check.dy:’y"/’+c) ¥ =Sy
df4 4
Check.a(?’—sr’+:+c)—4:‘—4r2+1
= (28 — 1P
28.f(l+3!)¢’dt=j(ﬁ+3ﬁ)dt=%l’+%ﬂ+€- z9.fa:=j1a::=::+c

Check:%(%t’+%r‘+c)=ﬁ+3t3 (1 + 398 Cheda 44z + ¢) =1
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)

30. der=3r+C 31. I(Zﬂnx+3wsx)dx=—2cosx+3sinx+C
d d , ,
Check: 3(31+C)=3 Check: E(—Zoosx+3smx+c)=2mnx+3cosx
32. J.(t’.—sinr)dt=%:3+oost+c 33. J.(l—cscroott)dt=t+cscl+c
dfl . . d
Check:-a;gﬂ+cost+c = —sgint Check: z(t+csct+c)=l-csctcotr
Mj(s=+uc=a)de=%93+mna+c 35, j(seczﬂ—sinO)d9=um6 teos0+ C
Check: ;0-503+tan9+c)—02+sec’6 Check:%(tanﬂ-l-‘cosa+c) sec? @ — sin 8
36. fsecy(tany—secy)dy=j(secytany—sec’y)dy 37 f(tan’y+1)dy=fsec’ydy=tany+c

= - + P
secy —mny+C Check: —-{:ytany+.C)=sec2y=tan’y+1
Check: %(secy—tany + C) = secytany — sec?y

= secy(fany —secy)

38, Ciid o (L)(Si“" dr= |secxtanzds = secx + C
1- sm2 cos?x cos ousx
Check: —(secx + C) = secxtanx = (:::zx = l_—su;ij:ﬁx
39, f{x) = cos x 40. f(x) = Vx
i ¥
i
M\ [} e=3
11 =y ‘//’_'
7&‘@{:\_\_.\' cul
T~ ?,-_o = i ca=2
M -2 =
Lo =2 -2
-4+
42, fix) =x 43, flx)=1- 2
f(x)=x2-—2+C f(x)=x—£+C
3
|f(x)-—§+x —

— _'fm)-—’—:+x:+3
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45,%=Zx—1.(1.1) -I{-.%=2(x—l)=2x—2,(3.2)

y=f(2;t—1)dx=x‘—x+c

1=(1P~-()+C=C=1

iy-= g:—l=—"1
47, 4y = o8 % 0, 4) 48. e pe (1,3)
'y=medx=sinx+C y='J.—x-2d;=i+c
4=5in0+C = C=4 3=%+C==-C=2
y=sinx + 4
=1
y—x+2,x>0
49. (a) ¥
'y
6+
geaer’

&\:‘i ey
w2l
hdx 7 1, 4,2) 5
22 \ “2)
y=z'-x+C > .
42
2—2'—4+C 4
. 3=-li1+c
x? 3
y==<-—x+2
4 C=1
3
Bl 1
YT TEE]
51 f10) = 2 52, f1x) = 2
@) =5 O =6
f@2=1 floy=13

f'(x)=f2dx=2x+C,

@ =4+C=5=C =1
fR=2x+1

f(x)=f(2x+l)dx -2 +x+C,

f'(a:)=fx’dx=%f+c1
fO=0+C=6=C=6

ry =3 +s

fA=6+C,=10=C,=4 1
fR=2+x+4 f0)=0+0+C,=3=C,

f(x)=T]5x‘+6x+3

. _.y=_.'[2(x—1)dx=x’—2x+c

2=(32-2(3)+C = C=-1

+1,3)

3

flx) - J.(%x’+6)¢.lx=lzx‘+ﬁx+ C,
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53, fx) = x~32
fi@d)y=2
fO)=0

f"(x)=jx"/’dx=—2x"/’+cl=— 2
F@=-2+C =203
- _2

flx) = I(—z:rlﬂ +3)dr= 42 + 3x + C,

fO=0+0+C,=0=C;=0
f) = —4x2 + 3x = —4/x + 3

55. (a) i) = j(l.Sr +5)dt=075¢+ 5t + C

MO)=0+0+C=12=C=12
h(d) = 0752 + 5t + 12
) 6} = 0.75(6)> + 5(6) + 12 = 69 cm

57. a() = —32 fi/sec?
V() = f—SZdt = -32t + C,

wW0) = 60 = C,
V() = —32t + 60

s() = j(—32:+ 60) dr = — 168 + 60t + C,

0 =0=C,
s() = — 162 + 60¢
The ball reaches its maximum height when
) =0: 32t +60=0
32t = 60
15.

t="—"

,(1_85) - -15(1--85—)2 ¥ so(%) = 56.26 feet

s+
&

84, f"(x) = sinx
FlO)=1
f0)=6

Six) =jsinxdx= ~-cos x + C,

fx) = —cosx +2

f&)=j(—msx+2)dx= —sinx + 2+ C,

fO=0+0+C,=6=C,=6
f) = —sinx +2c+ 6

ss.%=kﬁ.os:sm

m¢)=fhlnd;=§mn+c
P(0) =0 + C = 500 = C =500

P(1)=%k+500=600=>k=150

P() = §(1so):=f= + 500 = 100672 + 500

P(7) = 100(7)*2 + 500 = 2352 bacteria

58. 1) = alt) = —32 ft/sec?
1) = Vo
f0) =5

FO=v)= f—BZd: =-32+C

FO=0+C=vy = C =y

Fly =5 = I(-—sz: +vdt=—162 + vt + C,

f(0)=!0+0+C2=S°=>C2=30
fi) =162 + vy + 5
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£9, From Exercise 58, we have:
s(e) = — 162 + vyt

s = —32t+v0—0when:-——nmemreachmax1mmnhmght.

32

;(;’—g) - —16(;—;) + vo(n) 550

@ = 35,200
vo = 187,617 fi/sec

60, vy = 16 ft/sec
=641t
() siy= 162+ 161+ 64 =0
—16(f —¢t—4) =

it=

1% /17
2

Choosing the positive value,

= -1--'--2— Al == 2.562 seconds.

61. qff) = —9.8
VD) = f—9.8¢ = —9.8 + C
W0) = vy = C, => V() = —9.8¢ + v,
10 = f (—9.8t + v dt = —498 + v¢ + C,

f(O) =) So = Cz = f(‘) = —4.9!2 + Vo’ + Cz

63. From Exercise 61, f{f) = —4.97 + 10
v(f) = —9.8¢ + 10 = ¢ (Maximum height when v=0.)
9.8t = 10
10

= —

9.8

f(g%) ~5.1m

®) W) = ) = —32¢ + 16
(1 e ‘/_) 32(] +2‘/ﬁ) +16

= —16+/17 ~ —65.970 ft/sec

62. From Exercise 61, f() = —4.9¢ + 1600. (Using the
canyon floor as position .)

flH=0=—492 + 1600
4.9 = 1600

1600
= oem— e e

29 326,53 == 18.1 sec

64. From Exercise 61, f{) = —492 + vt If
£ = 200 = —49° + vy,
then
W)= =98t +v,=0
for this ¢ value. Hence, t = v,/9.8 and we solve

_49(93) +v,,(;‘;) 200

—4.9 v
(.87

—49v2 + 9.8 v? = (9.8)2200
4.9 vg? = (9.8)* 200
Vp? = 3920 => v, = §2.61 m/sec.

v.2
98_200
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6. a=-15§
vy = j— 1.6 dt = —1.6¢ + v, = — 1.6, since the stone was dropped, v, = 0,

s = f(— 16:)dr = —0.8% + 5,
5(20) =0 = —0.8(20)2 + s, = 0

5o = 320
Thus, the height of the cliff is 320 meters.
v =-16t
¥(20) = —32 m/sec
66.J.vdv=—GM Jl',dy 67.x(0 =8 —6£+91—2 0<rgs
@ v =x()=32-12t+9
lp-GM, ¢
2 =32 -4+3)=30¢—1)(—3)
Wheny = R, v = v, a) =v() =6t~ 12 =6(t— 2)
%Vo’=ciTM+C () v(®) > OwhenO <t < lor3 <t < 5.
L, GM (c) a(t) = 6(t -~ 2) =0 when ¢ = 2,
C=3%""% w2) = 3(1)(~1) = -3
1, GM 1, GM
E,,z_ y T TR
2= 2GM o 2GM
¥y R
1 1
=iz N
Vo= gy +26M(y R)
68 x() = (¢t — 1)t — 3 0<ts5 -
=P-72+15-9

(@ V) =x{) =30 — 14+ 15= (3t — 5)(t — 3)
ald=vi)=6:— 14

(b)v(l)>0when0<t<%and3<r<5.

]

(©) at) = 6t — 14 = Owhen¢ =
A5)-66)-5)G-3)

69. v(r)=%=r'1/2 t>0

-+

W

.t(t)=fv(¢)dt=2t'/’+c

M)=4=21)+C=C=2
) =212+2

) = i) = —3r* =
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70. (@) alf) = cost

L OES f(t)dt= J.cosrd: = sint + C, = sint (since v, = 0)

= J'v(:)dr = J-sin;‘dt =—cost+ C,

fi)=—cost+ 4
® vie) =0=sintfort=kmk=0,1,2,

1000 _ 250 250

71. (8 v{0) = 25km/hr = 25 « 3600 — 36 =—m/sec ) si)= a + T (s(0) = 0)
y(13) = 80 km/hr = 80 - ;g 8;:’ m/sec «(13) = :;i (12)2 13) ~ 189,58 m

a(t) = a (constant acceleration)

v(t)=at+C
_ 250
v(o)— => v(t) = at + =— 36
800 250
V(IS)— 36 = 13q +—3"é—
550
i— 13a
_ 550 _ 275 .
=268 234 = LTS m/fsec
T v(0) = 45 mph = 66 ft/sec (a) —16.5: + 66 = 44
30 mph = 44 ft/sec ‘=_126v2_5~1333
15 mph = 22 fit/sec
22
ai) = —a (165) 73.33 ft
B S (®) —16.5: + 66 = 22
a
s() = -EF+ 661 (Let 5(0) = 0.) ‘=1_14;§_ 2 667
v(f) = 0 after car moves 132 ft. m
s(ﬁ's-) = 117,33 ft
—at + 66 = O whent = — i
. (c)
e e P
2)="2\a) TG ! sy
- §F Ae
33 —_———
= 132 when a =E- = 16.5. il [ 152
73 LB
for  feet
alf) = —16.5
() = —16.5¢ + 66 It takes 1.333 seconds to reduce the speed from 45 mph to
L) et 30 mph, 1.333 seconds to reduce the speed from 30 mph
s(f) = —8.25¢2 + 66 to 15 mph, and 1.333 seconds to reduce the speed from

15 mph to 0 mph. Each time, less distance is needed to
reach the next speed reduction.
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73. Truck: v(s) = 30 74. No, car 2 will be ahead of car 1. If v, () and v,{s) are the
s{6) = 30¢ (Let s(0) = 0) respes ve velocies, fen
Automobile: a{f) = 6 f {va(8)] dr > f [v, ()] dt.
0 0

v(e) = 62 (Let v(0) = 0.)
5() = 37 (Let 5(0) = 0))
At the point where the automobile overtakes the truck:
30t = 3P
0=132-130:
0 = 31(t — 10) when ¢ = 10 sec.
(a) s(10) = 3(10)2 = 3001t
(b) »(10) = 6(10) = 60 ft/sec ~ 41 mph

78 ad) =k
() =kt

) = gsz since v(0) = s(0) = 0.

At the time of lift-off, kr = 160 and (k/2)@ = 0.7. Since (k/2) = 0.7,

14
k

/14 1.4
v( T)—k‘/%=150

1602
Ldk= 160> = k 14

=~ 18,285,714 mi/hr?
~ 745 ft/sec.

t=

76. Let the aircrafts be located 10 and 17 miles awhyfrmntheairport. as indicated in the figure.

'PA(I) =k, t — 150 vg = ksf — 250 Alrport  w—4 —p

0 10 17

sall) = 24, £ = 150t + 10 fa = gk B = 250 + 17

(2) When aircraft A lands at time 2, you have

valty) = ky 84 — 150 = —100 = k, =-':_f

Sﬂ(tﬂ) l= %kd & - ].SO'A + 10 = 0

1/50 .
2 h):}, 150, = - 10
125¢, = 10
10
47125
50 _ 4of125)

—CONTINUED—
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76. —CONTINUED—

Similarly, when aircraft B lands at time ¢, you have

Valty) = kytg — 250 = =115 = ky = —
‘B

135

splts) = %k,:g — 2506, + 17=10

1135 e
5( ™ )t§ 2501, = —17

365

2=l
fo=t
27 265"
135 _ (365 _ 49,275
by = -135(34) T
®) = ©) d = s{8) — 5,(9) =
Yes, d < 3 for t > 0.0505.
° a1 nl-:‘
Q
25 ac _x
, —= -1 =
77 i 2x 2 78. e 10+10 ]
c(0) = 50 C(0) = 2300
=x1—-1%+C
¢t Clx) = j (316“”" + 10)4:
cy=0+C=50 = C=350
Cost: =2 — 12x + 50 =2 5
C(x) e . 1+ C
Average cost: Clx) ==~ =x - 12+ = C0)=0+0+C=2300 = C=2300
2
. =25
Cost: C(x) E"j + 10x + 2300
: _CB_2 2300
Average cost: C(x) =gt 10+=
dR dR _ 100 — 6x —
?U.I—IOD—S.: Bo.dx—lm 6x — 2x2
R 100::—2 +C R=100x-—313—§~x’+c
(C = 0; if no units are sold, no revenue is generated.) (C = 0; if no units are sold, no revemue is generated.)
R\wenuua:R=100::—%1:2 Revenue:R=100x—3f—§x3
5 2
R=xp =100 —3* R=ap =100 - 3z — 3

Demand:p=100-%x

Dermn'n’.l:p=100—31|c—§.tz

a1
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81. True 82. True 83. True 84, True

85. f{0) = —4. Graph of " is given,
@ f(4)=-10 (f) fis a minimum atx = 3,
(b) No. The slopes ofthetangem].inesaregreata_ﬂmnz

®
on [0, 2], Therefore, f must increase more than 4 units GI
on [0, 4]. o
(c) No,f(5) < f(4) because fis decreasing on [4, 5], 2 4
(d) fis an maximum at x = 3.5 because f'(3.5) = 0 and  NE ¥ S 10 T
the first derivative test,

(e) fis concave upward when f” is increasing on (~ oo, 1) -
and (5, o). fis concave downward on (1, 5). Points
of inflectionat x = 1, 5.

86. Since f*is negative on (—co, 0), f* is decreasing on (~ oo, 0). Since f"is positive on (0, oo}, f* is increasing on (0, oo). f* has a
relative minimum at (0, 0). Since f”is positive on (— oo, co), fis increasing on {— oo, o).

87. Let d be the distance traversed and a be the uniform 88 2P + [e(H] = 25 T0) + 2el)c’e)
acceleration. Furthermore, note that v(0) = 0 end let
5(0) = 0. = 2s(x)c(x) — 2c(x)s(x)
alt) = a =0
V() = at Thus,
« =a_;_=,,w.,,n,=\/g [P + [WP = &

for some constant . Since,
s{0) =0ande{0) =1,k =1,
v( %—") =a ";—d = 2ad Therefore,
[sCOP + [c()]? = 1.

The highest speed is

and the mean speed is
[Note that.s(x) = sin x and c(x) = cos x satisfy these
/2ad 7
2= % properties.]

The time necessary to traverse the distance at the mean
speed must satisfy the equation

\/ﬂ_‘!,=d°“= \/2
2 a

This is the same time traversed under uniform acceleration.
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Section 4.2 Area

3 3 3
LY@+ 1)=28i+31=20+2+3+4+5)+5=35
PACRRY Qi+ A=A )

(k+ 1)k = 3) = (3)(=1) + (4)(O) + ()1 + (6)(2) =

4 1 .. 1.1.1,1 158
LI N o Sk e R A T T A T
$1.1.1.1_47
4 —_——=-— —_—t -——=
27"3747 5 w0

o

El[(' -1+ (i+1

s
¥ [

&1

1. 'Zl 30
w3 E n b

15. 22: 22 [20(21)]

17. gﬁ - .1)2 =(?1

- 222969 - o4

19, ‘Elr(:—l)z—2‘3 2'2‘:1+2

15(16)

_ 185161 _ 15(16)31) |
4 7 6 2

= 14,400 — 2,480 + 120

= 12,040

21. sumseq(x[%]2 + 3,x,1,20,1) = 2930 (71-82)
F‘l(, +3)= 20(20 + 1](2(20) + 1) + 3(20)

_ @1(2:)& + 60 = 2930

4
5.;c=c+c+c+c=4c

Y] = (0 +8) + (1 +27) + (4 + 64) + (9 + 125) = 238

9. g[z(%) +3]
agfed] g

16. i(z.- —3)= Zgi — 3(15)
- z[ﬂl-@] — 45 =195

2

10 10 10
18. g“(;ﬂ— 1) = EF— le

- [1—0(1?(21)] ~10=375

10 10 10
mg‘limﬂ)=21p+2ii
_ 102(411)2 s [10(211)] .

22. sum seq(x[¥] 3 — 2x,x, 1,15, 1) = 14,160 (77-82)

2(4 21) = (15)2(1s+1= 15(152+1_)

- % — 15(16) = 14,160



Section 4.2  Area 305

. (gl + 32+ 0] - [14 1+ ] 3 %.lifg(%*riniz)%

2. i (PP = o [ 20 ] 82
e e

7 [ fum [T - Booms g (AP0 Ly ]

i 40)- s 54 2m M) (53] e 1n(s-2) -

o 300 e e ) o)

31 lim Xi—(. 1) = lim _21'2 im 3 1[(n — -l)(n6:(2u— 1]]

- lim E[Zn’ :;:2 +n ] _ ..-1523[ é(z — (3/u;i + (lln’_b)] - %
32 lim _ (1 + %)2(3) - lim 3}2(:; + 22

n
= lim ;[lznz + 4::’211 + 4;:’]
= Im -[u’ + (4")("(" + 1)) + Yn)n + ;)(2" + 1)]

- 4 2 2
—211m[1+2+ + += +3n’]

4 26
=o1+2+%)-%

2o 3000 -2 g bt o e ]

34, Iim (1 +i‘)( ) 2lim —'El(n+2;)3

R

= 2.11.2?'2'(113 + 6n% + 12ni2 + 813)

s ot e ) )

=2 lim (1+3+§+4+9+%+2+1+%)
n n n

=2]im(10+13+4) 20
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36 s(s)=( %+1)%+(\/;+1)%+(\/%+1)i+(.ﬂ+1)%
+(\/§+1)i+(\/§+1 i+ \/g+1)‘1—1+(\/§+1)%
=%(s+l+ﬁ+£+1+‘/§+£+-—7+ﬁ)~4038

.59 =1(5) + 75ls) * 7ds) * o) *oTRs) " 6T+ o0
)= 573 %) *375 ';") +t?:;s %) +9L/5(%)+%(%)=%+%+%+%+11_o"°-5“
.59 =1(2)+ /1- () + V-0« V-G« V- @)
=l[1 5 ‘/52_4+‘/52_1+ ‘/51_6+£-]~0.859
0 VG o - Vi e
b (LU ©@x |5 |10 s0 | 100 |

@ | 16 | 18 | 196 | 198 |

:l// S | 24 | 22 | 204 i.oz__i
- ® ym 3[6-v(3)J¢) - hm g -

Fl
© a0 ' - tip 2B -]
R e[ s
0< 1(%) < 2(%) <--<n— 1)(%) < n(%) =2 b & [:(3)](3) . iz o
(6) Since y = xis incrcasing, f(m) = £(x_,) on [x,-1, 5} LG Uas "j"" "4’ T
o) = ‘21 Flr,_ ) Ax e (?)_2_

- 35230 - 3o (3 gl

@) f) = flx) on [xi_— p )

o) - $seas- $r(2R = 21 ()]2)
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40. (@) (b)Ax=3;l=
3

n
/ Endpoints:
al
24 / 1<1+2c1+d a1+

d n n n
1 i,
3 . 1<1+1(3)<1+2(2)<---<1+(n—1)(-2-)<1+n(2)
2 i n n n "

(c) Since y = x is increasing, f(m)) = f(x,_) on [x_,, x].
stn) = 3. o-.) A
=5+ - o315 - B+ ()1
@) (M) = f(x) on [x,_, x] |
s= gronc= 01 210 - 81+ €

x s | 10 50 100
s(n) | 3.6 | 38 | 396 | 3.98
Sn) | 44 | 42 | 404 | 402

0 s 81+ 0- o3 (O 32

RS

O]

4L y=—2c+30n[0,1]. (Note:Ax = 1—;—0 5 l)

s = 3A8)G) = B2 +5](3)

_3_—El -3— 2(n+l)n g 1

Area = llm sn) =2

42.y=3%—4on[25] (Note Ax'=-5-—2-—-3-)
w9
- g

—6+27—+1L) 2(1+ )

|.....u.u5|=
—F 1

v = 1 o) = 6.+ 2L 2 2
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4. y=2+20[01} (Note:Ax=%)

o-g00-1
=[;15§‘1i2]+2=5£'£-1&)f§"(—+ﬁ+2=%(2+%+;15)+2

Area = lim S(n) =%
=400 3

4. y=1-22om[-1,1] Find area of region over the interval [0, 1]. (Note:Ax=%)

=306 - 31 - GG

=1_..1_32i2=1_"("_+2;§3&+_1)=1_%(2+%+l)

1 1 2
EAren hms(n) 1—3=3
4
Area 3
45. y =27 - xon[1,3]) (Note Ax=¥—%)

=31+ 20 - 8- (1+218) -3 s- 5 - 5)
_[ _(u(n+ 11) F(n(n+1)(zu+1)) %( nn + 1)2)]

Area=nll|£.r(n) =34

46. y =2x — on[0,1]. (Note Ax=1_u£_%)

L
‘Since y both increases and decreases on [0, 1], 7(r) is neither an upper nor lower sum. “l

= 383 - 5[ - &)

=%ﬁ. %g _nif_ll _[n’(n+12’.]
1
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4. y=2*—x*on[-1,1] (Note:Ax=1——-n(—_-l—)=%)

w31+ 331052 ~
$ll-58)- (s

= 3o 100, 167 BE)(2) A&, 208 323, 164,
_2“[2 TR n’](n)_n,zll n’_l+n3_' u‘.g'
_4
_;{)

20 nn+1) 32 ap+D2n+1) 16 n¥n+ 1)2
n— - et BT

n” 2

6 nt 4
=4—1o(1+1)+E(2+§+lz)—4(1+5+l)
n 3 n n n n?
Area = lim T(n) =4 — 10 + 22— 4 = 2 o
Adoc . 3 3

48. y=x2—xon[-1,0] (Note:Ax=o—_n(._—l+l=%)

0= 3 )= 3l(-+ - (o1 l

5 5 4.2 2 1 1
BRI PR = b dal il
. mp_3,4_1_1
Area = Hm s} =2-5+3-3=15
49. f(y) = 3y on [0, 2], (Note: Ay=2—;q=§)

o e 213 -3

=:‘_f:i=(i_3).n(n;- 1) =6(1*;':- 1)=6+§
s = lin 51) = Jim (6 + £) =6
50. 7(y) = y* on [0, 3] (Note: Ay = 3—;—0 = %) v
S(n) ‘—'Z'f(%)(%) = ‘g (%)2(%) =-%Z— gi’ : "9,3)
_27 nn+)2n+1)_9 §;.=+éu+1) 27,9 ° ,
m 6 R\ 2

2" 2

=04+ =4 = ¥ m— ==X
il T
Area=1ij(n)=lim(9+2—7+i)=9 -
n—boc L -]
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5L f)=x+30sx<2n=4

mc,=§'_+;‘_'l_
1 1 3 5. _1
A=ga=gpa=pa=pasy

Arca ~ Zlf(c,) Ax= Z[c,i - 3](%)

-6 +3) +(ig+3)* +(f5+3)+ 2|5

&
8

ss.f(x)=mx,osxs'f,n=4

X+ x_
Letc, = =—+L
3w _Sm  _Iw
Lo 16""' 32' Q=3B T 4T

Arca ~ ﬁf(c,) Ax = i&("“ c,)(f';)

—(tan + tan—+ 2 tan7") ~ 0345

5. fx)=x2+dr,0<x<4n=4

X+ x_

Lete, = ——F— 2 L
1 3 _5 7
Ax=1,c1=5,c,=i,c3=-2-,c4=i-

Arca ~ ;:;f(c.-) Ax = ;[c, + 4c(1)

3)] =[(i+2)+(%+6)+(27f-+10) (‘f+14)]

= 53

s4.f(x)=sinx,osx512-’,n=4

l.ﬁt c’=%x.ﬂ.
_wT _m . _3n S5 ks
A=ga=19%2 165" 164" 16
n 4 i T
Avea = 5. (6) 8x = 3(sn (Z)

32 32
55. f(x) = Vxon[0, 4]
i 4 8 12 16 | 20 '
Approximate area | 5.3838 | 53523 | 53439 | 53403 | 53384 |
(Bixact value is 16/3)
56. f(x) == —on[26)
) x2+1 el
" 4 8 12 16 20
Approximate area | 2.3397 | 23755 | 2.3824 | 2.3848 | 2.3860 |
87, £(2) = o ) a1, 3}
[ | 4 s | 12 6 | 2
| Approximate area | 2.2223 | 2.2387 | 22418 | 2.2430 [ 2.2435
88. f(x) = cos-/x on[0,2].
I'a 4 8 12 16 20
Approximate area | 11041 | 1.1053 | 1.1055 | 1,1056 | 1.1056
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59. ()

8
§ T E
] _|:-|

L
’ T

= I .

b v 2 3 s
Lower sum; Upper sum:
s(4)=0+4+5%+6=15§=5f~15.333 s(4)=4+5§+5+5§=21%=313§..21,733

(@) In each case, Ax = 4/n. The lower sum uses left
endpoints, (i — 1)(4/n): The upper sum uses right
endpc:inta. ()(4/n). The Midpoint Rule uses midpoints,

i — 3)(4/n).

Midpoint Rule:
M@4)=2% + 43 + 53 + 6§ = 42 ~ 19.403

© ] 8 20 | 100 200
sih) 15333 | 17368 | 18450 | 18.995 | 19.06
St) |21.733 | 20568 | 19739 | 19.251 | 19.188
Mr) [19403 | 19201 | 19.137 | 19.125 | 19.125

{f) s(n) increases because the lower sum approaches the exact value as increases. $(n) decreases because the upper sum
approaches the exact value as n increases, Because of the shape of the graph, the lower sum is always smaller than the
exact value, whereas the upper sum is always larger.

60. fX) =¥x0< x< 8

n 10 | 20 50 100 200

s(n) | 10998 | 11519 | 11.816 | 11910 | 11.956

St) | 12598 | 12319 | 12136 | 12.070 | 12.036
M(n) | 12040 | 12016 | 12005 | 12002 | 12.001

(Note: exact answer is 12.)

62.

- X

i

b. A = § square units a A = 3 square units

63. True, (Theorem 4.2 (2)) 64. True. (Theorem 4.3)
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6. 1) = snx[0,3]

Let A, = area bounded by f(x) = sin x, the x-axis, x = 0 and x = m/2. Let A, = area of the
rectangle bounded by y = 1,y = 0,x = 0, and x = #/2. Thus, A, = {m/2){(1) =~ 1.570796.
In this program, the computer is generating N, pairs of random points in the rectangle whose
area is represented by A,. It is keeping track of how many of these points, N, lie in the region
whoseawnisrepresentedbyAl.Sinoethepointsaremndonﬂygewawd,weanumethat

A N,

s My
A N ATN

The larger N, is the better the approximation to A,.

66. (a) 9=EHE
e

r

h=rsinf

Ry

Let x = 29r/n. As n— 00, x—0.

tm 4, = lim r3(22) = mo3(1) =

A—hoE

67. Suppose there are n rows in the figure. The stars on the left total 1 + 2 + - -~ + n, as do the stars on the right. There are
n{n + 1) stars in total, hence

d1+2+ +n]l=nln+1)
1424 +n=3mk+ 1)

68 @ ([+1P-B=@E+32+3+1)—P=3%+3i+1
®) ﬁl(ai=+3i+ 1)=ﬁ:‘[(;'+ 1)? — 7]

=P -1+ P -+ @ -+ -+ @ —m-1))+(n+1) - nd)
=—-1+(@m+1)p

© g(suﬂ +3+1) = 32# * 32:' + 21
~1+m+1P= 3;"‘,‘11 + 1"("2"ﬂ+ n

n3+3nz+3n=32i2+%n2+%n

n® + (3/2im + (1/2)n _ ;"“l'.,
3

2 + :nz +tn_ ‘2"2
it at 1) S
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Riemann Sums and Definite Integrals

313

69. (a) y = (—4.09 x 10~5)x* + 0.01622 — 2.67x + 452.9 ®)

(¢} Using the integration capability of a graphing utility,

you obtain
A =~ 76,897.5 fi2.
Section 4.3 Riemann Sums and Definite Integral
5 2
l.dex 2.f(4—2:)dx
0 0
2 2
4.fx=dx s.f(4-x=)dx
0 -2
T w/4 2
7.fmx¢ S-J; (s 9. fy’dy
0 . L]
11. Rectangle 12. Rectangle
A = bh = 3(4) A = bk = 2(d)(a)
3 'a
A=f4dx=1z A=f4dx=sa
] -
{ ¥
1 r 3
M E : +"" %
- 4; —— i '!'.:F' iigmmanlle
i ! P S
+ | —x A I G
! L3 —:——-—t —
14. Triangle 15. Trapezoid
1 1 b +b 5+9
A = Jbh = 5(4)(2) A= -‘T%h = (—2——)2
4x 2
A=fidx=4 A=f(2x+5)dx=14
0 11}
¥ ¥
2

]
4
3 J:‘(4 = |xP dx

1 1.

6. T dx
2
10. f(y — 28dy
0
13, Triangle

1 i
A= 25h = 24)(8)

16. Triangle
1, 1
A = 3bh = (5)(5)

3 .
A=f(5-—x)dx=gs—
o 2
y

b

- 8w
t * 7
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17. Triangle ] 18. Triangle .
'
_L, 1 . _1. 1
6= 2bh _ 5(2)(1) & &= Ebh E(za)a . Traaingle
1 i i i
A= 1 - dx=1 : x A= - dx = a? = x
L( )] A oy _a(a =) / \
)
19. Semicircle y 20. Semicircle

_1 z=1 vl
A =gmr? = ni3)

3 i
A=J.\/9—13dx=9Tw 37 = e e
-3

5
21. (2) J:f(x)dx= J;f(x)dx+ J:f(x)dx= 10+3=13
(1] -]
® Lf(x)dx= —J;f(x)dx= _10
-]
© J;f(x)dx=0

5 L]
@ J' 30 de = 3 f £ dx = 3(10) = 30

'S ]
2. @ [Lra + gl as = ff(x) dx+ Lg(x) dx

=10+ (-2)=8
6
® f (509 - fl s = fg(x)dz— f "fle) i
=—2-10=-12

]
© Ezg(x)dx -2 j o) dx = 2(~2) = —4

] ] :
) [ 3 dx = 3 f £0) dx = 3(10) = 30

25. y = 6.on[4,10] (Note:A:uc=loT_i 8

= -

r 1 'I i =
A= f SRl = L 63 -
-r

-ra

6 3

3 6 \
® Lf(x)dx= —Lf(x)dx= ~(-1)=1

3
() .L_f(x)dx=0

]
@ J:—Sf(z)dx= —st(x)dx= 51 =5

2. @ fg(x)dx=f_'f(x)d¥—ﬁ}(xm=o—s=—s
® [ [rorde=s5-t-9=10
1 1
© f_lvh) dr =3 f Fahds =30 = 0

1 0 1 -
@ _L3f(x)dx=3_’;f(x)dx=3(5)=15

= 1|A||—)0asn—)oo)

S e+ 900 340 -5

I 6dx = lim 36 = 36
4 GRES
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26. y=xon[-2,3) (Note Ax = 3—(2) = ||A||—>0asn-—>co)

Sresn=gr(-2+3)0) - B2+ () - -0+ B3

g nin + 1) 25( 1)\ _5 .25
1o+( )——2 —10+ {1+ )'2"'2:;

[re=m(+5)-3
27, y = on[-1,1] (Note-Ax=1—'—('—ll=3||A||->0asn—>oo)
Sr@mn = 3s(-1+ 2)0) = 51+ 21(0) - B[+ 251D
mrebi R gy
—-2+6(1+) (2+ + ) 4(1+ + )

! 2
FPde=1lm==0
=} n=>ee N

2. y=an[0,1] (Note ar=120.1 ||A||—>0asn—>ao)

Sreren=30)() = B 0) - 8- [P ] - Hu v 24 )

J-f‘dx——hm(1+2+ 1)
o 4 n n?

1
4

2. y=x+10n[l,2]) (Note A.t—z—"-l—l |[A||—)0asn—>ao)

S = Sous 8= B[(+ 2 +1](3) = 31+ 2+ En])

=2+ ;:;+—,2“;‘2;2+(1+;) %(2+%+ 1)_1:+23"+$

10,3, 1\_10
J.(x’+1)dx Jlim (3+ +E=') 5

30. y = 42 on[1,2) (Note Ax-in—l—l ]|A||—>0asn—>oo)

@ an=5r(1+2)() = 3[4 +3)16) - B[+ 2+ 5)E)
_4[1+ ?’.'J'_Fﬁ] [ (zz)u(nz-l-l) (:3),.(”1)‘52”“]
(e oo e D]-oie 24+ )

3.1\_28
fwdx 41"“(+zn+5n=) ;
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” 5 n 4
3L Jim, (3 + 10) Az, = j_l(h + 10) dx 32. Jim 364 - o) Az = J;6x(4 — Pdx
on the interval [—1, 5]. on the interval [0, 4}
R 3 . &f3 *3
SS.MBEch’+4Ax,—J;Jx‘+4dx 3. lim 2 (C—F-)Ax,—J;;dx
on the interval [0, 3] on the interval [1, 3].
3
35s. J' x/3 — xdx
0
m | 4 8 | 12 | 16 20

L(x) | 3.6830 | 3.9956 | 4.0707 | 4.1016 | 4.1177
M(n) | 43082 | 4207 | 41838 | 4.1740 | 4.1690
Rln) | 3.6830 | 3.9956 | 40707 | 4.1016 | 41177

s
36. J; rut

'm [ 4 | 8 12 [ 16 20

| L(n) | 7.9224 | 7.0855 | 6.8062 | 6.6662 | 6.5822
"M(n) | 62485 | 62470 | 7.2460 | 6.2457 | 6.2455
Rn) | 45474 | 53980 | 56812 | 58225 | 59072

w/2
37. f sin® x dx
o

n | 4 8 | 12 | 16 20
L(x) | 0.5890 | 0.6872 | 0.7199 | 0.7363 | 0.7461 |
M(r) | 07854 | 07854 | 07854 | 0.7854 | 0.7854
Rin) [ 09817 | 08836 | 08508 | 0.8345 | 0.8247

3
38, J. sinx dx
o

n 4 8 12 16 20
L) | 2.8186 | 2.9985 | 3.0434 | 3.0631 | 3.0740

M | 31788 | 31277 | 3.08s | 31152 | 3.1138
"R | 31361 | 31573 | 3.1493 | 31425 | 31375

39, The left endpoint approximation will be greater than the 40. The right endpoint approximation will be less than the
actual area: > actual arca: <

41. Because the curve is concave upward, the midpoint 42, The average of Bxercise 39 and Exercise 40 consists of a
approximation will be less than the actual area: < trapezoidal approximation, and is greater than the exact

area: >
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43. (a) Quarter circle below x-axis: —§mr? = —d#(2)2 = —¢r
(b) Teangle: 36k = }(4)(2) = 4
(c) Triangle + Semicircle below x-axis: —1(2X1) — $#(2)? = —(1 + 2®)
(d) Sum of parts (b) and (c): 4 — (1 + 27) = 3 — 27
(e} Sum of absclute values of (byand (c: 4 + (1 + 2m) =5 + 27
(D Answer to (d) plus 2(10) = 20: (3 — 2a) + 20 = 23 — 2

5 5 5 3 5
44. (a) I[f(x)+2]dx=ff(x)dx+jde=4+10=14 (b)ff(x+2)dx=jf(x)dx=4 (Letu = x + 2.)
0 0 0 -2 1]

5 5 3
© [ =2[ fde =20 =8  even @ [fa=0 (os)
45, ) 46. ¥
T ] |
2 [ ) e 7
o 114 l| i
a. A = 5 square units b.AH%uquareunits
47. True 48, False 49, True
1 1 1
J;x\/;dx#.(.’;xdx)(‘,; «/.;a'x)
50. True 51. False 52. False
J.z(— Ydx = —2 r de=6
o RS —zx -

53. f(x) = 22 + 3x, [0, 8]
x=0x=1lx,=3x="7x=8
Ar, =1, A%, =2,Ax; = 4,Ax, =1
a=le=2e¢="5c¢c=8
316D Ax = £(1) An, + £02) r, + £05) A, + 18) b
= (4)(1) + (10)(2) + (40)(4) + (88)(1) = 272
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54, £(x) = sin’x, [0, 277]
xn=0.x1 4gx1 3,13 mXy = 27

T T 27
AII=I’Ax2=1—2.Axg=-3—,Ax4=ﬂ-

T _@® _2m 3w
cl=E.cz——3',r:3—T,c4—-2—

St = {5)n +(5) 5 #4(5) 5 )
- (@)« (2)E)+ () + ¢t = -ore

55, f(0) = Vo y=0,x=0,x=2,¢;= 2'

2:'" 2(: - 1)2 2(2: - 1)

Ax =
Jlim gf(c,.) Ax, = lm Z, \/:[ﬂm i)
- Iim _,2.(2’2
- lim 2f~2(r.=m + tan + 1)) _sat 1)]
I

i3
ss.f(x) =‘/';iy= O’x= ng= lycl=#

_:'3 (;'—1)3 3;2—3;+1

312—3:+1

Tim ;lf(c,)Ax = lim ;‘\s/:—g

.1 3 _ g2 4
ullﬂ — ;(31 32+ 4)

lim l[3(u2(n ;— 1):) _ S(um + 1)6(_2n + 1_)) N ,,(,._;-1)]

Il

= lim [3n‘+6n3+3n‘_2u3+3n2+n+n2+n]
- n—oo ﬂ" 4 2 2
. 3n4 n? 3.1 173_3
= ..11.’1 e 4] =2 [4 = 4n=] 3
57, fl) = _ 1, xis rational
58. f®) = o, - xis imational
is. not il?teg_rable on the interval [3,5] and fhas a is not integrable on the interval [0, 1], As |A] =0,
- discontinuity at x = 4. flc) = 1 orf(c) = 0 in each subinterval since there

are an infinite number of both rational and irrational
numbers in any interval, no matter how small.
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59. f(x) = |x|/x is integrable on [— 1, 1], but is not contin- 60. To find J3 [x] dx, use a geometric approach.
vous on [—1, 1]. There is discontinuity at x = 0. To see
that !
&
1 3
2]
J:l x 3 i !
is integrable, sketch a graph of the region bounded by ! | -

SF(x) = |x|/x and the x-axis for —1 £ x £ 1. You see that

|

P

< ¢ = X
‘1:3

the integral equals 0. - 3
f Thus,
24
Lijp— rﬂx]dx=1(2—l)=l.
% 0

=24

N R 27—y L, 02+ 1in+1)
61.}1&;[1 +224+ 30+ + p?] nlgn;ﬂ, S

243+l 1 1 1)\ 1
= hm = ‘..11.'5‘:(3"'2:;"'6"2)‘3

Letf(x) = 2%,0 < x < 1, and Ax, = 1/n. The appropriate Riemann Sum is

A R f; 21 1&.
Ef(C:)Ax;=E|(i) i) 72
62. From the graph, the area of the rectangle with width m and length b — a is m(b — @), which is ¥
less than the area given by J? f(x} dx. The area of the rectangle with width M and length b — a
is M(b — a), which greater than the area given by J7 f(x) dx. Thus, 7
3 i
m(b—a)Sff(x)dst(b—a). E
1€ /T+2< 2 onf0,1] g
1 a1 1 : E i
jdxsj\/1+x“dxsfﬁdx
o 0 o

1
1sJ'J1+x“dsti.
0

63. Since —|f(x)] < £(x) < |F()],
_flf(x)ldxs ff(x)dx < flf(x)ldx = IL}(;)#’ < £b|f(;)|dx,
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4 U 2. f(x) = cosx

Lfl) =277 ; :
T 4 , . f E J-cosxdx=0 o%m
J; T+ ldxxs positive. sk g o =
2 -2
[

3 fx)=x/22+1 i 4 flx} =x/2 ~x
jz X/ x“ + 1ldx ='0 -5 s J-'z o 2 =S nesative. =4 PLis sy
-2 -2 I o

s.lexdx=[x’]:=1—o=1 6. J:de=[3v]:=3(‘7)—3(2)-=15

Y OVNCES PR

* |3 (75 39
S.J;(—Sv+4)dv—[—2v’+4v]2—(—z+20)l—(-6+8)— =

s [p-nafoal ) (e)- -2

! _ 2 3 g 51
10.J;(3;’+x—2)dx—[x"+2 2x]n—(27+2—6)—0—?

! ! 4 1 g 1
11.J(Zt—1)’dt=[(44“—4t+1)dt=[?3—2:2+r] =——2+1==

0 o o 3 3

a [0 wasfie-3]-4-9-(-D-0

o[- a= [ ~(5-1)-3-0-3

1s. J'l'*ujﬁzdu _ L‘(um — V) gy = [%us/z - 4u|/z:|: = [%(‘/z)s _ 4JZ] _ [%_ _ 4] _ %

~Ay=3)] - =3 -0

3 3 3
1/3 4y = /3
= j—av & [Zv‘ ]—s 4
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o [0 [ -a] - ) -1+

18, .[ !.\/%dx =2 J: sx“/’dx = [Ji(z)xlﬂ]: = [2,/27:]: =8-2/2

20. J:(z__t)‘/;dt=.f(2t1/z—p3/2)d,=[g,a/z_ ]:=['I§(20 6)]2 T\é‘_(zo 1) = %—‘S/E

0 3 3., 3 3) 27
/3 - = 4/3 _ —5/3 =0—=[Z 4 =] = %L
21 L(‘l 3 — 2% dt [—:4 & ]_1 0 (4 B

zz.ﬂ‘zf"zdx 1 (;m %) d
1

1 7] -1 32 4569
= E[53.15/3 = ?m]_s = [3(24 - 15::)]_ = —53(3 )+ —0(144) =80

3 3/2 3
23.j|2x—3|dx=j (3—2x)dx+J’ (2x—3)dx(sp].itupthemtegralatthezerox'—'%)
) o 372
= e Po_f9_9 2_9 A
—[3x—x’]o +[x=—3x]m_(2 4) 0+ -9)- (4 2) 2(2 4) g

4 1 e 4 lit up the integral at the zero
24.f|xz—4x+3|d:[:=f(x_’—4x+3)dx—f(x’—4x+3)dx+j(x‘-—4x+3)dx f‘;l“g) integeal at the zeros
0 0 1 3 *

[E—a—hz+3.t]l—[£—2x2+3x]s+[£3-—2x2+3x]4
3 o 3 1 3 3

=(%—2+3)—(9—1s+9)+(%—.2+3)+(%-—32+12)—(9—1s+9)
. JEPO . NP
=3-0+3+5-0=4
[ o
28, (1+sinx)dx=[x—cosx]o=(1r+1)—(0—1)=2+1r
s )
L/ 2 ri4 ’ /4 /6 /6
"f 1-sitto J‘ d9=[a] _m 27.[ m,m:[m,,] =i5__(__~/_5)=2_~/5
cos? @ o 0 4 —af6 —ufs 3 3 3
/2 /2 _
2. | (@-csctx)di= [2x+cotx] = (7w +0) — ( 1)=3—1="r 2
/4 2 2

29, f i 4sec Otan 646 = [4 sec 9]"3 = 4(2) — 4(2) =
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30. r,:(21+ cos#) dt = [r’ + sinr]:l:,z= (,,,Tz+ 1) - (l:— 1) =2

3
31. f 10,000(t — 6) dt = 10,000[-‘;— = GI‘:L = —$135,000
o 5

2 ("2 2 ~/2 _2
32. P==| sinfdd=|-=cos8| =-H0-1)===637%
™ T 0 ™ w
_[ _[2_21_1 - e = t_8
33 A= o(x-x")dx—[ ]0—6 M.A—f_l(l .\.*)dx—[x-?’]_l—s

35, A L’(s - )/xdx =-J;’(31m ~ ) dx = [2,,;,: i %xs,,]: _ [xﬁ(m N 2:)]: 1243

5 5
™ 1P 1 1 /2 N e
36.A-'[;dx—[—;]l=—-2-+l=-2' 37.A—J; cosxa’x=[smx]n =1
I PN R LY
38. A J;(x+smx)dx—[2 cosx]n-—2+2 2
39. Sincey = 0on{0,2], 40. Since y = Con [0, 4],
2 4 4
A=j(3x=+1)dx=[z=+x]z=s+z=1o. A=I(1+~./;)dx=[x+§xm]u
0 [+]
g2y 28
—4+§(s)—3.
41. Sincey 2 O on [0, 2], 42. Sincey = Oon|[0, 3],
N 2 2P _f 3, #P 9
A-J;(;3+x)dx—[7+?1:—4+2=5. A—L(k—xz)dx—[ix"—? )
_[2_4rPP_, 842 0, [ 9P._1,9_
o. [e-2vmas=[5- 5] -2-5 w [San[-Zf =L+
floa - @ = S=542 RE= e
9
S=2
c_2ﬁ=3_1‘/_5 e
. 3 9
=2
c—2ﬁ+|=3%ﬁ+1 2
9
c=\3/:~1.6510
(Jo-1p=8 ;Ji 2
N
.[1+ 36—_4_3]’
=% 3

¢ == 04380 or ¢ = 1.7908
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/4 /4 /3 LE
45.J. 2sec’-xdx=[2tanx] =2(1)-2(-1)=4 46. oosxdx=[sinx] =3
—nf4 —w/4 -=/3 =/
ar m\] _ T_(-T)| =
f“’[?'( 4)]‘4 s@[3 - ( 3)] i
Zseczc=£ m5c=ﬂ
o 2
.. _ 4 ¢ ~ +0.5971
secie = —
w
secc=:i:%
c=:l:arcsec(i)
N
= :I:arcoos—‘gi; = +0.4817
o — z(4—x’)dx=l[4x—lx’:|z =l[(s-§)—(—s+§)]=§
T2-(-2))_, 4 3 /2 4 3 3 3
Averagevalue=§
4-st=8nensi=a-Borrc a2 iy s,
3 3 3
1 *2+1, 2 na 2 1P 23 3)_ y
"8'2-(1/2)L, = “"3],,,(”"_”“5[‘ x]uz N2 t2)=? *

Average value = 2

Inmeintervall_%.2J.fszl-=2whenx"+ 1=2Rorx=1.

49, ! J.sinxdx=[—loosx] -2
T—0f T o

) ¥
A alue = — i
verage vaiue p (o.ﬂsgo.%)
- 'V\{m.a)
sy = —
m + \ ¥
x = 0,690, 2.451 | b

2 . i
51, jf(x)dx = —(area of region 4) = —1.5
o

6 2 6
53 j [f(x)| dx = — f(x)dx+J.f(x)dx=l.5+5.0=.6.5
o . Jo 2

/2

Average value = %_ i
21
2
cosx ==
7 |
x = 0881 ‘\(“"\‘-9

(1 2
5. ff(x)dx=(areamesmnn)=Lf(x)dx—J;f(x)dx

=35-(-15) =50

4, fz—ﬂ;&)h = =2 zf(:c)d:: = -2(—1.5) =30
] 0
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55. f[z + )l dx = _[Ede ¥ .[Isf(x)dx

6
56. Average value = % Flx)dx = %(3.5) = 0.5833
1]

=12+35=155
1.
57. (a) f_f(x)dx=Sumofthearm (b) Average value = l",-'—l =5°3
1
=A A +A +A, ©)A=8+(6)(2)=20
=%(3+1)+%(1+2)+%(2+1)+(3)(1) Averagevalue=%=g—o
=8 P
‘I
1 a4 TN .
3 Ml
A4 4 4 T
ot N\ (A l i1 Bt
i (4 + ] ! I
1 i b e x
: : : : - 1 1 13 4 §5 6 17
;": 3 4 5 ¢ 2 ¥
58, P = 5(«/7 + 30)
2 P 2 | 3 4 5 6
P | 155 | 157.071 | 158.660 | 160 | 161.180 | 162.247
1 954,158
Average profit “E(ISS + 157.071 + 158.660 + 160 + 161,180 + 162.247) = —6-— == 159,026

1% _ [ f2ap )]” _, 954.061
® 5 J:u 5(v/7 + 30)dt = 6[5(?3 +30r)| ==

(¢) The definite integral yields a better approximation.

59. R = —91.1 — 6.313x + 0.035x2 + 45.794/x, 20 < x < 60
(a)

L]
© 'I%J;o R(x)ds =~ 1.80  (between 30 and 40)

60
11—0 R(x)dx =735 (between 50 and 60)
50

60. ﬁfkm’ — P dr= %[Rzr - é]: - ?"3_”2

= 159.010

® R() = —6313 + 0.07x + 22221
N
R740) ~ 0.12
R(50) = 0.43
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61 (a) F(x) = ksec?x {b) ;751—__—0L'ﬁ5008w2xdx = %[tﬁlx]:ﬁ
F(0) = k=500 1500, ~
F(x) = 500 sec? x =—"-(J§-0]
= §26.99 newtons
= 827 newtons

3 s
62. ﬁ f (0.1729s + 0.1552 — 0.03741%) dt =~ %[0.08645:" + 0.05673# — ().00935:‘]‘J = 0,5318 liter
o b

63. (2) histogram

Tt 4 5

E 8 2 i

o S 5
=

123456789

® [6+7+9+12+ 15+ 14+ 11 + 7 + 2]60 = (83)60 = 4980 customers
(c) Using a graphing utility; you obtain
N{) = —0.084175* + 0.63492¢% + 0.79052¢ + 4.10317.
@ 1
L]

© J: N() dt ~ 85.162

The cstimated nuxfaber of customers is (85.162)(60) ~ 5110.
(D) Between 3 pM. and 7 PM., the number of customers is approximately

( f TN(r) dt)(ﬁ(}) =~ (50.28)(60) = 3017.
3

Hence, 3017/240 ~ 12.6 customers per minute,

64 (2) R = 2.33* — 14.67° + 3678 + 70.67¢ © J“ R() dt = [2'353" - 14':7“ + 3";7‘3 + 70'27’2 ]‘l
[1] 0
® - ”‘V\ /I = 181.957
=1 ){ I‘ :
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65. (a) v = —8.61 x 1074 + 0.0782# — 0.208¢ + 0.0952

®»

© J"" W) de = 861 x 10744 _0.07827 _ 0.208¢

3

2

160
+ 0.0952!]0 = 2472 meters

10

66. 2) 8(0}=J:f(t)dr=0- "() 2 ‘1
£g\x, -

1.5 | 225

2.5

1
= [roa=-1 «
{(c) g bas its minimum at x = 4.
(d) The first 4 points are collinear:
(0,0),(1, =1), (2, —2),and (3, —3).
{e) Betweenx = Sandx = 6.

A (a)f(;+2)d: ["+z:]' %tuzx

b

il o
il s
|

T x
123456785910

=1+ &

24 @

-5 [ I
1 »

I |

(b)%[l?ﬁ+2x]=x+2

68.(&)J.t(t’+l)dt J(:!+:)d: [ +lt3] %x‘+%x=="f:(xﬂ+2)

2

(b) E[Ix‘+ix"]=£+x=x(xz+l)

6. (2) r%d: = [%ws]: = 3 — 16) = 30 -
]
®) i—[%x"’ - 12] =2 =¥

71. (a) sec’tdt=[mnt]’ =tanx — 1
w4 : /4

ihl d%[ta.nx — 1] =sec?x

7. 'F(x)=£(z=—-2:)dz 74, F(x)=f4/
Fly=x -2 Flx) =45

4

D 2
1o.(a)JJd: 3:3]‘

16

3

(b) dx[_xslz —] x\2 =

16 _2
/2 = 20 = Sar2
7 =3¢~ 8

o

72. (a) J:ssecttdnrdl= [sec:]:h= secx—2

)] d%[secx — 2] =secxtanx

r

tdt 75. F(z)

=flmdt
Flx) =

VA +1




X
76. F(x) = J- tan* ¢ dt
0

F'{x) = tan* x
o ‘
79. F(x)=J‘ {4t + 1) dt

+1
= [2:z + rlz

=020+ 2?2+ (x+2)] - [22% + x]
=8+ 10
F(x)=28

80. F(x) = J:” dt = [%];-, =0

Fix) =0
Alternate solution
P = j Pt

i} X
= r’dt+J.t3dt
-Xx 0

='—J; Pdt + Lt’dr
Fi@) = —(-xpP(-1) +(*) =0

: o
1 [l _1.1
82 F(x) = 2;111‘-——[ ']:' x2+2

Alternate solution
4]
Fix) = J; "Edt

FO) = ) = %

2
83. Flx) = j sin 12 dt
4]
F(x) = sin(x®)? - 3% = 3a% sin x¢

85. The extrema of F correspond
to the zeros of fand the inflec-
tion point of F corresponds to
the extrema of f.
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X
71. Flx) = jtcostdt
0 .

R——J

327

X

_ (P
78. F(x)—J;F_'_ldr

F'{x) = xcos x 2 .

P =g

Alternate solution:
x+2

A= [ @ na

X

r(« F1)d+ j e D

[+
-+

2
{4t + 1) dt

= r*
—J0(4:+ 1) dt+ JO

Fl)=—-(4x+1)+4x+2)+1=8

81 F() = J; Y ods = [%9’*]: = Zsin 21

F'(x) = (sin x)'/2cos x = cos x-/5inx

Alternate solution
roy- [ ia
o
Ff(x) = J/sinx % (sin x) = +/sin x{cos x)

b3
84 p(;)=j J1+8d
0
F)=.1+0BxP-3=3.1+272

86. The extremum of F corresponds
to the zero of f. Since f has no
extrema F has no points of
inflection.
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§7. (&) Cl) = souo(zs +3 f " d:)

0

sooo(zs + 3[%:!/4]'

(=]
\-—/

sooo(zs + 1—52-1514) = 1000(125 + 12:4)

8. & g(t)=4—%
Lim g(e) = 4
Horizontal asymptote; y = 4

89. True

1 1
91. False; f x2dx =rx"dx +fx"dx
-1 -1 o

(b) C(1) = 1000(125 + 12(1)} = $137,000
C(5) = 1000(125 + 12(5)/%) =~ $214,721
C(10) = 1000(125 + 12(10)%4) ~ $338,394

) A(x)=f(4—%)dt
=[«+§]:=4x+%—s

AP —Br+4_4x— 1)

X X

lim A(x) = lim (4x+i'—s)=ao+o—s=oo
x-yco A=y X
The graph of A(x) does not have a horizontal asymptote.

90. True

Each of these integrals is infinite. f(x) = x~2 has a nonremovable discontinuity at x = 0.

92, Let F(i) be an antiderivative of f{1). Then,

j: 70)dt = [m)]:: = Fiv(a)) — Fluln)

wx)
%[ fmf(r) at| = Lptte) - Frute)

= F(v ) — Flubhu'(x)
= f0vR)v () = Fuba)u(x).

4. Glx) = J; '[s J; ) dt]d.r

@ G(o)=f[sL}(r)dr]ds=o

© G =x - Fla) + fo o) de

(@ G*"(0) =0 - f(0) + ff(f) d=0

93-f(x)=flk ! dt+r 1
L A+l

b2+ 1

By the Second Fundamental Theorem of Calculus, we
have

1 1 1
£ = G s 1(._3?) tEF
1 1
T+R2 A+l
Since f(x) = 0, f(x) must be constant.

0.

(b) Let F(s) = s ;f(r) dr.
6 = f P ds
6 = FG) = f O

G'0) = Off(t)dt =0
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95. (8) ©

_125 125 125

1 3
A=L(9—f)dx=2J;(9—x‘)dr 2 3 6

P _ _27)
—2[9.::—-5]0—2[27 3]—36

(b) base = 6, height = 9, Area = %(s)(g) =36

96, x{f) =13 — G124+ 9 — 2
x(t) = 32 =12t+9
=3(12 - 4t + 3)
=30 -3}t -1)

Total distance = J: |x ()] e
= [l - e - Dle
1]

= 3[:(:’ - 4t + 3)dt — 3'[30z — 4t + Ndr + Sf(ﬂ — 4 + 3)dt

=4+4+20
= 28 units
4
. x)=0C—- e —-32=2-124+15:—9 98. Total distance = j |x ()| de
1
(=3~ — 14+ 15 n
Using a graphing utility, = J: [0t
’ = 4idt
Total distance = J' [x%(8)|dt = 27.37 units ~hVr
o

o 4
= 2r'/=]
1

= 2(2 ~ 1) = 2 units



330 Chapter 4  Integration

Section 4.5 Integration by Substitution

[reonewras v=gl) =gl

1 f (522 + 1)%(10x) dx 52 + 1 10x dx

2. J-x’Jx’_-i-—Td: A+1 2ds

3, IJx:dex 2+ 1 2 dx

4, fsechtan?.xdx 2% 2dx

5. ftan’x:ec’xdx tan x sec? x dx

5. j";:i’;dx sin x cos x dx

7.[(1+2x)424x=5”5—2‘)5+c 8. j(f—i)ﬂzxdx=§";:m+c
Check:jx(];sz"z+c]=2(1+2x)4 Check:%[@-+€]=2x(x’—l)’

9. f(g-f)lﬂ(—zx)dx=‘9—;/";)”-’ re=do-ap+c

Check: %[%(9 — AP+ c] =2.30 - A-29 = ST F-20)

10. J'(1 - 2p(-ayar = L2 s
Check: %[“—‘%"’ﬁ + c] - M=BREA) _ (1 - 24

1. Ix’(x’— 1)‘dx=%j(f - 1)‘|é3x’3_dx=%[w—;l)s-] +C= ("31'—5”3 c
Cheeks &1, ¢] - W‘I—W=ﬂxz— 1y

12._fx(4;5 + 3)3dx=%f(4x“ + 3)=(sx)¢t=%[w] +C= (4"23;i)‘ +C

13, ISx(l — = 31 - A-25) s = -:'2’--“—:/"31’+ c=-Bu-pmrc

_15.4

Check: %[—185(1 — PP 4 c] = B .30 - oy-2m) = 5x(t - A = YT
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14. f B ST T 2du = . f G + 20V du = %[(“' * /:)m] re=Yaromic

Check: %[%(u‘ 2y 4 c] =1 30+ oy = o iF 2

e} 1 B _1(1+x3)" P —
1s.fmd”=ij(l+xa)z(w)d'_5[ - ]+C__3(1”’)+C

d 1 1 — - _xz_
e £ 345 * €] = 500 + 2709 = -

2 1 . _ _1[(16 -t =1
1s.fm¢ —Ej(lsqs)!(—sﬂ)dx—;[ 1 ]*C‘s(ls—f)J'C

Check: %[3(1 L =5 c] = 2-1)06 - %3 = T = 5

o R (I P L

Check: %[-[l‘ﬂ“lﬂm + c] - —%(4)(1 + %)’(_l) . l(l N 1)’

Y ¢
i AW N T2\ DD B IO |
ls.f[x’+@]dx—j(ﬂ+;x=)dx—3+9(_1)+c—3 9x+c o +C
- 1
Check—[—x’ -1+c] Arlroasgls

IS § P (22)*
IQ.Ide—z(lx) 224y = [1/2]+c VZ+cC

Check: %[ﬁ +(= %(2;)-1/1(2) - ﬁ

zo.j—a—- W2 dy = —(m)+c Jr+ €

Check: Z[J;+(,1=-—-

2. X +3x+7

dx = I(x“’z + 3212 + T V) dx = %1512 + 2332 + 14512 4 € = %fx(x’ + 5x +35) + C

2+3x+7

dl2
. ZI /2 2 1/2 =
Check: ?r’ + 232 4 14x +C]_ 7

2 [HE2 0o [+ g =2pn 145 0 0= Zoms v o) + C
7 3 ts 15

_t+212
N/

Check: %[%:m +30n 4 c] =
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2. jr’ r—g d:=f(r3—2:)d:=%r‘—:=+c

Cheek: —[—:4 x=+c] r5—74=r=(t—%)

u.f( j%ﬁ+%:=)d:=%(%)+:’__—;)+c=ll—2ﬂ—$+c
o el

25, [0 =515y = [ -y =o(3p) - L+ c= Lnis -y + ¢
Check: fy-[-g—f’z(ls—y)+c:|=d£y[6y’”—%ym+C]=9y1/’—y3”=(9—y)\/3_;

2ay(8 — y) dy = 2| By ~ ) dy = 2w(4j’ - %yfz) +c=2T4-ym+c

Check %[#(14 -y + c| = %{211(4)’ - %wz) + €] = 16wy = 2% = (amy)(a - 2

N 4x o102

= 4jxdx — 2 (16 — )~V —2x) dx = 13—0 (1 + 23123 dx

x’) [gls—ﬁ'ﬂ] 10[ (1 + x3)1/2

=4{=)-12 + =90+ X))

(z 172 ¢ 3l 172 ]*C
=22 —-4.,/16—-2+C =%m+c
| xt1 | x—4

=% (2 + 2x — 3)7%(2x + 2} dx =Ef(ﬁ—h+1)"ﬂ(u—s)dx

-] R

1 = 2 -8x+1+C
Me+m-3 €

3. (@)

-
P
LA AT B N
]

by
-~
~s -
EI AL A A ]
w

v RN

[
i

—x

[ LI ]
P

P

0 2 =2/ 7, 0,2)

- f A= R = -1 4 - 2pr-2a

— P+ C = =34 = PP C

[ Lo
Wik
X

(2,2 2=—%(4-22)3/2+C=> c=2

y = =3 =42
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2. @ & 2 = xoos 2,(0,1)

y= fxcosx’dx=-;- cos(x?)2x dx

B =

sin{x® + C

(0,1): 1 gin{0) + C = C=1

Nl"‘ M|n—n

sin{x?) + 1
3. J’siandx=% (sin 2x)(2x) dx = —%cos.Zx+ c .M xsinxzdx=% (sin x2)(2x) dx = —%msx’ +C

1
”f co8 d"—‘f“"o )"9="‘“3+C M.Icosﬁxdx=% (cos 6)(6) dx = ¢ sin 6 + C

37. J.s:ancosszx—— (sin 2x)(2 cos 2x) dx = l(’lﬂz?x)’

+C=~ iln22x+C OR
fsin 2xcos 2xdx = —5 {cos 2x)(—2 sin 2x) dx = —%s‘%+ C, ='—i-coszzx'+ ¢, OR

fsianoostdx=%f2sianoo52xdx=% sindr dr = cos dx + G,
as. jsec(l —x)tan(l — X)dx = —f[sec(l — x)tan(l — ) (—1) dx = —sec(l ~x) + C

tan® x

390 J‘m‘xlmzxdx— 5

+C-%tan’x+c :

40, IJootxcw’xdx = —I(cotx)”z(—csc’x)dx = —%(ootx)m +C

41. j :ﬁ: = —J.(t.'.()tJt:)':“(--c;:sc2 x)dx

= _[cotx)2 =1 N g T I
\ = :FC—thzx+¢—2mnx+C—5(secx 1)+C—2secx+C,

42, smzx f )(smx)dx=jsecxtanxdx=secx+c
cos? x cosx cOS X -

4, fcot’xdx=f(csc’x— 1)dr= —cotx—x+C cscz( )a’x 2fc;c2( )(2)dx=_—2cgt(§) +C
45.f(x)=juos§dx=23in§+c 46.f(x)=f1rsecmtanwxdx=sec1rx+c
Sincef(0) =3 =2sin0 + C,C=3.Thus, - Since f(1/3) = 1 = sec{w/3) + C, C = ~1. Thus
fx) =2sinZ + 3, fx) =secmx - 1.

2 t
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4. u=x+2,x=u—2,dx=du

Ix,/ﬂ-—zdx = f(u ~ 2)Vudu

= j (/2 — 207 du

o

_%uzﬂ+c

Ju—10)+ C

+ 2 3(x +2)— 101 + C

|

+20%(3x - 4)+ C

9. u=1—-xx=1—-udc=—du

J‘x’\/fodx - —fu — uP/u du

- - f /2 — 232 + &%) du

2 4 2
= =532 — 252 /2
(5“ Fd +?u )+C

/2
= -%(35—42u+ 154%) + C

2

48, u = 2x + l.x=%(u-— 1).dx=%du
J‘xJ2x+ 1dx = J'%(u - l)ﬁ%du

=lj(ui"2 —uY du

4
1{2 2
= /2 — /2
{3on o) +c
e
—WSH 55+C
= 3c2x + IP3 + 1) - 5]+ C

[
g~

2+ 1) —-2)+ C

2% + 1/{3x—-1)+ C

I
al-

= _iﬁ(l — P35 —42(1 — x) + 15(1 = 2Pj+ C

= ——2—(1 —xP(152 + 12x + 8) + C

105

50, u=2—x,x=2—udx=—du

J-(x +1)/2 —xde= —f(s ~ WVudu
= —J.(Bum — Y du
= —(2;:3/2 = %u’lz) +C

3/2
=-—2uT(5—u)+C

Ul"LN

UI’LN

2-xPx+3)+C

2—x5-(2-x]+C
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51, u=2x—1,x=%(u+l).dx=%du

_ 02w+ 0P -11
dx f 7 du

J’f—l

J2x—1 2

=-;-fu_"f’[(u’+2u+l)—4]du

= 2] 62 + 202 = 34711
1/2 4

= /2 32 1/2
E(gu’ +§u2 6u )+C

w2
=j5(3u2+ 100 —45)+C

vax—1
60

(3(2x — 12 + 10(2x — 1) — 45] + C
= /B (122 + 82 = 52) + C

=1—15-J2x—1(3x=+2x—13)+c

2. u=x+3,x=u—3,dx=du SB.u=x+1x=u—l,dc=du
{26=1 . [2u-3)-1 f s = 1)
—=dx = du —_— = [ )
J‘Jk+3- . V. > Sy s Ll Iy
- -1
=f(m1ﬂ—7ulf=)¢¢ =_f.(_.ﬂ__l~/;+1~/5 d
Vi(u—-1)
=§u’”—l4um+c =._J.(1+"_m)d“
1/2 = -
=2—';l—_(2u—21)+c (u + 207 + C
=-u=-2J/u+C
=iy al+c ——+D-2/FT4C
2 =—x-2/x+1-1+C
.=_-§Jx+3(2x—15)+C =_(x+2‘/m)+cl

where C, = -1 + C,

S u=t—4,t=u+4,dt=du
fh’/t—_4dt=f(u+4)u”3du

= j (A + dulfs) gy

= %u'”’ +33 +C

=3—“,;’3(u+7)+c
=2e-afe-g+ T+ C

1w -~J

(t—48@+3)+C
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55, Letz =x2 4+ 1,du = 2x dx.

J._llx(xz + 1P de= %le(x’ + 1)%(2x) dx = [%(13 + 1)4]‘-1 G

56. Letu=1— 2% du= —2xdr.

jlxm¢=—% l(1—:c=)m(-zz=)at:: [ %(1—;3)5/2] =0+
0 0

W =

.y
3

5§7. Letu=2x + 1,du = 2 4dx.

: dx—- (2=+1)-'f=(2)dx [J—] So-ST=2

Oxzx"‘l

88. Letu = 1 + 222, du = dx dx.

fwl,,h,dz r(1+2x’)"’(4x)dx [% +2xa]:=%_%=l
59.Letu=l+,/§,du—7dx
[arta=afu e [l -or-)

60, Letu =4 + 22, du = 2xdx.

J"e/.'_ _1? _[3 2 3 _ 3
YT Ad=1 (4+x’)'/3(2x)dr—[§(4+x’)‘/’] =3 — 4 = 6 - 344~ 3619
0 0 0 2

6L u=2—xx=2—ude=—du
Whenx=1,u=1 Whenx=2,u=0.

f(x- 1),/sz=JT-[(z- W - 1]J;du=f(ua/=-uv=)du=[§..m_—§um]':= -[3-3]=i

62 u= 20k Lx =30 — 1, do =g \

Whenx=0,u=1.Whenx=4,u=9.
L‘ Jz:_ r(1/2)(u l)ldu j(..m Wi dy = -[-..m guuz] _(18._ 6) — _(__2) 10

o ["old)o- GBI -7

(S ) (D )22 2
/3

.64. ’[r::z(x+mlx)dx=[£2-z-.|-sm;] e
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65 u=x+1,x=u—1,dr=du )
Whenx =0,u = 1. Whenx=7,u = 8.

Area = xé/x+1dx=J"(u—1)a/;du
D 1

=J'l’(,¢4/3—um)du= [%u'”-"--:-u‘/’]:= (%i_ 12) _ (;_§)= 1209

66. u=x+2,x=u—2dc=du
Whenx=—2,u=0.Whenx=6,u=8.
e ¢ ¢ 3 12 8 4752
Area=j x‘-?/mdx=j(u—2)2€/;du=j(um—4u‘”+4u‘/5)du=[Eu’°/’—7u"73+3u‘/3:|0=—3-5—
-2 0 0

67. A= f {2sinx + sin2x) dx = —[2cosx+%cos2.x]o =4
0

L 3
68.A=f (sinx+cost)dx=[—cosx+%sin2x]o <2
0

69. Ares = j: ;ﬂw}(g) de =2 L :lsmz(f)(%) # = [2 tan(%)]:f =2(/3-1)

70. Let u = 2x, du = 2 dx.

/4 1 ?"/‘ 1 /4 1
Area = csC 2xcot 2xdy = — csc2xcot2x(2)dx=[——csc2x] ==
w/12 2)ena 2 o2 2
4 2
X 10
1. —dx ™~ 3333 = — 72. | J/x+ 2dx =~ 7.581 73. — 3dx =~ 28,
J; e 3 L vx ; xvx = 28.8
3 20

-1

-1 ! ]

5 : 3 /2
74, 'J'x"-\/x— T dx ~ 67.505 75, j(a+ cos-g) 40~ 1377 'm.j oin 2z dx ~ 1.0
1 0 . 0

E

ol P 187

=1 -1

. f(Zx— 1)’d1=% (2;:—1)’2dx=%(2x—1)3+cl=

w“IL-h
R
+
i

j(?.x—1)_zdx=j(4x’—4x+l)dx=§x3—213+x+cz

They differ by a constant: C, = C, — %
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78. ,’sinxcos.icdx = f(sin P lcos x dx) = smz’ -3

fsi.nxcosxdx = —j(oosx)‘(—sinxdx) =

cos? x _ {1 —sin’x) _sintx 1
They differ by a constant: C; = € +%

(C)J:(—x")dx= —J:x’dr _ 8

w4
sin x dx = 0 since sin x is symmetric to the origin.
- w4
/4 L]
()] cos x dx = 2

—mf4

80. (&)

/2 ll'/! af2
{c) cosxdx =2 cos xdx = [2sinx] =2
—wf2 [] 0
/2
(d gin x cos x dx = 0 since sin{—x) cos{—x) =

—of2

2 16
(b)rx’dx=2 x’dx=?
-2 0

) r3fd:= 3J1xzdx= 8
-2 ]

w4
cosxdx = [2 sinx]o = /2 since cos x is symmetric to the y-axis.

—sin x cos x and hence, is symmetric to the origin.

a1, J:(x’+6x2—2:—3)dx=J:(x3—2:)dx+J:(ﬁx3—3)dx=0+2:(Gx’—?s)dx=2[2x3—3x]:=232

82.I (sin3x + cos ) dx = j sm3xdx+J-

av__k
8. T e+ 1)

k k
V(t)=J.(rTl)1dl= —m+C
V(0) = —k + C = 500,000

v(1)=—%k+c=4oo.ooo

Solving this system yields ¥ = —200,000 and
C = 300,000. Thus,

Vit) - 200000

Whenr=4.V(4)

+ 300,000.

= $340,000.

cosdxde=0+2 cosSxdx [sm:ix]c 0

84. fid%=k(100—:)2

o = J.k(loo —PRdt= —%(100 -P+C
Q(100) = C =0

00) = ~50100 - i

o(0) = —%{100)’ = 2,000,000 = k= —6

Thus, Q{f) = 2(100 —
$250,000.

£)*. When ¢ = 50, Q(50) =
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dc 12
85. ——,_:
& Yz +1
12
oW = |2 _a
(®) o) j&f1h+l-

- j(m +1)" 131245 = %(12: + 123 + C,

C(13) = 43.65 + C, =100
C, = 56.35
Clx) = %(12: + 1?3 + 56.35

ss—f 217+13005"(63)]dt—-bl [217”'" (ﬂ'_a))]a

@ 3[217: + 2 sin(ﬁ-‘ﬁ'—”)]o
()] [211: + 7 sm(ﬂ—al)]s

3(651 + ) =» 225.28 million barrels

= . %(1302 it 651) «= 225.28 million barrels

— 12
© i[zm oo AL sin(u)] ! (2604 i 78) 217 million barrels
12 T 6 ] 12 T

87. —-f 7450+4375s1n ] ——[7450:—2625 ""]

@ [74 s0¢ — 2625 o ﬂ] o —(223.5 + @) = 102.352 thousand urits
T 6o 3 T :

[
® [74 50t — Mcos %‘] =3

© —[74.50: o2 . ﬂ] o i(894 _ 2625 ?ﬁ) = 74.5 thousand units
12 T 6o 12 T T

(441 + 323 o, s) ~ 102.352 thousand units

24
88. (a ™ (b) Volume = f R(f) dt = 1272 (5 thousand of gallons)
]

R

o 24
[}

Maximum flow: R =~ 61,713 at t = 9.36.
[(18.861, 61.178) is a relative maximum.]

1 .. 1 1
89, P2 f [2..’ sin(60rt) + cos(12077) ] dt = 3—_a[ 07 —— cos(607rs) + sm(lZOm)]

(2) m—o[ o —— cos{60mf) + —— 200 s:n(lzom)] 60[(? + 0) ( ﬁ)] = — = 1.273 amps

4
T
{b) u—/zﬁ—sé—wcos(wm) + o0 sm(lZOm)] —240[( 30‘1/_‘” 120«) ( )]

%(s 2/2) =~ 1,382 amps

© m—o[ 3; cos(60rm) + =~ sm(lZOm)] =30 (ﬁ) - (—ﬁ)] = 0 smps
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90. (8) 4

')

'Wf

L5

-4

(b) g is nonnegative because the graph of fis positive at
the beginning, and generally has more positive
sections than negative ones.

(c) The points on g that correspond to the extrema of f
are points of inflection of g.

(d) No, some zeros of f, like x = /2, do not correspond
to an extrema of g. The graph of g continues to
increase after x = /2 because f remains above the
x-axis.

91. False

I(z:;+ 1)3dx=% (2x + 1)=2dx=%(2x+ 1P+C

(&) 4

o AN
/N

—4

The graph of h is that of g shifted 2 units downward.

£ = J:f(x)dx '

/2 t
=f f(x)m[ F6) ds = 2 + ).
] wf2

92, False

J-x(xz+1)2dx=% (f+1)(2x)dx=%(x"+1)’+c

93, True
10 10 10 10
J-(ar’+bxz+cx+d)dx= {ax® + cx)dx + (bx“+d)dx=0+2j (bx? + d) dx
-10 -10 -10 o
Odd Even
94, True
b+l
jsmxdx cosx]—-cosb+cosa=—cos(b+24r)+oosa=J sinx dx
(]
95, True

4]&nxcosxdx = ZJ.siandx =—cos2x+ C

96. False

Jsinzkcostdx =% (sin 2x)*(2 cos Zt)dx - %(sm )

3

+C=-16-sin32x+C

47, Letu = x + h, then du = dx. Whenx=a,u=a+ h Whenx = b,u=b + h Thus,

b+h 'b+4
[ ma= [ oa= [ soa

a+h

. I 7 +f(b %

Letu=b — x, thendu = —dx. Whenx = 0, u= b, Whenx =bu =0

f{x) J' fb—u) j
o F8) + b — x) b — ) + £ +f(u) fe

—CONTINUED—

L fo-x

- x) +f(x)
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98. —CONTINUED—
Also, by division,

k f{xi o : fb~2a)
Lf(x)+f(b—x)““.[,[‘ F@ + - x)]“”
Thus,
1(x) P -
ff(x)+f(b Fe-%" f“‘ W F0) + b -9
) (e

T B =D |70 + 16 - x)"" f”"
ﬂzl 1]
ff(x)+f(b—x) ’[]ﬁ”-

f 1) _b
f&) + (b — x) 2

sin x _1
b sinx + sin(1 — x) 2

(Letf(x) = sinxand b = 1),

Section 4.6 Numerical Integration

1. Exact: jx’dx —-—-=26667

Trapezoidal: f A dx = Z[° + 2(5) + 2012 + z(%)2 + (2)2] 2= 27500

Simpson's; J: X2 dx %{0 + 4(%)2 + 217 + 4(%)2 + (2)2] % = 26667

2. Exact: f(§+1) [F ] ——~1166‘7
Trapezoidal; f(§+ 1) —{ ( )+ 2((—1%+ 1) +z((324)2+ 1) +(—1,;+ 1) =B 1719
simpons.  ['(541) a1 4 (O 4 1) 4 o822 1) 4 (O824 1) 4 (£ 1)] =2 1

3. Exact 'J:xadt=[%] = 4,000
Trapezoidal: J; " dy %[o + 2_(%)3 + 2010 + 2(%)3 + (2)3] =17 _ 42500

n
Simpson's: L " dx %[o + 4(%')3 +201P + 4(2)’ + (2)3] - % = 4.0000

1 —1 5
4, Exact: fxz — = 0.5000

2
Trapezoidal: J:, 1+2 +2 +2(7)+l] ~ 0.5090

S [y {m() +2(4) +4() 1]~ ason
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5. Exact: J:x’dx=[%x‘]o=40000
Trapezoidal: J: By %[0 + 2(:1‘-)3 + 2(%)3 + 2(%)3 +2(1)® + 2(%)3 + 2(%)3 + 2(':7‘-)3 + 8] = 4.0625
Simpson's: J; e 1—12[0 + 4(%)3 + z(%)’ + 4(%)3 + 2010 + 4(%)3 + 2(%)3 + 4(%)3 + s] = 4,0000
6. Exact: j Yxdx —x*fﬂ] 12.0000

Trepezoidal: ffdx §[o+2+2v§+2a/§+ze/2'+ze/§+2%+23/'7+2]-=-11.7296
0
]

Simpson’s: fe/idx-%[o+4+ze/§+43/§+M+42/§+23/6+M+2]-11.8632
LH]

7. Bxact:. J“fdx ?eﬂ 18—1—6-—3—8--'126667
Trapezoidal: ffdx —[2+2\/§+2\/_+2\/E+2\/_+2\/5_7+2\/_+2ﬁ+3]
n~ 12,6640
Simpson’s: Jq\/;dx-%[2+4\/%+\/ﬁ+4.\/%z+J2_6+4\/%+\/ﬁ+4\/%+3]~12.6667
4
3 3
8. Exact I(4-x=)dx=[4u—53-s]= S 2 06667
1 3 3

3
Trepezoidal: f(4 - ) ds = %{3 + 2[4 (%) ] +2(0) + 2[ - (%)2] - s} = —0.7500

Simpson’s: ‘[3'(4—13)dx-;3+4(4 %)+0+4( ——)—] ~ —0.6667

2 .
1 1 P__1 1 1
9. Exact: I(x+1)’ [ ]— 3+ 5= 5™ 01667

Trapezoidal: f G+ B ~ale (((5/4) ¥ 1>=) (((3/2)1+ 1)=) («7/4) 1)=) l]

1,2, 8. %
s\ater s T

.
gl (x+ ErET ~Bs* ‘(((5/4) ¥ 1)=) A @m+ @ 1)=) (((7/4) 1)2) +3]

11 64 8
124+81+25+121 9) = 0.1667

ofl
9 0.1676

10, Exact rx./f Fide= %[(;2 + 1)312]: = %(sw — 1) = 3393
[1]

Trapezoidal: J:x,/m dx = i[o + 2(%)\/(17'25"?1 +2DV1I2+ 1+ 2(%)J(3_/2)= +1+2/27+ 1] - 3,457
Simpson’s: - L zx\/.?+_1 dx == %[o + 4(%),/(1/_2m +21)/12+ 1 + 4(%)J(3/2)= +1+2/22+ 1] =~ 3,392
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11. Trapezoidal: FJ1 +Odc = %[1 +2./1 + (1/8) + 24/2 + 2/1 + (27/8) + 3] =~ 3.283
1]

Simpson's: le + 2P dx = %{1 +4/1 + (1/8) + 242 + 4./T + (27/8) + 3] = 3.240
0

Graphing utility: 3.241

, 1 1 1 ) ( 1 ) ( 1 ) 1]
| 14y s ot )4l m1397
12. Trapezoidal | mdx Z[l ( T+ (/2P = T AAT 3/2¢

e ) ) ()

i 's; ~=y] + +2 + 4 + |~
Simpson’s J;1+:|:=’dJ|c 61' 4 1+ (1/2p 1+13 J1+(3/2P) 3 1405
Graphing utility; 1.402

1. f‘/;\/mdp Lqmm

Trapezoidal: LIM¢~%IO+_2\/%(1—%)+2\/%(1
Simpson’s: leﬁ-_1120+4J%(l_T!—)+2 ?li(

4
Graphing utility: 0,393

14. Trapezoidal; j V% sin x dx ~ —[\/:(1) + 2\/5:511(58") + 2\/5‘;;@(3") + 2‘/7: (78") o] =~ 1430
Simpson'’s: .L/zﬁ sin x dx = ﬁ[\/; + 4\/% sin 5?11- + Z.J%dn(%r) + 4\/; (7:) + 0] = 1.458

Graphing utility: 1.458

15. Trapezoidal: LMWS(I’) dx =~ @[coso + 2(:04@)2 +2 ::::u::(—@)z + 2::0::(‘/;%)z + ms(ﬁ)z‘
= (.957

Simpson's: J; mcos(f) dx e ‘/;W cos0 + 4 cos(-—‘/li_ﬁ) +2 os(m) + 4wg(@)z + cos( \/%)2
= (.978

Graphing utility: 0.977

16. Trapezoidal: f’?zm(xz) dx = ‘/? tan 0 + 2 m(j_@)z + Zm(@)z + 2tan(3+‘/72)2 + tan(,\/%—r)z:
= (0,271

Simpson's: J; mtan(x’_) dx = JIZW tan 0 + 4tm(J—1r_&) + 2um(*f/_ ) + 4tan(3‘/:'_4)2 n tan( \/1;:')2-
= (1,257

Graphing utility: 0.256
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17. Trapezoidal; J.usinx’ B s—lo[sin(l) + 2 in(1.025)2 + 2 sin(1.05) + 2 sin(1.075)2 + sin(1.1)2] ~ 0089

Simpson's: l“sirm:2 dx == ﬁ[ﬁin(l) + 4 5in(1.025)% + 2 5in(1.05)? + 4 sin(1.075)2 + sin(1.1)2] =~ 0.089

Graphing utility: 0.089

N . s
18, Trapezoidal: f YT+ cosfxdr = V2 + 24T+ cosf(/8) +21 + cos¥(a/a) + 2.1 + cos3n/8) +1] ~ 1910
0

w/3 : _
Simpson's: f T+ ootz dr = 21 V/3 + 41+ cos®(a/8) + 24T + cosi(m/A) + 4/ + cos’(3uf8) + 1] ~ 1910
i+

Graphing utility: 1.910

: w4 .
i B - i s 27 29 3w 3my\ , 7|
19. Trapezoidal: J; X tan x dx ﬁ[(} + 2(16) tan(lﬁ) + 2(—16)tan(—16) + 2(_16)m(_16) + 4] 0.194
wf4
. - T o 27 2 3w 3wy mi
Simpson's: J; xtan x dx =~ 28 1o+ 4(16) ( ) + 2(—-16)mn(—16) + 4(—16)tan(—16) + 4] 0.186
Graphing utility: 0.186

20. Trapezoidal: f slnxdx 1_1'[1 + 251n(1r/4] 2§in(1r[2) o 2 sin(34r/4). - 0] ~ 1836

wf2 3x/4
Simpson’s: f H0T o —[1 ¥ 4’“‘("’/ 4.2 “‘:(/“2’/ 2 .4 ‘i;'g":/ 4 4 o] ~ 1852

Graphing utility: 1.852

2. fl=2 2. fl)=
£0) =32 -1
£0) = 6 f'($}=_(x+1)2
=6 -2
.f“)(x) o f’{“) - (x + 1)3
_ =——6_
(&) Trapezoidal: Error < (212—(4%2(1_2) = 0.5 since W =Gy
() is maximum(izn [0.0 ;] whenx =2, %) = ﬁ
{b) Simpson’s: Brror < W(O) = 0 since (a) Trapezoidal: Brror < (112(42)2 2) = — == 0,01 since
) -_—
14) = o. f'(x) is maximmum in [0, 1] when x = 0.
(b) Simpson's; Error < (1—0p {24) = = (0,0005

180{44) *
since £“)(x) is maximum in [0, 1] when x = 0.
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2. ) = %m [1, 3]
() |f"(x)| is maximum when x = 1 and |f(1)| = 2,
Trapezoidal: Brror < 12—2;2(2) < 0.00001, n* > 133,333.33, n > 365.15; let n = 366.
24
(4) = —1
%) P in{1,3]
(b) |f“%x)| is maximum when x = 1 and when |f@(1}| =

Simpson’s: Error < Eo?(%) < 0.00001, n* > 426,666.67,n > 25.56; letn = 26.

24, 1) = ﬁ in[0,1].
(8 |f"x)| is maximum when x = 0 and [f*(0)} = 2.
Trapezoidal: Error < %2"2(2) < 0.00001, n* > 16,666.67,n > 129.10; letn = 130.
FO(x) = T r ),11'1[0 1]
®) [F9(x)| is maximum when x = 0 and [f*(0)| =

Simpson’s: Error < W(M) < 0.00001, n* > 13,333.33,n > 10,75;leta = 12. (In Simpson’s Rule » must be even.)

25 flx)=V1+x

® £ = g7 0.2

|£1x)] is maximum when x = 0 and |£70)| = -4!_-

Trapezoidal: Error < l,fn, %) < 0.00001, 5% > 16,666.67,n > 129.10; let n = 130,

) £96) = {5 g7 [0.2]
[F®(x}| is maximum when x = 0 and |f4}0)| = 1_:

, . 15 "
Simpsen’s: Error W-(lﬁ) 0.00001, n* > 16,666.67, n > 11.36;letn = 12.

26, f(x) = (x + 1)2?

@ 7)) = —g(x__l_zle in [0, 2],

|#x)] is maximum when x = 0 and |£10)| =

10

Trapezoidal: Error £ T2

(g) < 0.00001, n* > 14,814.81,n > 121.72;letn = 122.

®) fO) = _Sl(xiﬁ in[0, 2]

[£®(x)| is maximum when x = 0 and [f¥)(0)} = 56

Simpson's: Error < 302n 81) 0.00001, n* > 12,290.81,n > 10.53;letn = 12. (In Simpson's Rule n must be
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27. f(x} = tan(x?)
(8) F(x) = 2sec*(:A[1 + 4 tan(x?)] im [0, 1].
|£7(x)} is maximum when x = 1 and |f%(1)| ~ 49.5305.

= 3
Trapezoidal: Emor < %49.5305) < 0.00001, 72 > 412,754.17, n > 642.46; let n = 643,

(b} FOx) = 8sec?([12x2 + (3 + 32¢%) tan(x®) + 362> tan?(x?) + 48x* tan?(x?)] in [0, 1]
/()| is maximum when x = 1 and |f“X(1)| = 9184.4734.

- 0)s
Simpson's: Brror < %?—(9184.4734) < 0.00001, n* > 5,102,485.22, n > 47.53;letn = 48,

28. f(x) = sin(x?)
@ f1x) = 2[- 22 sin(?) + cos(x*)] in [0, 1]
|£*x)| is maximum when x = 1 end [f*(1)| =~ 2.2853.

Trapezoidal: Brror < (1—1;%—3(2.2353) < 0.00001, n? > 19,044.17, n > 138.00; let n = 139.
(6) f¥x} = (16¢* — 12) sin(*) — 48x* cos(x") in [0, 1]
) [F)(x)| is maximum when x = 0.852 and |f#(0.852)| = 28.4285.

— 5
Simpson’s: Exror < %- 28.4285) < 0.00001,7* > 15,793.61,n > 11.21;letn = 12.
29, Letf(x) = Ax® + B« + Cx + D. Then f®(x} = 0.

. - b—aF. . _
Simpson’s: Error < “Too {0) =0

Therefore, Simpson’s Rule is exact when approximating the integral of a cubic polynomial.

e [ o 4 1]

This is the exact value of the integral.

30. The program will vary depending upon the computer or programmable calculator that you use.

3L f(x) = ~2 + 322on [0, 4],

n | [ M) | R | ) | st |
4 [ 127771 | 15.3965 | 18.4340 | 15.6055 | 15.4845 |
8 | 14.0868 | 15.4480 | 169152 | 15.5010 | 15.4662 |
10 | 143569 | 154544 | 166197 | 15.4883 | 154658 |
12 | 145386 | 154578 | 164242 | 154814 | 154657 |
16 | 147674 | 154613 | 16.1816 | 154745 | 154657 |
20 | 145056 | 154628 | 160370 | 154713 | 154657 |
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32. f(¥) = V1= Zon[0,1).

n | L) M(n) R(n) T(n) S(n)
4| 0.8739 | 0.7960 | 0.6239 | 0.7489 | 0.7709

0.8350 | 07892 | 07100 | 0.7725 | 0.7803
10 | 0.8261 | 07881 | 07261 | 07761 | 0.7818
12 | 0.8200 | 0.7875 | 07367 | 0.7783 | 0.7826
16 | 0.8121 | 0.7867 | 0.7496 | 0.7808 | 0.7836
20 | 0.8071 | 07864 | 07571 | 0.7821 | 0.7841

33. f(x) = sin/x on [0, 4].

n | L M(n) R(n) T(n) S(n)
4 | 2.8163 | 3.5456 | 3.7256 | 3.2709 | 3.3996

3.1809 | 3.5053 | 3.6356 | 3.4083 | 3.4541
10 | 3.2478 | 3.4990 | 3.6115 | 3.4296 | 3.4624
12 | 3.2909 | 3.4952 | 3.5940 | 3.4425 | 3.4674
16 | 3.3431 | 34910 | 35704 | 3.4568 | 3.4730
-20 | 33734 | 34888 | 35552 | 3.4643 | 3.4759

3. () = 222 on[1,2)

n | Lp) M(n) R(n) T(n) S(n)
4| 07070 | 0.6597 | 0.6103 | 0.6586 | 0.6593

0.6833 | 0.6594 | 0.6350 | 0.6592 | 0.6593
10 | 0.6786 | 0.6594 | 0.6399 | 0.6592 | 0.6593
12 | 06754 | 0.6594 | 06431 | 0.6593 | 0.6593
16 | 0.6714 | 0.6594 | 0.6472 | 0.6593 | 0.6593
20 | 0.6690 | 0.6593 | 0.6496 | 0.6593 | 0.6593

/2
5. A= J‘ x cos x dx
0

Simpson’s Rule; » = 14

/2
T z T LA 3w 3T ﬁ iy
J; J;cmxdx~§[ﬁcoso+4‘/2—scoszs+2\/;oosl4+4\/;coszs+ + 2oosz:l

= (.701
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36. Simpson’s Rule: n =

8
/2 i
fi-Zamoasml f1-Rupora f1-RurZez 1-2uwZeo s J1-tunZ
sJiJ; 1 - 3 sin? 0 T"[ Z5n0 + 4. /1 - Zein? T2 +2 /1~ et g+ ook J1 - Zein? T

=~ 17.476

]
37. W=J.1001\.-"125—13d:
0

Simpson’s Rule; n = 12

[ =P st (3) s~ (3 (1) o~ (8

NCROE AR

+400(12 125 - (5) + + 0] ~ 10,233.58 ft - Ib

38. Simpson's Rule: » = 6
_lf 1 4 4 2 4 2 4 l]
""4L1+x=d""3(5)1+1+(1/s)=+1+(2/6)=+1+(3/6)=+1+(4/6)=+1+(5/6)=+2

= 3,14159

39. (a) Trapezoidal: Arca =~ -21(%[0 + 2(50) + 2(54) + 2(82) + 2(82) + 2(73) + 2(75) + 2(80) + 0] = 9920 sq ft

(b) Simpson’s: Area = 51(_‘8(;[0 + 4(50) + 2(54) + 4(82) + 2(82) + 4(73) + 2(75) + 4(80) + 0] = 10,413§ sq ft

40. Trapezoidal:
j 2f(:u:)a!:: r %[4.32 + 2(4.36) + 2(4.58) + 2(5.79) + 2(6.14) + 2(7.25) + 2(7.64)} + 2(8.08) + 8.14] =~ 12.518
o
Simpson’s:

J-zf(x)dx ol 3—(28-)-[4.32 + 4(4.36) + 2(4.58) + 4(5.79) + 2(6.14) + 4(7.25) + 2(7.64) + 4(8.08) + 8.14] ~ 12.592
0

41.. Area =~ %09){125 + 2(125) + 2(120) + 2(112} + 2(90) + 2(90) + 2(95) -+ 2(88) + 2(75) + 2(35)] = 89,250sqm

42, Ares ~ i‘%m + 281) + 2(84) + 2(76) + 2(6T) + 2(68) + 269) + 272) + 2(68) + 2(S6) + 2(42) + 2(23) + 0]

=T7435sqm

T
43. f;in,/idz=2,n= 10
0

By trial and error, we obtain ¢ = 2.477,
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4“4, (8

\‘ y=fx)

x - X

a b
The Trapezoidal Rule overestimates the area if the graph The Trapezoidal Rule underestimates the area if the graph
of the integrand is concave up, of the integrand is concave down.

45, L(y) = fl% dt

1
® L(l)=J.% di=0 (©) By trial and error, x =~ 2718,
) 1
1 | 1| xR
® L) == @ Lixgy) = | qde=| dt+ | —dt
1 1 £
L) =1 . But, this second integral is equal to [{2(1/¢) dt, by
substitution # = t/x,, du = dt/x,. Hence,
L(xﬁz) = L(-‘l) + L(za)

Review Exercises for Chapter 4

- X

3.f(zxa+x—1)dx=§x=+%x=—x+c 4 u=2 )
du=3dx
}.’72“"‘ -2 f (397(3) ds = (305 + €
3x 3
B+l 1y, 1, 1 P-4l
s.f = dx—J._(x+13)dx—?3 +C ﬁ.f 2 dx J-(" 2+xdx
=1?t’-_-2x—l+c
x

T I(4x-3sinx)dx=?f+3oosx+c 8. J.(Scosx—Zsec’x)dx=Ssinx—2tanx'-l- C
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9. fx) = —2x; (—-11)

f(x)=j—2xdx=—x2+c
Whenx=—1:
y=—-1+C=1
c=2
y=2-x2

1. «)=a
v = Jadt =at+ C

v(0) =0+ C; = Owhen C, = 0.

() = at
s(r)=der=§¢=+ G
$(0) = 0 + C, = O when C, = 0.

s() =

N_Lh

5(30) = %(30)3 = 3600 or

_ 2(3600)
%= "(3op-

v(30) = 8(30) = 240 ft/sec

= 8 ft/sec?

13. a() = —-32
v(f) = =32t + 96
s() = — 16 + 96¢

(a) v{) = —32t + 96 = 0 when ¢ = 3 sec.

(b) s(3) = —144 + 288 = 144

© v(t) = —32t+ 96 = %whent = 2sec.

2

@ s(;-) = ~16(%) + 96(%) = 108#

© 2(4:' +2)

0 a
15, (a) l2(2:' -1) () ’211'3

10. £ = 6x — 1)
f(x)=fs(x—1)dz=3(;—1)2+c,
Since the slope of the tangent line at (2, 1) is 3, it follows
that f(2) = 3 + C, = 3 when C; = 0.
£ = 36 - 1P
f(x)=fs(x—1)=dx=(x—1)3+cz

f@ =1+C,=1whenC,=0.
f)=(x—1pP

12. 45 mph = 66 ft/sec
30 mph = 44 ft/sec
alf) = —a
Wi) = —ar + 66 since v(0) = 66 ft/sec.
s() = -g:z + 66t since s(0) = 0.
Solving the system

Q W) = —at + 66 = 44
P )
s(t)=—-it"+66!‘=264

we obtain ¢ = 24/5 and g = 55/12. We now solve
—(55/12)¢ + 66 = 0 and get ¢ = 72/5. Thus,

ey T -
s(s)— 2 5 + 66| 5 4752 f1.

Stopping distance from 30 mph to rest is
475.2 — 264 = 211.2 ft.

14. a(f) = —9.8 m/sec?
W) = —9.8t + vy = —9.8f + 40
s() = —4.92 + 40¢ (s(0) = 0)

(@) v(f) = —9.8¢ + 40 = O whent = % = 4,08 sec.

(b) s(4.08) ~ 81.63 m

(c) v() = —9.8¢ + 40 = 20 when t = glg-n- 2,04 sec,

(d} s(2.04) = 61.2m
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16, =2, 5=-Lxn=5xn=3,x%x=7

17.

18.

19.

&, 1, _16
(5)5,2,.""5(2 1+s+3+7)—s

1 _1_..1.1. 1 37
(b)gx,-2 trs+3ty=2m

© 30— 5 = [20) = @]+ [-1) - (~1F] + [25) = (571 + [208) = (31 + [27) - (¥ = =56

@ Zs;‘(x;—x;-1)=(—1 —)+-(-D]+B-9+(7-3)=5

5= 21 (21 21

-2 )+ o) ) 302
o s0= $40)- SN - 4 512 g
o0 = B Ne) = BB - Q) - S ) - 2
© ara = i P25 oy PO 2 S L 6m) = G

@ L bmdxu_;m[lmx?]: = Lnt2

o - 3400383
3091
- 55522

“2+ 280, 830,183,

=2+ %[n(n + D]+ %["———(" * 1)6(2" * ])] + %["——2(" + 1)

=2+6(1+-1-)+4(2+§+l2)+4(1+Z+lz)
n n b n n

A'rea=uleS(n)=2+6+8+4=20

T r6 6 ]
(a)j[f(x)+g(x)]dx=jf(x)dx+jg(x)dx=1o+3=13
2 2 2

] ] 5 -
(b)f[f(x)—g(x)]dx=ff(x)dx—fg(x)dx=10—3=7
2 2 . 2

L ]
@ [[1r) - sgtlar =2 10 s - 3 sy ar = 200 - 369 = 1

6 ]
@ L 5f(x) dx = 5 L £() dx = 5(10) = 50

4

]

8 ks
f e |
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m @ [fd= [0z [Taa=asen-3
{b) J:f(x)dr= —ff(x)dx= --1=1
© [ra=o

(L) f-lof(x)dx= —loj:f(x)dx= ~10(-1) =10

ZI.I(ﬁ+1)3h=fw+af+3f+l)& zz.J‘(x+%)zd;=f(;=+2+x-’)dx
X 3 x 1
=7+?‘+x3+x+c =?+ZI—;+C

2. u=2+3,du=732dx

J‘ x:z+3dx=.I(x!+3)—lﬂfd;=% (;3+3)"‘/’3.x‘dz=§(x’+3)m +C

24. u=2+ 3,du=3%dx
Ix’f__x’+3dx=%f(z’+3)‘”3x’dx=%(f+3)m +C

25, k=1- %2 du=—6xdx

J-x(l—'.ix’)‘d:=—% (1 - BAM-6rd) = ~3(1 38 + C = 3c(32 — P + C

26. u=x*+ 6x — 5,du = (2x + 6) dx

+3 1 2+6 | -
J.(;z-:sz—syfif(.eux—.s_)i‘“ R ) O - T €

27. J.sin’xoosxdx-%ain‘x+c 28, xsin3x’dx=% (sin3.z’)(6x)dx=—%c053x’+c

zs-f s“” do=_,.(1-.—cosa)"ﬂsinada=z(l—eolﬂ)"’+C=2v'1“°°'9"‘C
1 —cos @

COs X

30. de = J.(sinx)"/’cosxdx = 2sinx)/2 + C=2/sinx+ C

mﬂ"‘lx

31 J-tan"xsec’xdx= 1

+Cn# -1 Sz.fsecktanz::dx=% (aechtanZJ.:)(2)dx=%sec2x+C

33 j(l +se::m:)zwt:'lu-:ctan'w.vmlx=l"r 1 +sec1ra.:)‘(wsec1rxtanvrx)dx'=%r(l +secmxP+C
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. 4 4
3. J-cot‘acsc’ada=—J-(outa)‘(—csc’a)da as, f(2+x)dx=[2x+§]o=8+-1-2§=16
D
=—%cot’a+C
! P 114 1 1
3&j(ﬁ+2)m=[§+2:] e sv.f(4r=—zx)dx=[:4—:=] =0
-1 ~1 3 -1 -1
38, js L k=i 6(;;2—s)-l/z(zx)a:ﬂ[1(4.;=—z;)1/=]°=1(2\/f—1)
33/ — 8 6Ja 3 3 3
3 1 3 n ) ,23
39, =] 0+x dx=[21+ 1:|=4—2=2
J;\/1+xdx J;(l % ( %) o
40 'xz(xu1)=dx=lf'(f+1)3(3f)dx—l[(xa+1)4]l=l(15—1)=§
" b 3Jo 12 o 12 4
9
a1, rxﬁdx=fx3’2dx=[-§-ﬂ=] = (oY - (VAY] = Zou3 — 32) = 222
4 4 4 5 5 5
11 I 172 (1.1 1\ 1
o [(b-Ha-fir-rra-[ed- (4] (1)
43.u=1—y,;'y=l—u.dy=—du
Wheny=0,u=1.Wheny=1,u=0.
1 0
27| (y+ DVT —ydy = 2a| —[(1 — &) + 1]Vudu
0 1
o 2 4 .. 287
= /2 /2 = 2 — 2| = 2=
2‘”1(“3 Al 2"[?‘52 guﬂ]l 18
M u=x+Lx=u—1,dc=du
Whenx=—1,u=0.Wheny=0,u= 1. t
1
2| B2Vx+ Lde=2m| (u~ 1)2/udu
-1 o
1 ; 1
=21ro(u’ﬂ—2u3/2+u"’)du=2ﬂ{%u7f3—§u5/’+%u3/2]0=::27:
T x T o fx\1 x\T" /4
45, J cos(—)dx=2j cos(—)—dx=[2;in(-—)] =2 46. sin 2x dx = 0 since sin 2x is an odd function.
L %2 ) N\2/2 2/Jo —lh



354  Chapter 4  Integration

47. J:a(zx— 1)dx=[x’—x]:=6

Ll 1.1

2 4 4
¥
=1

8 4
x+1

8
53, de=4] x+ 1)V ek
0

[

=8(3—-1)=16

48, J:(x+4)dx=[£:-+4x]:=10

7

[
i

3 1]
|"
ol
fid
L
1

o : 2
So.r(—xz+x+2)dx=[—%s+§+2x]
—1 N -1
={-8 A D
-(-3+2+4)-(3+1-2)
10 -7_9
R

= [%,a/: - %s/z]:
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1 1
54, flw—x)dx+J;(x—f)dx=20(x—f)dx

252
2 610 3
b
:_-l | * -z
&
wi4 wfd B wd
56. cosxdx='2J. cosxdr=[25inx =2
—/4 ]

¥
i

L =[2T -
58 2—-0013#—.[8]0_2
P»=2
x=32

1 1
#-F=%
&~ 6 = 1122
62 ~ 1122 — 6 = O when 2 = 'I"HT /263,
11 + /265

In the interval [1, 2]: x = D

== 1,508.

55, J:rﬁsec’xdx = I:taux]::ﬁJ| =43

u

10

5T lo—SL Zici

1

10
! dx=[2\/x— l] 2
5 s 5

—

N N e
NI I

V=1
Jx—-1=
x—1

x
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I 1 2 2 2 1
61. Trapezoidal Rule {z = 4): f T+~ 8[1 Te I+ T TTrampr T T 23] S0

. N il 4 . 2 4 1N
s’mp”“R“l‘("_“)'LHx’d” E[1+1=+1+(1.25)=+1+(1.s)3+1+(1.75)3+1+2=] 0.254

Graphing utility: 0.254

3/2 13/2 3/2
62. Trapezoidal Rule (1 = 4): f ——dx [o + —-1/(?/ it 32(_”(?-/2)2 + 2(3/(‘;)/ T ] 0.172

[0 L da/apr o jopn . 403 /4),,,
— (/42 T3-Q/2r T 3-G/apt

Simpson’s Ruie (n = 4); f—d:r ] 0.166

Graphing utility: 0.166

63. (a) C=0.Ij:n[125m ] [ = 8)]! :'4(—1 — 1) ~ $9.17
® C=01 f mI:mm (e = ] [ 8) o.sr]:

"’ ) -4

Savings = 9,17 — 3.14 = $6.03.

- r - 365
64 ljw:ooooo[l mso)]dﬁmo,ooo,t_iigwg_wﬁ 60_)]0 — 100,000 Ibs.

365 365 365 [ 2=« 365
65. V= fO.BS —dr = —;[0 85 cos %‘] '2'—:_{’( 1-1)= S_ﬂ-l = 1.6234liters
0

; ot 2 mP_ 2 o ey .
i, J:l.'ISsmzdt— ;[1.75(:052] = ;(1.75)( 1 1)—“_ 2.2282 Titers

Increase is
T_31_19 46048 titers
T 7
7. p=1.20 4+ 0.04¢
t+1
c- B[,
(a) 2000 eorresponds toz =10, (b) 2005 corresponds to £ = 15.
15,000 - 15,000 ]" _213
C= v [1 20 + 0.04¢] dt C 7 1.20: + 0.02¢# 7
_ 15,000 _ 24,300
-—M [120:+002:2] ——M
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6. u=1—-xx=1—udx= —du
Whenx=a,u=l—aWhenx=b u=1-b>b
b
fls Trde =2 (1 - )
1=a
- 5 3/2 _ ,1/2 - 1_5.[2 s _ 2 3/z]l_b - E[z"sn ]l_b - |:._!1_—-"‘7)3’2 ]b
2 1'—‘(u u'?) du ik P =% (3u — ) 3 (3x+2)‘
(1 — Q2
(@) Pysp o = I:—(l—i{l—( + 2)] = 0.353 = 35.3%
232 — B)/2
(1 — BY2(3b + 2) =1
b =~ 0.586 =~ 58.6%
69 u=1—-xx=1—udc=—du
Whenx=g,u=1—a Whenx=b,u=1-b.
5
Py = fll-sifu— e dx-% (1= i
1—a
1155 1155 2 6 L
= /2 — 3,7/2 5/2 — 33/2 = lm /2 72 /2
TH (u’ 372 + 3u %) du 2 111" u’ + o —u’ ]I—a
1155[ 245 _ _ _ > _
32 E(IOSLP 3854 + 495u 231)] - [-—;—6—(105143 385u2 + 4954 231)] N
5/2
(8) Py pas = [1‘1—6(105113 — 38512 + 495u — 23!1)]1 = (),025 = 2.5%
us/2 0,
(b) Pys,; = I-F(IOSu-‘ — 3854 + 495u — 231)]0'5 = {),736 = 73.6%
79. False. This property only holds for constants.
71. False 72. True. 1 f(x) = —f(—x), then f(—x) = —f(x) and f(x)
S e e e
27 T x ded, 221 X
73. True 74, False
! zWsin dx = [—-Lms.\:]21r =0 g sec?x] # tanx
-0, 20 % pal
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CHAPTER 5
Logarithmic, Exponential, and Other Transcendental Functions

Section 5.1 The Natural Logarithmic Function and Differentiation
Solutions to Exercises

1. Simpson’s Rule: n = 10

E 05 |15 |2 |25 |3 35 |4 |

x
f -:-dr —0.6032 ‘ 0.4055

0.6932 |0.9163 1.0087 | 1.2529 ‘ 13865 |

0.5 1
Note: ld} = —J ld:
1 ¢ s ¢
2@ ® s
:_ (Y] /—-"'""'—_ﬂ_‘_— 4
-4
The graphs are identical.
3.f)=Inx+2 4. fx)=—InXx
Verticel shift 2 units upward Reflection in the x-axis
Matches (b) Matches (d)
5 fi)=In(x—1) . 6. flx) = —In{-x)
Horizontal shift 1 unit to the right Reflection in the y-axis and the x-axis
Matches (a) Matches (c)
'7.f(x)=:31nx 9, fx) =In2x

Domain: x > 0

Domain: x > 0

359
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10: f(x) = In|x| 1. f(x) = In(x — 1) 12.g)=2+Inx

Domain: x # 0 Domain: x > 1 Domain; x > 0

T

_;[ 1 H i

13.(2) In6 = In2 + In3 =~ 1.7917 4. (@) n025=In} =In1-21n2 ~ ~1.3862
() In3 =In2 — In3 ~ —0.4055 () n24 =3In2 + In3 =~ 3.1779
(c) In81 =1n3* = 41In 3 = 4.3944 (© Y12 =422 + In3) ~ 0.8283
(d In /3 =37 =41n3 ~ 05493 (@) Ik =In1— (3102 + 21n3) ~ —4.2765
15. n{=In2—-1n3 16.nt=In1-m5=-ns
17. 02 =nx+Iny—-Inz 18. nxyz=Inx+Iny +1Inz
B Iny/E=mn22=%m2 20. Inv/a =1 = In{a — 1)2 = (}} In(a - 1)
_ 3 2 = =
1. ln(x"xa l) = 3ol — 1) - 7] 22. In3e=m3+2Ine=2+1n3
= 3[in(x + 1) + In{x — 1) — 3Inx]
23. Inzlz — 1)2 = Inz + In(z — 12 Unl-mi-me=-1
=Ilnz+2mlz-1)
25 Infx - 2) ~ in(x + 2) = :;: 26. 3lnx+2lny—4Inz=Ix' +Iny?— Inz
-2
=%
» 2 2’
2. 3020 +3) + Inx — Gt - )] = S E TP Ly o/l 3

28, lnx —la(x+ 1) — In(x — )] = 2ln —

ErIE=1) 1“(?21_1)2

1 e - 9
203 -l + ) =m9-In/A+1=In =
30, —[m(x?+1) 1n(x+1) ln(x—l)]-E (x+le)-;xl—j=ln (ﬁt:)s
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361

31

33, lLim In{x — 3} = —o0
x—3*

35. lim l*(3 — x)] = In4 ~ 13863

Ty = 3 =
3. y=Inx=3Inx 38, y=hds
3
Y=z y’=l
At(1,0),y' =3 o
At(1,0),¥'

4 y=lhx2= %l.nx

=2
y’:% g‘(x)"x
At(1,0),y =%
4. y=(nx}
_ 1\ _ 4(nx)
%—4(1nx)3(x)— 2
45, y=1nxe’_—_=mx+%m(xi—1)
dy 1 1f 2 \_22-1
d:_x+2(x’—1)_x(x‘-—1)
47, f(x)=1nx,’j_1=1nx—m(x=+1)
1 X 1—
G Rlile: g pale ey
8. 5=
2 —_ —
) = t (1/;*)‘4 2tlne _ 1 :!n:
51. y=In(lnx?)
&y__1 d /2 1
dx—lnx’dx(lnxz)_ Imx® zxha® xlnx

41, glx) =Ilnx?=2Inx

32. 8

-1 L]

-1

. X e
36.x]1.n’|+ln‘/x_—4—-ln§ 1.6094
=élnx 3, y=lnx®*=2Inx

. 2
¥y =;
At(1,0),y' = 2.
=3
2-
42. h(x) = In(2 + 3)
2x
A =243
4, y=xlnx

EL,(l) .
o . +hx=1+Inx

% y=inJ/F-4=2lld - 4)
1/{ 2x X
%=E(;=—4)=x=—4

48. .f(x)=1nFT_—1=1nx—-ln(x+l)

{1/ —Int _1—In:
‘2 - ‘2

h() =

52. y=In(lnx)

dy _Vx_ _1
dc Inx =xlnx
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s.y=mvﬁ+‘=%mu+n—ma—m

x—=1

Q=1[1_1]_1

de 2lx+1 x—-11 1-x2
55, f(x) = m‘4x+‘2=%1n(4+x=)—

g X 1 —4
=2 "%+ 9

5, y= ln,»’x_l_ =%[ln(x—l)

dx

1

é.!=l[ 1 1]=
2lx—-1 x+1 x2

56. £() = Infx + VA ¥ )

-1

~ In{x + 1)]

1. X
i =x+—m(1 *"_m)

1

S+ 2
5. y= LY/ +1+1n(x+,/?+1)
dy _ —xix rJf+1|+Jx2+1+( 1 14—
dx P x+J/E+1 Ja+1
sber e ()
22+ 1 \x+ +1 Va4l
=_1__+ 1 1+2 /FF]
22 +1 JEF1 2 Zr1
-V#+4 1 (2+/F+4\ -J/E+4
58, y=T-zln( ‘i )= 5 —m(2+\/W) —lnx
92='~2x2f.t/-"13+4_|+4x\/x3+4_l( )( x )+_1_
dx 4xt 2+ VR +4/\/F+4) &
Note that:
_ 1 2-J2+a _2-/F+4
2+\/W 2+ /244 2- /T +4 ]
Hemce, 2= =1, ¥F+d _10-/F+3)( « L1
dx 2xe’+4 2 4 —x2 VE+4)  4x
_=1+(1/2)2 - JE+4) vE+4 1
/2 +4 = 4x
—Jx=+4+Jx=+4 1 J/E+3
NAEY » 4x 2
59. y= 1n|smx| 60. y = Injsecx|
2‘2 = sec x tan x
&~ snx ¥ %= ==
1| cosx _
61. y—lnmw‘_1 62. y = In|secx + tan ]

= In|cos x| — In|cos x — ||

dy —sinx _ —sinx sinx
dx

.

dx

sec x tan x + secix
secx + tanx

_ secx(secx + tanx)

secx + tanx

=SecXx



Section 51_

L3 ln| 21++!;m:
=In|—1 + sinx| — In2 + sinx|
dy ___cosx __cosx
de —1+sinx 2+sinx
dcosx

= (inx - N(sinx + 2)

65. f(x) = sin2xInx? = 2sin 2 Inx

#9 = @sin2(2) + 4con 2r1mx
=%(sin2x+ 2x cos 2x In x)

= :(sian 4 x cos 2x In x?)

6. (@ y=32~Inx, (1,3)

éz= _1

dx L5 x

Whenx=1 %=.

Tangent line; y— 3 = 5(x — 1)
y=5x—-2
0=5x—y—-2

®) L
=] [— 2
/!

6. 2-3lny+)2=10

_3dy L, 0
2 ydx+2y.dx (1]

3
x=2(-2)
&_ X 2xy
i (3H)-2 3-2?

The Natural Logarithmic Function and Differentiation

64, y=Iny/T ¥ o0l =

& _ (l)Zsmxcosx _ sinxcosx
dx \2/1 +sin? 1 + sin®x

%ln(l + sin? x)

Inx

66. 2(x) =I (2 + 3t
1

') = [P + 3] 4z = (lnx)2 +3

(Second Fundamental Theorem of Calculus)

68, (a) y=4- - ln(--x+1) (0, 4)
i
2

%='2” (l/2)x+l( )
1
=—2x—x+2
1
When x = 0.% ~3

Tangent line: y—4=—%(x—0)
y=—%x+4
)] 8
‘-—..._,_t?-

70. In{xy) + 5x = 30
Inx+Iny+ 5x= 30

1. 1 5
+ydx+5 0

lg_____s
ydx x

Loy m (1 2)

363
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7. y=2(nx) +3

’

e
LT &)

Domain: x >0

l=(x+1)(x—l)
X

y=x—= = 0whenx=1.

]

req4+l
y—1+x2>0

Relative minimum: (1, %)
74. y=x—Inx

Domain: x > 0

y=1 —3—‘=0whenx= 1

»

y==>0

Rl

Relative minimum: (1, 1}

75. y=xhhx

Domain; x > 0
y' = ,(%) +Inx=1+Inx=0whenx=¢"1
1
o L
¥ - >0
Relative minimom; (¢~!, —e™1)
Inx
76. y = .

Domain: x > 0

,=x(l/x)—lnx=l—ln
4 2 7

v B(—1/x) = (1 —Inx)(2x) 2(nx -3
2 P T

x=0whenx=e.

Relative maximum: (e, e~?)

Point of inflection: (e272,3¢-372)

72. y=xlnx) — 4x
y'=x(%)+lnx-—4=—3+lnx
(x+y)—xy'=x+xlnx—4x—x(—3 +Inx)
=0
2
[} ]

oo~

-1 )

=1

W~

-1

e (e*.g-'*) )

= O whenx = £/2
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x
77.y=m

Domain; 0 < x < 1,x > 1

L (lnx)(l()h;)(:)(_lld - hzli;)’l =(Owhenx =e.

. (nz2(1/x) — (nx—1)2/HInx _ 2—Inx
e {inx)* ~ Ainxp

Relative minimum: (e, &)

Point of inflection: (e?, £2/2)

= (O whenx = £2.

78. y=xInx 18
Domsin: x > 0 ) ("*-‘iy
y’=x’(%)+2.x(lnx)=x(l + 2Inx) = Owhenx = ¢71/2, - 4 2

= A

y'= x(-i—) +{l +2Inx) =3+ 2(Inx) = 0 whenx = £33,

Relative minimum: {e~1/2, —4¢~1)

Point of inflection: (e ~3/2, -}y

7. f(l)=lnx, f(1j=0 80. f(x)=x!nx, f(1)=0
f'(x=§. =1 ‘ fRy=1+mx f1)=1

= =
PR=fQ)+rDx-1)=x-1, P(I)=0
P& = ) + FUNx = 1) + W — 1F

W=z f0=-1

P =f)+fx-)=x-1 P{1)=0

Pa) = £1) + POk — 1) £ 2P0 = 17 ’
=G-1)+3E- D4 PN =0

=G-1D-3G-17 P1)=0
P =1, BN =1

P =1, PA)=1 P =14 k-1 =x P1)=1
Px)=1-(x- l).=.2 - X Pz'(l)'= 1 PA®) = x, P:le) =1

P =-1, B ="-1 ] The values of f, P,, P,, and their first derivatives agree at
The values of f; P,, P,, and their first derivatives agree at x = 1. The values of the second derivatives of fand P,
x = 1. The values of the second derivatives of fand P, agreeatx = 1.

agree at x = 1, .

4 "
Py “ Z}i
=2 e 10 -2 - 4
P2 . ~1 -
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81. Find xsuch thatlnx = —x.

fixy=(nx) +x=0
F@ =141
fi) _  [1-lnx
Typ1 =X~ f’(x) [1+x]
n 1 [ 2 [ 3
x 0.5 0.5644 | 0.5671

f(z,) | —01931 | —00076 | —0.0001 |

Approximate root: x = 0.567

83. y=x/2%~1

_A/E=2
A AR

lny=21nx+%ln(3x—2)—21n(x— )

1 2 3 2
;(%)=E+z'(3x N " x-1
dy [w—15x+8]
de 20— 2 - 1)
3x° — 158 + 8x
T 2x- 1Px-2

87 =M
' y Jx+1

lny=lnx+§2-1n(x-1)—%1n(x+1)

&) -1+ 35 - )
%=%[%+1-3-1_x-}-1]
=2[4x3+4x—2]=(2x1+2x—1)‘/ﬁ
2L xx*-1) G+ 1072

82. Find x such thatlnx = 3 — x.
f=x+(nx)—3=0

—1+1
Ff=1+ p

— . _f) _ [4—lnx]
TR ) TR TS,
n 1 | 2 | 3 |
x, Z 22046 | 2.2079
flx,) | —0.3069 | ~0.0049 | 0.0000

Approximate root: x = 2.208

M y=VE-DG-G-3
Iny = 2[in(x — 1) + Infx — 2) + In(x — 3]

18)- 4y e ]

_1[ —12x+ 11 ]
G- D& - 2)x-3)
dy 32— 12+ 11

dx 2y

212+ 11
2/-DE- 2k -3

_ 2+
2 -1

Iny = 306 + 1) = Infx + 1) - Infx = 1]
')!'-(%)=l[x32-:1 _x-il-l_xll]

Q »+
3(x"—l) 3(;‘—1)\/

_ —4x
T 3(x2 + 1)¥3(x2 — 1)43

_(x+1ix+2)
B Y- )x-2

Iny =in(x + 1) + In{x + 2) — In(x = 1) — In(x — 2)
1@)_ 1,1 _ 1 1
_x

yidx +1 x+2 x-1 x-2
d_[ -2 _ -4 -6+ 12
&-F-1 T A 4] ’[(ﬁ—l){f—rl)]
_et+1fx+2) —6(* — 2
T G-Dx-2 G+ Der- D+ 2E-2)
6(x* — 2)

- 1P -2
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I 10 (I 10
89, g=10 10310(10-15) =510 ln(m_m) -4 1o[ll:ll + 161n 10]

10 10 10
=10} = —10 = - = = '
B(10~19) —|] 10 In 10~'® + 16 1n 10] —|] 0 101n 10 + 16 In 10] —|] o 6In 10] = 60 decibels

5315

9. t=—coo6 + nx 100 < *
(a) =

1000 4000

[+]

(b) (1167.41) = 20 years

T = (1167.41)(20)(12) = $280,178.40
() K1068.45) =~ 30 years

T = (1068.45)(30)(12) = $384,642.00

91. (a) s

92. g(x) = Inf(x), f(x) > 0

i)
g™ =7

(a) Yes. If the graph of g is increasing, then g*(x) > 0.
Since f(x) > 0, you know that f{x) = g '(x}f(x) and
thus, f{x} > 0. Therefore, the graph of fis increasing.

93. (a) You get an error message because In k does not exist
fork=0.

(b) Reversing the data, you obtain
h = 08627 — 64474 Inp.
©

® T(p) =22

T(10) = 4.75 deg/Ib/in?
T/(70) =~ 0.97 deg/Ib/in?

@ % = —5.315(—6.7968 + mx)"(—)

1 .
X
____ 5315

x(—6.7968 + In 2)?

When x = 1167.41, dt/dx ~ —0.0645. When x = 1068.45,
difdx =~ —0.1585.

(e) There are two obvious benefits to paying a higher monthly
peayment:

1. The term is lower
2. The total amount paid is lower.

3985 @ ®
p

(b) No. Let f(x) = x® + 1 (positive and concave up). g(x) =
In{x? + 1) is not concave up,

(@ Ifp = 0.75, h ~ 272 km.
() If h = 13 km, p =~ 0.15 atmosphere.
() h=0.8627 — 64474 Inp

= —6.4474 % % (implicit differentiation)

e __ P
dh —64474
For h = 5, p = 0.55 and dp/dh = —0.0853 atmos/km.

For k = 20, p = 0.06 and dp/dh = —0.00931 atmos/km.

As the altitude increases, the rate of change of pressure
decreases.
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9. y= 10|n(10+— "f'o_; ) ~ /100 — 2 = 10[1n{10 + +/T00 — ) ~ In ] ~ 100 — 2

@ = _ © xgxlno_%= 0
1] 10
dy _ [ —x _ l] PR S )
® 2= A= 10+ /1002 =z ,100-2
e -10 ]_1_0+ x
J10—-2L10+ J100—-2] x  100- 22
x I -10 ] 10
/100 — 2L10 + /100 — 22

. n { M] 10
100 — x2| 10 + /100 — x*
_x _1o

10+ 1002 x

_A10-v/i0-») _10_ _~100-4
B 2

X

When x = 5, dy/dx = — /3. When x = 9, dy/dx = —/19/9.

95. (8) f() = Inx, g(x) = Vx ® f(x) =Inx,glx) = ¥x
8
- 7
I
on 300 °° 20,000
& & =18 =
i)y =280 = P x 443

For x > 256, g'(x) > f'(x). g is increasing at a higher
rate than f for “large” values of x. f(x) = In x increases
very slowly for “large” values of x,

Forx > 4, g'{x) > f1{x). g is increasing at a higher rate

than f for “large” values of x.
96. y=Inx

y' = L > O0forx > 0.

X

Since In x is increasing on its entire domain {0, oo}, it is a strictly monotonic function and therefore, is one-to-one.
97, False 98. False

Inx + In 25 = In{25x) # In(x + 25) ar is a constant,

dix[ln 7] =0
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Section 5.2

lLu=x+1du=4dx

1
fx+1dx—ln|x+1|+C

Jou=3-22ndu=—2dx
1{ 1
f et 2I3—h( 2
=—%1n|3—27:|+C
S.u=x+1,du=2xdx
" x _1f 1
sz+1dx'_2fx=+1(2")‘k

=%ln(x‘+1)+(.:
- n/FTT+C

e -t

=‘E—4ln|x| +C

9.u=13+3x’+9x,du=3(x’-+2x+3)dx

X+ 2x+3 1{3(x*+2x+ 3)

X+ 3%+ 0x Juc-"+3.u=+9x"!’lc

=%1n|x3+3x’+9x|+c

11. u=1nx,du=1dx

jﬂnx) )3+C

BB.u=x+1,du=dx

1
Jx+1
=2Ax+ 12+ C
=2Jx+1+C

The Natural Logarithmic Function and Integration

2. u=x=5du=4dx

f “sdr=l|z- 5|+ C

4 u=06x+ 1,du=6dx

_1f_1
J'(n:+ldx“6 &1

=ipje+1+c
6 u=3-xdu=—-32dx
Tedi= - f——( -3 dx

= —;ln]3 -2 +cC

8. u=9—xdu=—2xdx

x 1 -
J:—'—,g—_?dx = 2 (9 = x)~V2(-2x) dx
=~/9-2+C

10.u=xz+6x+7du=2(x+3)dx

_x+3 o 1f 2&+6
PHex+7 ;2+6x+7

=-2—1n|x=+6x+7|+c

12, u=1nx,du=%dx

1 1f 1
_,‘xln.t’dx-_ folnxdx

= Sifls]] + €

= N duy = ——
14, u =1+ du sxmdx

1 ~af L (1
fm“‘”fuxm 3.6/3)""
=3In|]1 + 22| + €
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1s.u=‘/5—3,du='2—1‘/.—dx=>z(u'+3)du=dx

x (u+E!)2 wt+eu+9 9
j—ﬁ—3 P ?.J.— du ZJ.(u+6+u)du
=2[§+6u+91n|u|]+c,=u=+12-u+181n|u| + ¢
= (Vr- 3P +12(V/x-3) + 181|Vx -3 + ¢,

=+ 6%+ 18In|/5 - 3| + CwhereC = €, — 27.

= - D = o . [m—2+2
|h.u-1+ﬁ.du—J_dx=(u 1) du=dx l'l.j(x_l),dx ) dx
2 ) oty
jl+J_ J du u du (x 1):d’+2 (x_.l)zd"
=u - Infx| + C, =2jx—1dx+2j.(x—11)=d"
=(1+ v -ul1+ 5 +¢
= vz - (1 + V2x) + € =21n|x—1|—(x-3—1)+c
where C = C, + 1.
x(x 2 - 2.:;'+1—_&’x cos 8 o _
18. 1),dx =1y 19, |2 Sdo= In|sin 6] + C
(Jr:—l)2 _ 1 ( = sin 6, du = cos 8d6)
f —pF -
= [ihe- [ty
1
-—1n1::-1|+2(x_1)2+c
_ 1{ssin58 1
zo.jmnsado-sj'msade 21. J.cscz:cdx-zJ.(cchx)(Z)dx
= —%ln]cos59| +C = —%ln|csc2x + cot2x| + C
X, _ 4 ._x_(_l_) ‘cos ¢ _ .
zzjsmzdx .fswzzdx 23, 1+sintdt In|]1 +sing| + C
x x
—21n|sec-2-+tan5|+c
T P P O e T 25, |SEEEE G jlsecx— 1] +C
1+ cosx 1+cosx secx —

= —In|t + cosx| + C

¢
26. J.(séct+tanr)dr=1n|secr+tanr[—1n1cost| +C

: +
=1n sec::os_:am| + C=In|sect(sec: + tanf)| + C
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— e — = —zx
27.y—fz dx 28. y xz_gd"
=_3J‘ lz'dx =hx2-9+C
0,4): 4=1n|0 -9/ +C=> C=4-In9
e e y=loj2—9| +4 -9
(1,0: 0= ~3ml|1 -2[|+C = C=0 s
0]
y=-3njx - 2|
-9 ]
-4
| sec?:
29.3—jtan(20)d9 ©,2_4 3. r= th_ldt
=%f 260248 ; gL oS
1 (11',4):4=ln|0+1|+C=>C=4
= - +
plgl kLS = r=Inltans+ 1| + 4
0,2: 2= --%ln|cos(0)| +C=>C=2
1
s = —31In|cos 26] + 2
dy _lnx
32':17: Jr.7(1. 2)
v {(a) ¥
MH oy r -
bR Rmbrietotdob
N, ettt
LT N oo o e or e o e
N %
N
B B R L
1 . 2
) y=Jx+2dx=mh+2|+C ® y= %#=%‘L+C
2
WO =1=1=102+C=C=1-1In2 y(1)=—2=>—2=%+c=>c-=—2
Hence,y=1n|x+2|+1—|n2=1n"';2|+1. Hence.y=.(1ﬂ_;ﬁ_2_
4 5 4 1 1 1
. [ 5 de =[St + 1)) [ A= [+ ]
=In3-Inl1=In3
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35.u=1+1nx.du=%dx 36.u=1nx.du=%dx
bl | ’]'“1 o= (L =[] -
f, de=[31 +map] =7 Fr dx = | ]l
1 1 1
x=1, —2
”',[,x+1d"',[,1d"+J;x—"+1d"
1
=[-2-x’-x—ln|x+l|] -—n3 =|:x—21n|x+1|]°=l-21n2

1—cos8 , _ e a P oy |2 sin2|
39.f0_m9d8—[1n|0 smﬂl]l—lnl_sinl| 1.929

2
40, Jm(cscza— cot 202 df = r (cac? 20 — 2 csc 26 cot 20 + cot® 26) 4@
b1 0.1
02
=| (2c5c?20— 2csc28cot28 — 1)do
0t

= [—cot28+ csc 20 — 0]:-0.0024

a1, J.ﬁlzdx=2(] +v3) - 21a(1 + V&) + €,
= 2{V& -1 + /z)] + Cwhere C = C, + 2. T ks

4. ﬁ;ﬁdx=—(1+,/;)=+5(1+,/i)—41n(1+J;)+c,

= 4% - x - 41(l + /5) + Cwhere C = C, + 5.

43.fcos(l—x)dx=—sin(1—x)+c 44.f dx ~[In|sec 2x + tan 2x| — sin2x] + C
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/2 /2
45, (cscx —sinx) de = [—ln[cscx + cotx} + cusx] "
)

/4
=1n({v2 + 1) - % ~ 0,174

w4 - oa 2 /4
46.] S x _ oo8 xdx=[ln|secx+tanx| —2sinx]
w4 COSX ~uf4
J2+ 1)
= n — 2/2 ~ —1.066
(Ji—l 2
41, ~Injcos x| + C = In —-| +C = Infsecx| + C 48 Infsinz| + C = 1n|—1—| +C = ~Injoscs| + C
cos x L lescx

v I = | 2y — 2
49. In|secx + tanx| + C = (secx + tanx)(secx — tanx| | . _ | Isec’x — tan’x np
(secx — tan x) secx — tanx
1 1
-ln|mx_mJ‘ +C = —Insecx ~ tanx| + €
50. —Injcscx + cotx| + C = — (csex + cot x){esc.x — cotx) +C = —Ip[%2x — cotlx| c
(cscx — cot x) cscx — cotx
== c—scxlmu|+c=ln|cscx.—cotx|+c

Note: In Exercises 51-54, you can use the Second Fundamental Theorem of Calculus or integrate the fonction.

|

51. F(x) ='r%d: 52. F(x)=rtanrd: 3. Fi=| ~dr., 54. F(x)=r-:-dr
1 0 X 1
1 F'(x) = tanx _ (™1 *1 _Zx_2
Fl) =7 —‘[ -;dr—J;‘dr Fla) =3 =2
F=2-1a0
53, y 56. :

EREE

A=~ 125 Am~3
Matches (d) Matches (a)
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4
51.A=_r’3+4dx=f(x+—
1 X 1

2 o 1
-[54-41“]1 =(8+4In4) -7

—%+81n2~ 13.045 square units

5 5
=fﬂ§dx=j(1+§)a
1 X 1 x

]
= [x + Slnx]l

=4+ 5In5 =~ 12.047 square units

2 2
%, 12 m™\T
SB.J;Zsecﬁdx— stec(-—G)Edr

=[Eh|mﬂ+mﬂ
T 6 .

I

L tan—| = —1n|1 +0|

6

et

= %m(z + +/3) =~ 503041

60, l ‘(2% — tan(0.35) d = [zz + 10 ln|cos(0.3x)|]:

- [16 + l:,'—ommu.z)] - [1 + %lnoos(oﬂ] ~ 117686 )
-2
61. P(Y) = = (3000)4) [ —223_ 4 = 12,0001n[1 + 0.25¢ + C
S T+ o025 :

P(0) = 12,0001n|1 + 0.25(0)] + C = 1000

C = 1000
P(5) = 12,000 1nj1 + 0.25¢] + 1000 = 1000{12In|2 + 0.25¢] + 1]
P(3) = 1000[12(In 1.75) + 1] ~ 7715

300
=01
2 )y T— 100

- —[m(r— 100)]300 =19 110200 - In 150] = 22 m(i)] ~s 4,1504 units of time
2 0 In2 - 2 ™3]~

30
6 g ). %0 [3ooom 1400 + 3"]40 ~ $168.27
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)
ds

- =

64,

56 = f’fdt=kln|t| +C=kins+ Caincer > 1.

§(2) = kIn2 + C = 200

S(4) = kIn4 + C = 300

Solving this system yields k = 100/1In 2 and C = 100. Thus,

s()—1°°1“'+100 100[%“]
65. (a) 22 ~y2 =8 (b)-y? = g~ flt/adx — GTIHH.C = o(l/A(p€) = % k
P=2u-8§
. -4 (n=2V
y1=m 1..etk—4a|migraphy’—.t (y;=—2/\/i)
yz=—vF-8 10

: S
Sia T
V4 \N =

=10

(c) Inpart (8), 2x2—)2=8§ In part (b), ,.z=%=4x—1
4 —2y'=0 4
2 w'=a
y="7

222 Y _H -y
yx:  y2x?  4x i’

Using a graphing utility the graphs intersect at (2.214, 1.344). The slopes are 3.295 and —0.304 = (—1)/3.295, respectively.

66. k=1: filx) =x—1

k=05 f4x) = ‘/‘;; o o(z-1)
k=01 f,(x) = = 10('¢x - 1)
limf, () = A
67, False 68, False
2inx) = In(x'#) # (ln )2 2 finx = 1
69. True 70. Fals«:; the integrand has a nonremovable discontinuity at
X=U
j %dx = In|x| + C,

= In|x| + In|C]| = }|Cx|, C# 0
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Section 5.3 Inverse Functions

L@ fix=5x+1

x—1

gl ==

= |l =1
f(z(x))=f(x5 )=s("5 )+1=x
B = glsr + 1= =1

2@ fB=3-4&

st =1

160 = (23 - 3 - 255) -5

s = g3 - 49 = LB

3.0 flx)=2x
gy = ¥x
Fet) =f¥x) = (¥P ==
) =g = Y =x

4@ f=1-2
g = ¥T—-=x
@) =f(YT=3)=1-(¥T-3p
=1-(1—-x=x
g(f(x) = g(1 — %)
=YNT-0-)=¥'=x

5@ fW=vx-4
g=x2+4,x20
Fe(x) = fla? + 4)
~SEFD 4= /B =z
g(f@) = g(vx—3)

=(Jm)’+4=x—4+4=x

®

L)

12—
li i
FE
La ¢

4
i !

— —w e e X
2 4 ¢ 8 1012
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377

6.( fN=9-2x20 ® ,
g =V-xzx<59
£ = (Vo —3)
=9—(J9T1c)’=9—(9—x!=x
g(f() = 209 — B

wle = = B

- A = SF=x
2@ fw=1 ® ‘.
g(x)=-}; ; 0
1) = T =% j R
B =777 =+ '
.® fWmiyor20

s(x)=l—;—x.0<x51

sl = () = —L— -

1_.
=
X X
{1
_ 1 3 1+x__x l+x_
3(f("))_3(1+x)‘ 1 1+x 1~
1+x
9, Matches (c) 10. Matches (b) 11, Matches (a) 12. Matches (d)
13. flx)=2%x-3=y 4, flxy=3x=y 18, flx}=a%=y
L=rt3 =2 =¥
2 3 y= i
y=x;3 y=3 )= Ya=xt5
¥
+3
i@ =55 @ =3 L
¥ D 1‘("..-

f— s
34 I3 =3 ] g

24 . e T

19, /‘5"‘ =24
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16. f=x+1=y 17. f@=Vx=y 18. f=x=y0<5x
x=¥-1 x= x=Vy
y=¥-1 y=x y=x

fi) = ¥x-1 fi@=2 x20 ) = Vx

20, flR=vi—-4=yx22

=¥ +4
y=/4— 2 y=JVE+4
R =Va-20<sxs2 FFl@=V/2+4x20

21, f=3cx-1=y 2. f)=3¥Yx~1=y 2. f=x=yx20
x=y+1 Lo XU x =y
=2 +1 ,;"Isg‘“ F) =27 x20

2 3
s Z

ralati
L

The graphs of fand f~! are
reflections of each other across

-3

The graphs of fand £~ are

; reflections of each other across the
the line y = x. liney = x.
The graphs of f and £~ are
reflections of each other across
theliney = x.
U fR)=xr=y 2
x=yh i
y=x5/3 -3 a
f0) = 2

The graphs of fand f~! are reflections of each other across the line y = x.
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. + 2
5. 1) ==y %. foy=%==y
) .
A-7 ST
= ﬁx = 2
B Ji-2 YEr—1
2
£ =y, 1 <n < i) = =2
The graphs of fand f~! are L The graphs of fand f~!
I reflections of each other 4 are reflections of each
. . across the liney = x. - . other across the line
— F ﬁ y=ux

27. x) =;rx_—4=yon(-2. 2)
x2y—4y=x
By—-x—4y=0

a=yb=-l,c=-4y
1 — 4(y)(—4y

=1:|:1.-"l+16i

2y 2y
y=r)= {(1; V1 +1623)/2x, ifx# 0

Domain: all x
Range: —2 <y <2

29. (a)

ifx=0

The graphs of fand f~1 are
reflections of each other
across the line y = x.

tvf

[

=10

) =2-3=ym(.10
28 - 3
#2-y)=3

I3

x== 'E'—_-;
i3

- X

y=2f3
f"(x)=\/-2—i—x.x<2
]

The graphs of fand f~! are
reflections of each other
across the line y = x.

®) 1

(c} Yes, fis one-to-one and has an inverse. The inverse relation is an inverse function,

30. (@) 2

-2

®)

-1
g e w8

-2

(c) his not one-to-one and does not have an inverse. The inverse relation is not an inverse function.
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4. f(;.s)=§—z:.c2

Fl=x—4x=0whenx=0,2, -2

fis not strictly monotonic on (— oo, 00). Therefore, fdoes

not have an inverse.

51 f=2-x—#
Fx)=—1-=1322 < Oforallx

fis decreasing on (— oo, oo). Therefore, fis strictly

monotonic and has an inverse.

53, f(x) = (x — 4)*on [4, o)
Flx) =2(x — 4) > Oon (4, c0)

Fis increasing on [4, co). Therefore, fis strictly
monotonic and has an inverse.

55. f(x) = %on (0, 0)

1) = —% < 0on (0, o)

fis decreasing on {0, oo}, Therefore, fis strictly
monotonic and has an inverse.

57, f(x) = cosxon[0, 7
Flx) = —sinx < 0on (0, m)

Jis decreasing on [0, or]. Therefore, £is strictly
monotonic and has an inverse.

59. fis not one-to-one because many different x-values yield

the same y-value.
Example: f(0) =f(m) =0

(2n = m

Not continuous at 2

6l. f(x) = +/x — 2, Domain: x 2 2
S = 2\/% > Oforx > 2.

fis one-to-one; has an inverse

SiTEey
x—2=y

x=y+2

y=x>+2

FFi=x2+21x20

50. f(x) =x* — 62 + 12x

Fa) =3 —12x + 12 = 3(x — 2) 2 Oforall x.
JFis increasing on {(— oo, o), Therefore, fis strictly

monotonic and has an inverse.

52. f(x) =In(x—3),x>3

) = —

x—3
fis increasing on (3, oo). Therefore, fis strictly
monotonic and has an inverse.

> O0forx > 3.

54. f(x) = [x + 2| on[—2, o)

£ =EE20 - 15 gon(-2,00
x+2
fis increasing on [— 2, oo). Therefore, f1s strictly

monotonic and has an inverse.

56. f(x) = tanxon (—%’ g)

Fix) = sec?x > Oon (—%r %r)

fis increasing on (—a/2, w/2). Therefore, fis strictly
monotonic and has an inverse.

5B. f(x) = secxon [0, %)

F(x) =secxtanx > Oon(O,%r)

fis increaging on [0, m/2). Therefore, fis strictly
monotonic and has an inverse.

60. fis not one-to-one because different x-values yield the
same y-value.

4 3
Example: £(3) =f(—§) =35
Not continnous at &2,

62. f(x} = -3

Not one-to-one; does not have an inverse
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63 fx)=|x—2,x<2
=—(x—-2)
=2-x
Jis one-to-one; has an inverse
2=x=y
2-y=x
fFi=2~xx20

65. f(x) = (x — 3)*is one-to-one for x 2 3.
G-32=y
x=3=Yy
x=Jy+3
y=,\/;+3
FW=vzi+3,z20

67. f(x) = |x + 3| is one-to-one forx 2 —3.
x+3=y
x=y—3
y=x-3
iR =x-3,x20

69. Yes, the volume is an increasing function, and hence
one-to-one. The inverse function gives the time ¢
corresponding to the volume V.

71. No, C(f) is not one-to-one becanse long distance costs are
step functions. A call lasting 2.1 minutes costs the satne
as one lasting 2.2 minutes.

7. f=x+2%-1,f1)=2=a
Fl=32+2

gy o1 1 1
U= priay ~ 7D " 3P +2 -5

74. fR=25+2+1,f(~-1)=-2=a

Flx) = 102 + 322
15— 9} = r 1
D= fm2) ™ 7
1 1

T10(-1F +3(-1F 13

64, fx) =ax+ b
fis ope-to-one; has an inverse

ax+b=y

=B ax0

a

66. f(x) = 16 — x* is one-to-one forx 2 0.
16—x=y
16—y =x*
Y1i6—y=x
Y6-x=y
Fi=416—-xx<16

68. f(x) = |x — 3| is one-to-one for x = 3.
x—=3=y
x=y+3
y=x+3
Fi=x+3,x20

70. No, there could be two times ¢, # £, for which
ki) = k().

72. Yes, the area function is increasing and hence one-to-one.
The inverse function gives the radius » corresponding to
the area A. ‘

75.  flx) = sinx, f(%) - % o

F(x) =cosx
o 1 1 1
() FG7N) ~ Flnf6) ~ conta/e)
1 23

V327 73
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7. fx)=cos2f(0)=1=a
fx) = —25in 2x
1 1

- 1 =
U™ = 5=y = 7®) ~ —2sm0 0

T f=r-f0)=6=a

o) =3+ 5

) =t m L w1 1
(7O = pir=ite) = 72) ~ 37 + @)~ 13

8. fW)=vx-458=2=a

=
&= r=

90 = i

79. (a) Domain f = Domain f~! = (—oco, co}
(b) Range f = Range f~! = (—o0, o0)

80. - (a) Domain f.= Domain f~! = (—o0, c0)

() Range f = Range f~! = (—o0, o0)

{c) ¥

’ '
3

=1
L~ 2
.
R R |
SR T
-1
=3
3
-3

which is undefined.

@ = 5 (53

i
2

(%) = 5
o3

) f(x) =3 — 4z, (1!_1)
16 = -4
£ = -4

N

0 =222 (-1,1)

@ = -

F-1 = -7




81. (8) Domain f = [4, oo}, Domain £~/ = [0, o)
(b) Range f = [0, cc), Range f~! = [4, o0)
(c) !

s

i /
|
— —— X

|2 4 6 8 1012

82, (a) Domain f = [0, oo), Domain f~}{0, 1]
(b) Range f = (0, 1], Range /! = [0, oo)

(© ¥
+
]
kS
TR
N

a1
| 1 i

8. x=y¥-7+2

1= 3)3% - 14y%

dy_ 1 & _ 1

1

e gy e e T TR Th

Alternate solution: let f(x) = z° — Ta2 + 2.
Then £(x) = 32 — 14z and (1) = —11.
dy 1 _~1

Henee, o =1~ 11

In Exercises 8588, use the following.
f@=tr—3andglx) =2
SHx) =8 + andg~ix) = ¥x

85. (f'og (1) = f~Mg (1) = F1(1) = 32

87. (f «f71)(6) = F(F716)) = £~(72) = 600

Section 5_ 3 Inverse Functions

ass

@ fB=vi-40(1)
@)=

1
2vVx—4
=7
Fix)=x+4,(,5

(fHW=2
FHy=2

©® =iz x20(Ll)
10 =
fw=-3
T Iy

({2} - -2

84. x=2In(y* — 3)

1= 2;2).42

¥ -3
By _y-3 & _16-3_13
e e T T

86. (g7 of ")-3) =g H(f(-3) = g"H(0) =0

88. (g1 o g~1)(—4) = g~V (g~(—4)) = g~(¥/—4)
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In Exercises §9-92, use the following.
fE)=x+4andgkx) =25

Fx) = x — 4 and g~ (x) =#

B9. (g7' -f~I)x) = g~ (F ) 90. (£~ < g™} = f (g~ (x))
=g x—-4) =f—1(x; 5)
_ -4 +5
2 x+5
- -4
_x+t 1 2
2 _x—3
T2
91. (f-g)(x) = f(g(x)) 92. (g -/)(x) = g(£(x)
=f{x - 5) = glx + 4)
=(x—5)+4 =2x+4)-5
Hence, (f+8)() = 23 Hence, g -/} () = 252
(Note: (feg)t=g'=f) (Note: (g =)' =f~'og™)
93. Let (= g)(x) = y then x = (f = g)~'{y). Also, 94, If fhas an inverse, then fand f~! are both one-to-one.
B Let (f~1)7!(x) = y then x = f~'(y) and f(x) = y. Thus,
(Fegdx) =y (Fryt=f
fex) =y
gQ =)
x=g (0D
={g7' -0

Since f and g are one-to-one functions,
(fog)'=g7"ofM

95. Suppose g(x) and h(x) are both inverses of f(x). Then the graph of f(x) contains the point (2, ) if and only if the graphs of
g(x) and A(x} contain the point (b, a). Since the graphs of g(x) and k(x) are the same, g(x) = h(x). Therefore, the inverse of
F(x} is unique.

96, If fhas an inverse and f(x;) = f(x,), then f~*(f(x,)} = f~(f(x))} = x, = x,. Therefore, fis one-to-one. If f(x) is one-to-
one, then for every value b in the range, there corresponds exactly one value a in the domain. Define g(x) such that the
domain of g equals the range of f and g(b) = a. By the reflexive property of inverses, g = f~!.

97, False 98, True; if fhas a y-intercept. 99. True
Let f(x) = 22
100. False 101. Not true
Let f(x) = xor g(x) = 1/x. _[= D<sxs1
Let f(x) {l—x, lexs?2

Jf1is one-to-one, but not strictly monotonic,
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102. From Theorem 5.9, we have: 103. S = J; xﬁ%, f@O=0

1
) = 6 0 =g
g7) = (eI - Fae) N
- o 0= =7 = YT
T PGP
)
[Fa)F

If fis increasing and concave down, then ’ > 0 and
S* < 0 which implies that g is increasing and concave up.

Section 5.4 Exponential Functions: Differentiation and Integration

1, =1 2, e2 = 0.1353. .. 3 In2.= 0.6931...
Inl =0 In0.1353... = -2 . el m
4, In0.5 = -0,6931... 5 dux=4 6 % =12
3—0.6931...=% =4 2% =12
x=6
T.Inx=2 8. nx2=10
x = ¢ ~ 7.3801 22 = a0

x = te' = £148.4132

10. y = dex

11, y=e*
Symmetric with respect to the y-axis
Horizontal asymptote: y = 0

¥

X
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13. (a) 7 ()] (©) ?
I /’ \ 4
-2 { 4 L
-5 7 \ i L
Horizontal shift 2 units to the A reflection in the x-axis and Vertical shift 3 units upward
right a vertical shrink and a reflection in the y-axis
14. (a) 10 15. f(x) = &=
vyl s) =InvE =2Inx
- e 1
-2
Horizontal asymptotes: y = Oandy = 8
®) 1o
=B 10
-2
Horizontal asymptote: y = 4
16. f(x) = e** 1. f) =& —1
g¥)=Ilnx =3Inx gl) =In(x + 1)
T
i
1 E
e
19. y = Ce™= 20. y = Ce™™* 2. y=C(1 — e )
Horizontal asymptote: y = 0 Horizontal asymptote: y = ¢ Vertical shift C units
Matches (c) Reflection in the y-axis Reflection in both the x- and y-axes
Matches (d) Matches (a)
c
2.y= 1+e 2 2. J 3

Jrllbrg= 1+ e = -
lim =0

xo—o ]+ g™

Horizontal asymptotes: y= Candy =0
Matches (b)

e

-1

=]
As x— oo, the graph of f approaches the graph of g.
(1 + 93V o s

s

lim
X =roo
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24. In the same way,

lim
X —doo

rx
(1+;) =¢ forr » 0.

el
120 * 720

1

1,1
6. 1+1+5+z+0+ +

27. (a) y=¢e¥*
. y' =3k
At (0,1),y =3,
() y=e*
yi= —3e ™

At(0,1),3 = -3.

29, flx} = e>
[} = 2

28

3R, y=e"

A
o 2xe

35 gl =(er+e)
gD =3+ e)e—e")

1+¢#&
38, y—ln(l__e‘)

=In(l + &) — In{l — ¢*)

N

&

__2
y ex o e-l

41. = 2(e* + %)}

D g+ )Y - )

—2(e* — %)

CEro

1 1,000,000
25, (1 + 1,0(1),000) = 2 718280469
e = 2718281828
1 1,000,000
£ > (1 + 1'000'000)
1
SoIOE 2.71835398
e =~ 2718281828
1 1 1 1 1 1
e>1+1+o+et o T2 720 T 5040
2. (a) y=e
y'=2e*
At(0, 1),y = 2.
B y=e*
y'=-2%"
At(0,1),y' = —2.
30. flx) = e~ 3L f(x) = e72+e
flx) = —et—> ‘_;xl = 2x — 1)e~2=+2
33, y=er M, y=x2F
éZ = GJ; ﬂ = -x —-x
dx  2J/x dx .L-‘zf e
~ - Jq_e"(Z - .t)
36. gty =" 3 37. y=lhe'=5
I dy _
g'(l') = ‘3 . dx = 2x
—-x
39, y=In(l + e%) 40, y= m(—‘ﬁi‘—)
2e%
%=1+e2, =ln(e"+e")—ln2
éz - e&— e
dx e&+e*
_ e — 1
&+ 1
_e&—eT
42, y= )
. dy _gte”
dx 2
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43 y=xF -+ 2= — 2% +2)

%=e‘(2x—2)+e*(x’—2x+2)=x’¢*

45, f(x) =e* Inx
fx= e"(l) —e*lnx= c""(i- —In x)

x

47. y = &(sinx + cosx)
% = e{cos x — sinx) + (sinx + cos x)(e*)

= e2cosx) = 2efcos x

49, x - 10z +3y=0

u’%+ef—10+3%=0
%(xe"+3)=10—e"

& _10-2
i x0 +3

5. f(x) = (3 + 2x)e™>
Fx) = (3 + 2x)(—3e~%) + 2
= (-7 - 6x)e~¥
Az} = (=7 — 6x)(—3e™*) ~ Ge*
= 3(6x + 5)e

53, y = e{cos/2x + sin/2x)

H y=x*—-e=¢kx-1)

%ée=+ef(x-1)=xe*

46. f(x)=Flnx
=5
4. y=he==x
& _
<=1
50. e+ 2—y=10

(x%+y)e’°’+2x—2y%=0

D (rev — 29) = ~yev — 22

dy_ _y+ Xk
&  xeT -2
52. g(x) = Vx+ &Flnx
g'(x)=2—1J—;+§+e‘hx

1  x—& ¢
gW = —mp+ =zt tehx

__1 e(2x —1).
4“&+ 2 + &lnx

¥’ = &{~/Zsin v2x + Zcos v/2x} + eX{cos/2x + sin V2x)

= (1 + Z)eosv/Zx + (1 — V2)sin/2]

y"= e]— (V2 + 2Jsin v/2x + (/2 — 2cos V2 + (1 + V2)eos/2x + (1 — Vsin V]
= (-1 - 2V/2)sin V2x + (—1 + 24/2)cos V2]
=2y’ + 3y = —2¢{(1 + +2)cos VZx + (1 — +/2sin +/Z] + 3e{cos/Zx + sin +/24
= e{(1 - 2v/2)cos v2x + (1 + 2/2)sin V2 = -y

Therefore, —2y’ + 3y = —y‘" = y"—-2y'+3y=0.
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54, y=e*(3cos2:5—4sin2x)
y’ = e(—6sin 2x — 8 cos 2x) + €*(3 cos 2x — 4 sin 2x)
= ¢(—10sin 2x — 5 cos 2x) = —5¢*(2 sin 2x + cos 2x)
y* = —5¢*(4 cos 2x — 2 sin 2x) — 5¢%(2 sin 2x + cos 2x) = —5¢%(5 cos 2x) = —25¢* cos 2x
y" = 2y’ = —25¢% cos 2x — 2(—5¢)(2 sin 2x + cos 2x) = —5¢¥(3 cos 2x — 4sin 2x) = — Sy
Therefore, y* — 2y’ = =Sy =y"— 2y’ + 5y = 0.

55, f(x) = le; et

F) = :/%r(—xe""’) = Owhenx = 0.

-7

(e — g=2)

e~ #2
J2_11(x2 — 1) = O whenx = £1.

Relative maximum: (0, ./%)

Points of inflection: (:I:l, ﬁ)

56. f0) = S5 2
£ =555 > 0 sl
== “2‘_’ = O whenx = 0. 3

Point of inflection: (0, 0)

5. fli = 5 .
) =Z _2‘—' = 0 whenx = 0.
=S50 D —
Relative minimum: (0, 1)

58. flx) = %~ C
flx)=—xe*+ e *=¢"%1 —x) = Owhenx = 1. . o @, e \

Fay=—e*+(—e 1 —x)=e*x—2) =Owhenx =2
Relative maximum: (1,e"")

Point of inflection: (2, 2~ %)
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9. fG) = 2 :
F) = —x%~* + 2xe™ = =42 — 3) = O whenx = 0, 2.
£ = —eH2x - ) + (2 - 20) o G4
= =X —_ =0 X = 2 2. -
e™*x* — 4x + 2) = Owhenx = 2 + /2. ! °a=w.(s=w!)rﬂ:”‘b

Relative minimum: (0, 0)
Relative maximum; (2, 4¢-2)
x=2= ﬁ
y= (2 + ‘/Q)ze—ﬂt.ﬁ)
Points of inflection: (3.414, 0.384), (0.586, 0.191)

60. f(x}) = -2+ >4 —2x) wo (3:96942)
f(3) = €5(—2) + 3¢*(4 — 2%) = (10 — 6x) = O when x = §. )
F&) = €3(—6) + 3610 — 6x) = ¢3%(24 — 18x) = 0 when x = §.

Relative maximum: G, 96.942)

-0.8 28
0
Point of inflection: (§,70.798)
61. A = (base)(height) = 2xe—>* ;
%:* = —dx?e™F + 2% :I
= 2¢~*(1 — 2x%) = O whenx = %
A= S22
62 @ flo)=flc+2) ®) Al) = 5f(c) = x[m(,,i l)e‘W“‘"”]
10ce™ = 10{¢ + x)e~+» — -
e Oc + x)e == l,_.:/u &)
£ _ctx
& ec+z x
c¢r+x=(c+x)ec (d)c=€'—l
cef=c+zx 2
ceF—c=x

c=‘x \
-1 o .

(€} A) = ;;._lee‘f“""

lime=1
x>0+

L lim ¢=0
K X =beo

The maximum area is 4.591 forx = 2.118 and
Flx) = 2.547,
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L
63. y=m,a>0,b>0,L>0

__a—x/b) ak _. -
e i B

VT (U +ae Y T (1 + ae PR

{1 + ge—*¥) (_b—‘:Le"'”’) - (%e"‘”’)Z(l + ae_‘-‘”’)(—Tae"/")

yr=
(1 + ge—*/ey*

rarnfgco) fease)

- (1 + ae~=/ty
_ Lae~*"[ge™*/* — 1]
(1 + ae~2 /¥ 2

y"=0if ae~** = 1=>;bx-=ln(%)=>x=blna

L L L

yblna) = 1+ geClalt~ 1 4 a(l/a) =2

Therefore, the y-coordinate of the inflection point is L/2.

64. Let (xp, y,) be the desired pointony = ¢,

y=e*
y'=—¢&* (Slope of tungen line)
—)% = ¢  (Slope of normal line)
y = e = ex = x)
‘We want (0, 0) to satisfy the equation:
—e TR = =yt _
1 = xp**
X —1=0

Solving by Newton’s Method or using a computer, the solution is x; = 0.4263.

(0.4263, e~04%3)

65, er=x=>flx) =x—e*

Fl)y=1+¢=

L fEm) . _mee
Xnsl = X f'(l'..)_x" 1+ e

5 =1 ’
x4=xl—f%(’::% = (.5379
x,=xz-f,%)l=-0.5670
x4=x3-—f%3=0.5671

We approximate the root of fto be x = 0.567.
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66. V = 15,000e~0528% 0 < ¢ < 10

(a) o000 (b) %‘: = —§420—0.5286¢ ©) somm
L When t = l.d—vﬁ ~—5028.84,
10
%o Whea £ = 5,27 = —406.85. % "
67, (a) L
| '
-4 £ T
-2

(b) When x increases without bound, 1/x approaches zero, and e'/* approaches 1. Therefore, f{x} approaches 2/(1 + =1

Thus, f{x} has a horizontal asymptote aty = 1. As x approaches zero from the right, 1/x approaches oo, el/* approaches
oo and f(x) approaches zero, As x approaches zero from the left, 1/x approaches — oo, e'/* approaches zero, and f(x)

approaches 2. The limit does not exist since the left limit does not equal the right limit. Therefore, x = Ois a
nonremovable discontinuity.

68. 1.56e%22 cos 4.9t < 0.25 (3 inches equals one-fourth foot.) Using a graphing utility or
Newton's Method, we have ¢ > 7.79 seconds.

h | 0 5 | 10 ] 15| 2
P 10,332 | 5,583 | 2,376 | 1240 | 517
| P | 9243 | 8.627 | 7.773 | 7.123 | 6.248 |
{a) 2 O InP=gh+b
P = eth = ghenh
P=Ce™C=¢
> # s, For our data, 2 = —0.1499 and C = 92018 = 10,957,7
y = —0.1499% + 9.3018 is the regression P = 10,957.7~014%%
line for data (4, In P). &P
@ 2 = (10,957.71)(~0.1499)¢=0-140%
{c) 12000
|

= —1642.56¢~0149%

For kh = 5,% = =7763.Fork = IS.Q- —110.,

dh
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70. () y = —995.57¢ + 11,018.10
y = 53392 — 1262.54¢ + 11,196.07

14,000

T

=1 L]
L]

(b) The slope represents the rate of decrease in value of
the car.

(©) ln V= -0.1178¢ + 9.325
Y = 0117849325 — 1] 915 501178

M f6) = e5(0) = 1
&) = 2110 =
6 = 2ot 50 = 5
P =1+ %(x.— O=3+LPO=1

Pl'(x) =%9P1'(0) =%

—

PA=1+2-0+le-0p-%

1 1 1
Pz’(x)—zx'l'zspg'(o)‘z

P =3 PO = g

The values of £, P,, P, and their first derivatives agree at x = 0. The values of the second derivatives of fand F,

agreeatx = 0.

T2 flx)=e¥2f(0) =1
fx) = —xe5/2,£(0) = 0
1) = e — R = g2 — 1),£10) = ~1
P =1+0(x-0)=1,P(0)=1
P'(x) =0, P{0)=0

P@=1+0:-0-1a-op=1-Sp0)=1

P8) = ~x.P0) = 0
P, = —1,P,710) = -1

The values of f, P,, P, and their first derivatives agree at x = 0. The values of the second derivatives of

fand P, agree atx = 0.

+§+1,P,(o)=1

(d) Horizontal asymptote: V=10
As t— oo, the value of the car approaches 0.

395

d_V = — —0.1178¢
(&) 5 = —1321.2¢

Fort=1,2% ~ — 117438 dollars/yr

Fort = S.—! = —733.11 dollars/yr.

av

e
/

A
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n=l+zx yz=1"'"+(x?2)
4
¥ 4
y' /
-2 2 n
L = 2
© y=¢
_ 2.2
e R A N
4
/’:
-2_,.. 2
-1
74. n* term is x*/nl in polynomial;
i} 2 2 B
y¢-l+x+2l+3!+4!
e o 2.2
Con_jecture.e"—1+x+2[+31+
75. Letu = 5x,du = 5dx. 76. Letu = —x*, du = ~4x3dx.
fe"'de=¢"“+C fe—’.(—-4x3)dx=e-‘.+c

77. Letu = —2x,du = —2dx.

L = —% J; lg‘?#(—Z)dx = [_%e—n]: - % (1 - ) =l%:1_

8. Letu=1—x,du = —dx
2 2 F e—1
fe"‘"dx = —f e "H—=1)de= [—e"‘]l =]-~-¢l=
1 1

79, Letu=1+ e % du = —e *dx.

et S ML T - - e -
Jll—_l_e_—‘dx— J'1+e"'dx In(l +e*)+C ]n(ez+l)+c x—hiE+1)+C

80. Letu = 1 + e*, du = 2e¥dx.

e _n-lf 2 1 2
fl+e’-' S Tr el te)+C
; 3 3
81. Letu—;,du——Fdx.
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82, Letu = -_—;-,du = —xd.

Vi Vi -
f ye— P2y = ..j - Rl —x) dx = [_e—;‘lﬂ];ﬁ= 1 =e1=2—1
o 0

83 Letu=1— ¢, du= —edr

fe‘\/l-_e"dx= —J'(l - &)~ ) dx = —%(1 -eprtC

B4, Letu = & + e, du = (e — e~ *)dx.

ef—eF .
J.mdx—ln(e‘+e N+ C

86. Letu=¢*+ e~%,du = (& — e ¥ dx.

%}‘a - zj(e* + et — e
-2
Serer '€

88, J’ﬂ%dx=f(e*+z+e-ijdx

—e+u—e*+C

90. fe"""sec"h:dx=% e 25 (2 gec? 2x) dx
=Llmnic
2

92, jln(e"")dx=[(2:— 1)dx

=x-x+C

94, y= J‘(e' — e %)2dx

=f(en—z+¢-h)dx

=Ll 1 o
23 2x 2¢ +C

85 Letu=¢*— e du= (e + e*dx

&+ .
-Lx_e_xdx—lnle‘ e +C

87. fg—;_;;e‘-dx=j5¢"2fdx—fe'*dx
5

= _?—lx + e~ 4 C

89. fe"'““cos mxdx &= %J'e“""'(ar cos 7rx) dx

=le“""+C
T

91, f e*tan({e~*)dx = —J‘ [tan{e=*)X—e—*)dx

= Infcos{e~*)| + C

T 93, Letu = ax?, du = 2ax dx. (Assumea + 0)

y=f.u‘“’dx

L -1
= o | e dv = oo + €

95. f1x) = H(es +e)dr=3(e - ) + G,
o) =c=0"
70 = [Her - e =3+ e +
fO=1+C=1=C=0
1) =3+ &)
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96. f’(x)=J.(sinx+eh)dx= —cosx+%ez'+ C, 97. (a)
f"((:r)——1+-1-+c—l C =1
=] 2 l—2=> 1_

f'(x)=—cosx+-;-e"+1

f(x)=f(—oosx+%e2"+ 1)as

® L2 1)
=—sinx+%e’-"+x+C, i3

- 2,—:/:,1,=_4j - -1
f(0)=%+c,.=l=>cz=o 7 .[ ¢ (2 )

4
. =—4e”32 4+ C
flx =x—sinx+z¢z‘ 0,1: 1=-42+C=—-4+C=C=35

y=—4e 524§

98. (a) y ®) % = xg~027, (0. —%)

It

e B B o e
e Yy
AN T B P e

- i e

y= jxe‘“"dx = _;4 J.e_o"'l (—0.4x) dx

=1 022 = —n&8,~D2A
0.4e +C 2.5e +C

(0'_%): _%=_2,530+C=—2.5+C=> c=1

y= —25¢92" t ]

5 L] b b
99, f &dx = [e’]o =¢5 — 1= 147413 100. J. e *dy = [—e“:l =g —g?
o 3

I

a5

V2 . 1 .
101. j xe~ /0y = [—e“*‘”’] , 102. r (e~ + 2)dx = [—-21""' + Zx]o
1] [+

= —g-! b P
el +1=0632 = _%2-4 + 4+ .% m 4,401

-1 2
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v ey = & [
108, @ a9 = e = o) = S = L8

©) flkx) = &5 = (=)t = [ ().

4
104. (a) j Vxesdx,n =12
0

Midpoint Rule: 92.1898
Trapezoidal Rule: 93.8371
Simpson’s Rule: 92.7385
Graphing Utility: 92.7437

60
105. 0.0665 j £~ 001350~ 48F ¢
48

Graphing Utility: 0.4772 = 47.72%

107. | ¢ ] 1 2 3 4

1R 425 |. 240 | 118 | 7 36

InR | 6.052 | 5481 | 4771 | 4.263 | 3.584.

(@) InR = —0.6155¢ + 6.0609
R = &—061556+60609 = 428 TRe05155¢

e 4
() J R($) dt = f 4287808155 gt = 637.2 liters
. 0 0

108. 1n§=lne’—1neb=a-—b

lne*t=a-b

2
® I 2xe~*dx,n = 12
0

Midpoint Rule: 1.1906
Trapezoidal Rule: 1.1827
Simpson’s Rule: 1.1880
Graphing Utility: 1.18799

' x
lﬂﬁ.fe'dtZJ-ldl
0 0

L=l

F-lzx=&z1l +xfooxz0

®) a0

Therefore, ].n% = In £2~? and since y = In x is one-to-one, we haveg = g1k,
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109. f(x) = % ,

® £ =1 _x,hx=0whenx=¢.

On (0, e), f(x) > 0 = fis increasing.
On (e, 00), f{x) < 0 => fis decreasing.
{b) Fore £ A < B, we have:
LYY
A B
BlnA >AInB
InA® > In B*
AR > BA
(c) Since e < , from part (b) we have e™ > 7*.

Section 5.5 Bases Other than e and Applications

L log,} =log, 273 = -3 2. log;; 9 =log,, 2727 = 4 3, log;1 =0
4.log,%=log,]—log,a=-l 5. 22=8 6. (@ 27*3=9
log, 8 =3 108399 = %
1
-1 =z
® 37=3 () 164 =38
1 3
1°83§= -1 108168=Z
7. {(a) log;u 0.01 = -2 8. (a) logyg = —2 9. (a) logy, 1000 = x
10-2 = 0,01 3~2=1 10< = 1000
(b) logys 8 = —3 ®) 4912=7 x=3
053 =8 log7 =4 (®) 1og,p 0.1 = x
B> =s
2 10 = 0.1
x=-1
10. (2) log, & = x 11. (a) logyx = —1 12. (a) log, 27 =3
=% 3 l=yx b =27
x=-3 x=1 b=3
{b) logs25 = x () log; x = —4 (b) log, 125 = 3
5 =25 24 =x B =125

x=2 x=-,lg b=35
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Section 5.5  Bases Other than e and Applications

13. (2} 2 —x = log; 25
¥ —x=logg52=2
X—-x—-2=0
x+1{x-2)=0
x=—-10Rx=2

14. (2) logyx + logy{x — 2) =1
logy[x(x — 2)] = 1

Wx—2) =3

2—2—-3=0
E+1Dx-3)=0
x=—10Rx=3

x = 3 is the only solution since the domain of the

logarithmic function is the set of all positive real

numbers.

15, y=3%

16

(b) 3x + 5 = log, 64
3x+5=log;2=6
31=

1
x=3

() logyofx + 3} — logyyx = 1

x+3
logyg X =1
.\:+3=10l
x
x+3=10
3=0x
k=3
3
= -1 )
16. y=% 17.y—§ =3~
x| -1}0|1]2]3 =T >
1 9
AR EE y o [ 33
-3 =l 1134-:
19. h(x) = 52 20, y = 31
x -1 0 213 x 0] £1 | £2
y| | % |d|1]s y 1| ¥}
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21, glx) = 6(2!-% - 25 22, £ (1) = 300(1.007512) — 735.41
Zero; x =~ —1.059 Zero: t= 10
80 10
~1.05,0) )
) \{/ . P i I L
M|
-30 =10 .
23, h(s) = 32log(s — 2) + 15 24, 2(x) = 1 ~ 2log,[x(x — 3)]
Zero: 5 = 2,340 Zeros: x =~ —0.826, 3.826
40 5
=B (-mﬂo‘)} \L 8
P . | G260 ™
. [2340,0
—20 -6
25. flx) = & x |-2|-1]0| &1 !
3 f
glx) = log,x x| 3 1|24
' »
x % | 3 2|4 A
g | -2 | -1|0f4 = |l '

2. f(x) = ¥ x | -2 -1]of1]2
§(x) = log, x @314 l1]3]e
x § | d[1]3
g | -2 -1]o|1]2 :
27. sl1l2]s (a) yis an exponential function of x: False
41 y lo]l1]3 (b) yis a logarithmic function of x: True; y = log, x
H @3e © xisanexpo:ient'iél function of y: True, 2 = x
(d) yis a linear function of x; False
1 o2, 1)
(1,0
i T S S
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- 28. f(») - log,ox
(a) Domain: x > 0 {(d) ff(x) < O,then0 < x < 1.
® y =logpx (e) f(x) + 1 = log;p x + log;p 10
10 =x = hslo(lbx)
@) =10 x must have been increased by a factor of 10.

(c) .log,, 1000 = log,, 10° = 3
108,510,000 = log,, 10 = 4

If 1000 < x < 10,000, then 3 S f(x) < 4. . =3m-n=2n
Thus, x,/x, = 10?* = 100*.

x
® loglo(x_:) = log,px; — log,ox;

29, fix) = & 30, glx)=2"= 31, y=5"12
filx) = (In4) 4 | g} =—-(n2)2~* % = (In 5) 5¢—2
32, y = x(7-%) 3. g) = 22 . £y =%
D -3 7) 73] + 7 g) =22+ Q)2 {21n3) 3% - 3%
A =122 +2) f = 2
= 73—
7-%[-3x(In 7} + 1] = 242 + tn2) (umi-1)
=7"%(] - 3xIn7) -
35. h(8) =2 %cos w8 36. gla) = 5~%%s5in2a
h'(6) = 2~%— 7 sin w6) — (In 2)27° cos 70 g(a) = 5722 cos 2a = §(in 5) 5-%/% sin 2a
= —2~9(In 2) cos 78 + = sin =]
37. y=logx 38. y = logyy(2x) = logy2 + logyo x 39. fix) = Iog,xfl
1 1
%=xln3 éx '°+x1n10 *In10 =2'°32"_’°5’(‘_ D
£ = :
= x].n2. “&-1Dmnz
_ x—2
~ (ln2afz - 1)
40. h(x) = log, x________,x-l 41. y=logs/xt—1= %log, (-1
1 1 2%
=1033x+510g,(x—1)—10532 dx=5'(x2_1)1n5=(x3_x1)1n5
ot 1, - 1 .
) = *32 (x—1)In3 0
11 1
=E[;+2(x— 1l
1[ 3x—-2 ]
TE ulx-1)
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2=1

42, y=logy,
= 10810(352 =1} — logypx

dy _ _1
dx (x’—l)l.nlO xIn 10

44, f(!) = t3/210g2 L+l = tSﬂlM:_l)

£ = 2mzb“:i1+ ﬂﬂm&+n]

46, y=x"1
Iny = (x — 1)(lnx)

8-l
gofisten]

=x2(x~1+xknx)

48. y={1+x)~

lny=%1n(1 +3) -

3 (&)= 3 () +mo +9(-3)
gyl 1 b+

x+1 X

B (1 +x)'/"[ 1 In(x+ 1)]

X x+1 X

8. 20 = O_k:k ]n4(1nt)

') = 10 [r(l/r) =~ In t]

12

=10 A i
= Fmalt ~ 24 rﬂlnz(l i)

8) ) w2 - 20

% = %22(1 —Inx) = 2¥/0-2(1 — Inx)

47. y = [x — 21
Iny=(x+ 1}In(x — 2)

R

%=y[z+1+1n(x 2)]

- wﬂ[ 2+m@—m]

49, f(x) = log,x = f'x) ==
8l =x* => g'lx) = #*(1 + Inx)
[Note: Lety = g(x). Then: Iny =Inx*==xInx

1, 1
= = =4
yy =x- Inx

y' =31+ Inx)
=x(1+Inx) =
h(x) =2 = h'x) =
Kx} = 2* = k'x) = (In2)2*

From greatest to smallest rate of growth:
8(x), k(x), h(x), f&)
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50, f(x) = &
(8) flu + v) = a*™ = g*a* = f(u) f(v)

51. C(s) = P(1.05)
(8) C(10) = 24.95(1.05)'°
== $40.64

52, V() = 20,000(%)
() ¥

s |
-5 s § 1o

V2) = ?.0,000(%)1 = $11,250

53. P = $1000, r= 3;% = 0.035, t = 10
10m
A= 1000(1 + ——0'235)

A = 1000003500 = 141907

54. P = §2500, r = 6% = 0.06, ¢ = 20

204
A= 2509(1 +$)

A = 25001906020} = 8300,29

55. P = $1000, r = 5% = 0.05, ¢+ = 30
0w
A= 1000(1 + 0—::5)’

A = 10000093 = 448169

86, P = $2500, r = 5% = 0,05, t = 40
A= 2500(1 + D05y
¢ n
A = 250000530 = 18 472.64

®) f(2x) = a* = (@) = [f&R)P

) % = Pla 105105 © % = tn1.09)(P(1.05Y]
dc = (in 1.05)C(?)
When ¢ = 1: == == 0.051P
d The constant of proportionality
is In 1.05,

When ¢ = 8; % ~ (,072P

o 2= o2

Whent = 1: %;V'* —4315.23

When t = 4; % =~ —1820.49

Horizontal asymptote: v’ = 0

As the car ages, it is worth
less each year and depreciates
less each year, but the value of
the car will never reach $0.

n 1 2 4 12 365 - Continuous
A 1410.60 | 1414.78 | 141691 | 1418.34 | 1419.04 1419.07

n 1 2 4 12 365 Continuous
A | 8017.84 | 8155.09 | 8226.66 | 8275.51 | 8299.47 8300.29

n 1 2 4 12 365 | Continuous
A | 432194 | 4399.79 | 444021 | 4467.74 | 448123 | 4481.60

n 1 2 4 12 365 Continuous

A | 17,559.97 | 18,023.92 | 18,245.05 | 18,396.04 | 18,470.11 | 18472.64
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57, 100,000 = PeOO% = P = 100,000e-0% | ; 1 10 20 30 40 50
P | 9512294 | 60.653.07 | 3678794 | 22313.02 | 13.583.53 | 8208.50
58. 100,000 = P00 — P = 100,000¢~0% | ¢ 1 10 20 30 40 50
P | 94,7645 | 5488116 | 30,119.42 | 16,529.89 | 9071.80 | 4978.71
59, 100.000=P(1+°T35— -1ooooo(1+-——)
e | 1 | 10 20 30 40 50
P | 9513282 | 60,716.10 | 36.864.45 | 23,382.66 | 13,589.88 | 8251.24
60. 100,000 = P(l+ﬁ = P= 1000(1)(14-%)
[ 1 10 2 30 40 50
| P | 93,240.01 | 49,661.86 | 24,663.01 | 12,248.11 | 6082.64 | 3020.75
{365)(8) )
6l () A= 20000(1 + %) ~ $32,320.21 62. Let P = $100, 0 < 1 < 20.
= Ticls
(b) A = $30,000 @ A T |44 = 100"
A 8000(1 L 006\ ooo( 006)(365)(4) A(20) = 18221 “Zuﬂmm
© 365 365 ® A= 10060 Na= 100250
» $12,928.09 + 25,424.48 = $38,352.57 A(20) ~271.83  °¢ =
[ (3653(8) {365)(4) = 100006
(d)A=9000(1+%) +(1+%) +1] (@) F AV
- A(20) =~ 332.01
~ $34,985.11
Take option (c).

63. (a) ‘l.i_’m 6.7el~481/ = 6.‘_J’e° = 6.7 million f®

322.27

V=5

W)

e—B.1)/r

V(20) = 0.073 million ft*/yr

V/(60) =

0.040 million fi/yr

0.83

64. (2) hm 1 e

0.166¢~02

by P'=

P13) =~ 0.038
P1(10) = 0.017

~om = 0.83 = 83%
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300
65 ¥ = 3 17.-00ew
(@ w
a 100
(b) If x = 2 (2000 egg masses), y = 16.67 =~ 16.7%.
66. (a) 120m

(b) Limiting size: 10,000 fish

10,000
@ PO =T g,

P = T g (10,000
~ 38,000e~Y
= + 19477
p(1) = 113,5 fish/month
p(10} = 403.2 fish/month

67. () y = (271.92)(1.096) = (271.92)e00918x

1000

P

0 14
0

(b) y = —254.08 + 41841 1Inx

1000

(c) If y = 66.67%, then x =~ 38.8 or 38,800 egg masses.
{d) y=300(3 + 17¢-00625x)-1
, 318750082

YT B + 17, 00mmy

o _ 19.921875¢00625 (17¢-00625: — 3)
{3 + 170082523

17¢70062% — 3 = 0 = x = 27,8 or 27,800 egg masses.

_ 38000, [ 1 — 1963 ] -
@ pW)= 5 € H3) (L + 197 =
19¢~1/5 = |
‘ —
5= In 19

t=5In19 ~ 14,72

(c) The exponential model is better.
{d) Exponential model:

% = (2171.92)(0.0918)(e0018020))
= 157
Logarithmic model: LA (41 3.41)l ~ 20,9
dx 20

Logarithmic model would be better,
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68. (a) y, = 6.65x + 43.31 (c) The slope 6,65 is the annual rate of change in the

amount given to philanthropy.

yy =475 + 46,19 Inx given fo prrEntiopy
@ y,’ = 6.65
¥ = (52.97)(1.07F n
,_ 4619
¥, = (34.31)(x>51) ' =g =38
(b) e ¥a' = (52.97) In(1.07)(1.07)'2 = 7.54

= (34.31)0.51)(12)°%' ! = 5.18
The third model is increasing most rapidly.

] 14
]
The y, model seems best.
6. |3 ——+c 2 [ a--4ic n zz‘dx=[—2f—]z
In4 y -1 In2}-
1 1
‘E["'E]
Y S i
2In2 4
5 g [° o, 1f-2
7| (F-Hd=] (27-29dx . (x5 dr= —5 |57 (~20) d
-2 -2
1\ 5
=[2"]iz=4 21ns(5_")+c
. i . i
74. f(s—x)-r" *”dx=—5f—z(3-—x)1" i 75. Lisz,dx ¥=1+3% du=2(n330d
l .
= ———{76-9] + C 1 [(m3)3*, 1 2
AR 2In3 ] 1+3° d""zms’“(“'s )+¢
76. fZ"“cosxdx,u= gin x, du = cos x dx
denxq.c
In2
71- ﬂ= O.MS, (0,"1‘) y
dx 2 i
q ("'ﬂ”:]'
- f 047 dx = 3[0.4"’s (— dx) ihiar
3 RS
i e
= =04 + € = 3 2504F" + C - i“.f__ Vs
s ol
(0.'%)% (mzs)+c=>c -—31n2.5

y = 31n 2.5(04) +%— 3125 =
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4
79. (a) f f() dr =~ 567
o ]

4
f g(f) dt ~ 5.67
0

rh(:) dt = 5.67
0

.(b) J

\

0.6

’ FP_ 2
=] . - EE —
80. A J;s dx [m]n 3~ 23.666
8 1] 10 | 107 | 1074 | 1076
LU+ | 2| 2594 | 2705 | 2718 | 2.718
o .
BT ol1]z] 3 4
y | 1200 | 720 | 432 | 259.20 | 155.52 ‘
y = C(k)
When =0,y = 1200 = C = 1200,
y = 1200(k*)
720 _ o 432 25920 15552
1200 ~ 06 720 = 06 T35 = 08, 25920
Letk = 0.6.
y = 12000.6)

81.

84.

® %= el eng x {m, 2)

y= fle'i"oosxdx =%y 0

(M2 2=e"4+C=1+C=C=1
y=éir+]

(c) The functions appear to be equal: (1) = g(2) = A(»
2/3

Analytically,
o= G- L - 42 -
h(f) = de0853886 = 4, —0sSI8I6Y = 4(0,52002)¢
g = 4(%3-)' = 4(0.52002)*

No. The definite integrals over a given interval may
be equal when the functions are not equal.

10

P= | 2000e~006 g4

_ [ 2000 g-m]“’
—0.06 0

= $15,039.61

t 0|1

|_y ' 600 | 630

2 3 4
661.50 | 694.58 | 72930
y = C(¥)

Whent =0, y = 600 = C = 600.
¥ = 600(k*)

630
600

Let k= 1.05.
y = 600(1.05)

661.50
= 105, 530 - 1.05

694.58

729.30
+ go1.50 ~ 105

T 694.58

1.0
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85, False. e is an irrational number, 86. True.
flet) — fle*) =he**! —Ine
=n+1-n
=1
88. True. 89. True.
%'-r,z = Ce* %[e'] = e*md%[e-x] =—cF
=yforn=1,23,... & =e*whenx = 0.
(=0 = -1
o1 b_5,(3- )y@—l
__dL_ _3 =&
G =5 252 = I = ) f 254 =
Iny - ln(-:_- - y) -:- +C
oy y_2
1“((5/4) - y) s+¢€
7=~ e e

0)=1=> C, =4 = 4= —
)’() 1 (5/4) — y

. 5002/5% 5 1.25
¥ 422 + 1 4 + g_o"“ 1 + 0.25¢~04

. 92 y=zxs
=Inx"* =ginx-Inx

L. sinx(l) +cosx-Inx
y X

y —z""[ S + cosx * lnx]

u(53)
- T )]

=§[;+0]=

87. True.
£lel) =2 + a2
=2+x—2=x
gf®) =2 + ¢ - 2)
=lhe=x

90. True.
fix) = glx)er=0 =
g(x) = 0 since ¢ > O for all x.
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Section 5.6  Differential Equations: Growth and Decay

-;-y’=—Jc’+Cl
- 5xi=C
3y =y
o
J‘%dx=jﬁdx
jﬂ=fﬁdx
y .
—2.an
ll'l)'-—g.l.a + G
y=¢(2/3]-\’f‘+c.
=¢C;¢W5h"'
= Celarn
£ {1+ - =0
yr =22
1+
Y.
¥y +.1£a
Y 2
J‘dx jl+x’dx
a_
jy 1+x’dx

Iny =In{l + 3 + C,

Iny=Ihh(l+x}+InC

Iny=mnC{l + 9
y=C( + x3

,_x
2. %y
2y’ = Jx
fzyy'dx=fﬁ¢:
fzydy=fﬁ¢
2 a2
-2 =C
4. y=x1+7y
Wy
1+y *
%
Jl+y
ln(l+y)=%+C1
1+y=¢‘f/2)+cl
y=enetf2 -1
= Cer'/2 — ]
60 xy+y'=100x
y’ = 100x + xy = x(100 —
e
100 — ¥

Y
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7. (a)

¥
'.-'.!
1
i o
8. (a)
9, L_X
d P
[ .1
j&d‘ r’dt
fdQ=—§+c
o=-%+c
t
dN— —
11. d."—k(ZSO 5

I%ds=fk(250—s)ds
de= ~X(2s0 - 52 + C

= —%(25(1‘".«)z +C

®  Loxs-y 00
b _

y-6_*

Inly - 6] = == + €
y- 6= e—x‘/2+c o= Cle—x’ﬂ

y=06+ Ce 5/

0,0:0=6+C, = C, =—6=>y=6— 6"

0 2-n (o)
?%xdx

22
Injy| = ) +C

y = e2+C = C,e#h2

J.%dmfk(lo-r)dt
IdP= —%{10—:)=+c

p=-§(1o—:)=+c

1. 2 — ol - 5)
dy
dx

L — y= e—(kﬂﬂ)—q
—y=—L+ e Cig kN2

y=L— Ce /2
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413

t, (0,10)

Z
=S
[

B |

&

—
&
It
——

| —

A
L]
AL
"B
+
Ly

10

Il
L L

~
Il
|-
"R
+
—_
=]

d__1
15, o 2 (0,10

fo- -4

1

-4

0+C=C=10

@©, 10)

y = g-(lﬂ)+C. = gcl e""z = Ce-‘,z

100=C®= C=10
y=10¢-d2

17. y = Ce¥, (o. %) (5, 5)

]
|

8= =
%

~
N

L]
I
%

[ S0 L

] x
] []
B = ""lE

)
1
:

14, ‘%=—%JE. (0,10)
fdy= —%\/Edt

1
= —=p/2
y=-—3f2+C

10 = —%(o)m +C=C=10

w_Llop
y=—gt + 10

3
16. % =3 ©.10

&_ |3
J.y 4d:
lny=%-r+ C,

y= 20/4t+C,

= g€ (34} = (p31/4

I0=C® = C=10
y = 10e¥/4

18. y = Ce*, (0,4), (s. l)

2
C=4
¥ = de*
1
E—kﬂ
k='“(; 8) w —0.4159
y=4e—0‘4159l

4.»
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19. y=cCe, (1,1), (5.5) 2. y=Ce®, (3. %) ,5)

1= Ce ]
5= Ce™* 7= Ce*

5Ce* = Cet 5 = Ce™

Set = % 2Ce™* = %Cc"‘
5=t
N 103k = ¢*
k= 2" 0.4024 10 = & -
y = CebAuA k = 1n 10 =~ 2.3026
1 = Ceodo y = Ce®0%
C ~ 0.6687 § = (Ce23026()
y = 0.6687e04024 C =~ 0.0005
y = 0.0005¢23021

21, Since the intial quantity is 10 grams, y = 10gf(1/2/1620k When ; = 1000,y = 10elin(1/2)/1620](1000) s 6,52 grams. When
t = 10,000, y = 10e{t21/2/1620{10,000) s 0,14 gram.

22. Sincey = Cel'(1/3/1620} we have 1.5 = Cellnt1/2)/1620X1000) —s C = 2.30 which implies that the intitial quantity is 2.30
grams, When ¢ = 10,000, we have y = 2.30¢02(1/2/1620K10000) ws 0,03 gram.

23. Since y = Celnl1/2/51%0), we have 2.0 = Celnl1/2)/57110.000) —, (' ms 6,70 which implies that the initial quantity is 6.70
grams. When ¢ = 1000, we have y = 6.70e0(1/2/573011000) = 5,94 grams.

24, Since the initial quantity is 3.0 grams, we have y = 3.0¢0(1/3/57%%%, When ¢ = 1000, y = 3.O¢U“('f"‘)/"’”]“l°“°) ~ 2,66 grams.
When t = 10,000, y = 3.0¢ln(1/2)/5730110,000) = (.89 gram.

28, Since y = Cellol1/2/24360¥, we have 2.1 = Celln(1/2)/24360]01000) = C == 2,16. Thus, the initial quantity is 2.16 grams, When
t = 10,000, y = 2.16¢00(1/2)/24360110,000) = ] 63 grams.

26. Since y = Celo(1/2/24360k, we have 0.4 = Celli(1/2/2636010000) —, € m 0.53 which implies that the initial quantity is 0.53
gram. When t = 1000, we have y = 0.53¢[10(/2)/24360(1000) e (52 gram,

27. Sinoe%=ky,y=€¢“ory=yoe"‘. 28. Smce%=ky,y=Ce“ory=yoe*'
1 om 1 .
2% = Yot 30 = YoE "
—In2 In2
k=—r = ——
1620 & 5730
y= yoe-(ln 2 /1620, 0.15y, = ¥, o‘t_ln 2/5730%
When ¢ = 100,y = ype~ 11 2/162 = y,(0.9581). O s (In 2)r
Therefore, 95.81% of the present amount still exists. T 5730
_ _5730In0.15

g~ 15,6828 years
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29, Since A = 1000%%, the time to double is given by
2000 = 1000£°%6 and we have

2 = 006
In 2 = 0.06¢

In2
t= 0.06 ™ 11.55 years.

Amount after 10 years: A = 10000990 =~ $1822.17

31. Since A = 750e™ and A = 1500 when ¢ = 7.75, we have
the following,

1500 = 750e77

r-ﬁ 0.0894 = 8.94%

Amount after 10 years: A = 75000854100 ns $1833.67

33. Since A = 5007 and A = 1292.85, when ¢ = 10, we
have the following.

- ln(lm{w ~ 0.0950 = 9.50%
The time to double is given by
1000 = 50000950
n2
¢ = 0005~ 730 yeams.
' (@0)
35, 500,000 = P(l + 0.;)'275)(12)
=240
P =500 000(1 . “75)
12
=~ $112,087.09

37. (&) 2000 = 1000(1 + 0.07)
2=107
In2=1In1.07

In2
“hio7 .10.24 years
0.07 12

(b) 2000 = 1000(1 +F)

0.007\\%
2- (14297 )
0.07
In2= l?Jln(l + 1—2-)
In2
121n(1 + (0.07/12))

i=

= 9.93 years

30. Since A = 20,000¢%5%, the time to double is given by
40,000 = 20,000e%%% gnd we have

Y
In2 = 0,055

In2-
t= 0.055 == 12,6 years.

Amount after 10 years: A = 20,000£95500) = $34,665.06

32. Since A = 10,000e™ and A = 20,000 when ¢ = 5, we have
the following.

20,000 = 10,0006
e % ~ 0,1386 = 13.86%

Amount after 10 years: A = 10,000¢l022/5K10) — $40,000

M, Since A = 2000e” and A = 5436 56 when ¢ = 10, we
have the following.

5436.56 = 20000

.. In(5436.56/2000)

10 =~ 0.10 = 10%
The time to double is given by

4000 = 2000e510¢

In2
t= 0.10 6.93 years.

2){40)
36. 500,000 = P( 006)“

P = 500,000(1.005)~4%° = $45,631.04

0.07
In2= 365f1n(l + ﬁ)

In2
365 In(1 + (0.07/365))

(d) 2000 = 100007

t=

= §.90 years
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38. (a) 2000 = 1000(1 + 0.065)
2 = 1,065
In2 = ¢tIn 1.065

t= = 11.01 years

In2
In 1.065
0. 065)13'
12

0.065 {1z
2= (l + T )

(b) 2000 = 1000(1 +

0.065
In2= IZtln(l+ 12)

In2

= 121n(1 + (0.065/12))

== 10.69 years
39, Let ¢ = 0 represent 1950,
y = Ce®, {0, 4.22)}, (10, 6.49)
C=422
6.49 = 4.22'%

_ In(6.49/4.22)
B 10

y ™ 4,2200430
When ¢ = 20 (for 2010), y =~ 9.97 million.

~ 0.0430

d1. Let t = O represent 1950.
y = Ce*, (0,3.0), (10, 2.74)
c=30
274 = 3.0¢1%

In (2.74/3.0) _
10

y = 3.0g=0.0090¢

k= -0.0091

When ¢ = 20 (for 2010), y = 2.51 million,

43. (a) k'thelarg@rthevalueofk,thegreaterﬂmmteof

growth of the population.

() k;if k > 0, there is growth. If k < 0, decrease.

0.063 o
365

65
2=(1+o.coess ¢

(c) 2000 = 1000(1 e

365

0.065
In2= 365:111(1 + 365 )

12
365 In{1 + (0.065/365))

(d) 2000 = 1000
2 = (0065t
In2 = 0.065

t= = 10.66 years

t= m ras 10,66 years

40. Let ¢ = O represent 1990.
y = Cet, (0, 2.30), (10, 2.65)
C =230
2.65 = 2.30¢'%%
k= 1—“(2'6156-2'30) ~ 0.0142

y 7= 2,30g00142
When ¢ = 20 (for 2010), y ~ 3.06 million.

42. Let t = 0 represent 1990.
y = Ce®, (0,9.17), (10,8.57)
c=917
8.57 = 9,171

In(8.57/9.17) -
10

y *= 9,17 00068

When ¢ = 20 (for 2010), y =~ 8.0 million.

k= —0.0068

44, (a) N = 100.1596{1.2455)
(&) N = 400 when ¢ = 6.3 hours (graphing utility)
Analytically, _
400 = 100,1596(1.2455)

400 y
! = —
1.2455 100.1596 3.9936

t1n 1.2455 = In 3.9936

In 3.9936
In 1.2455

t= == §.3 hours.
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— 45, P = Ce*, (0,760), (1000, 672.71)
C =760
672,71 =760e000

_ In(672.71/760)
x 1000

P = 760g—0000122x
When x = 3000, P =~ 527.06 mm Hg.

~ —(0.000122

47. (8) 19 = 30(1 — &%)
3062 = 1]

_ In(11/30)
20 .

k = —0.0502

. N=30(1 — g-00sz)
) 25 = 30(1 — g~vos0x)

1
—0.050% — _
¢ 6

¢ = 36 days

_ —Iné
~ —0.0502
49, § = Cett
(a) S=5whent=1
5=Cé
lim Ce* = C =30
I —pot

5 = 30¢*
k=In}=~—~17918
S = 30— 11018/2

50. S = 301 — &*)
@ 5=30(1 — ) = k=10 ~ —0.1823
8 = 30(1 — g~01823r)
(b) 30,000 units (xli’n; 5= 30)

(©) When ¢ = 5, § = 17.9424 which is 17,942 units.

46. y = Ce*, (0, 742,000), (2,632,000
C = 742,000
632,000 = 742,000

k= —L—ll"(ﬁai ) oo —0.0802

¥ = 742,000e~0.0802¢
When ¢ = 3,y =~ $583,327.77.

48. 8) 20 =30{1 — &)
306%* = 10

¢ l(1/3)

N = 30(1 — g~0.0366r)
(b) 25 = 30(1 — £0035&)

1
370.036& - =

_ Iné
t= 00366 =2 49 days

(b) When t = 5, § ~ 20,9646 which is 20,965 units,

€ =

d e

51. A(s) = V(1)e™019 = 100,000608+F =010t = 100 0000 8i—0.10¢

dA 0.4
i 100,000( /

- o.1o)e°-ﬂ~ff-°-'°f = 0 when 16.

The timber should be harvested in the year 2014, (1998 + 16). Note: You could also use a graphing utility to graph A(f) and
find the maximum of A(s). Use the viewing rectangle 0 < x < 30 and 0 < ¥ < 600,000, '
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52. (a8 R = 572.85(1.05766)' = 572.85£00%6 {c) =0
J=—5123 + 10048 In¢
(b) 1
0 ]
]
_1
0 1 @ Pl = R

Rate of growth = R'(f) = 32.1600%

1

53, ﬂ(I) =10 logloil', Io = 10"“

10~
(8 BI0-) = 10 logyo 1o = 20 decibel (©) BI059) = 101ogis oy = 95 decibels
() B(10-9) = 10108, ogs 10_,, = 70 decibels (@ BO) = 10108, s = 120 decibels
54, 93=10log = 10{log,o! + 16) g5, g=21—0,_ amw_
10 10—15 10 o] In 10
—61=logml==>l=10“'7 _mI-0
(a) 83 = 10
+
80 = 101080 755 10'“ = 10(0g;, [ + 16) 1= 1088 ~ 199,526,231.5
—8 =1loggl = I=10"% -
B1o —. lnh: 0
. 10-87 — 10~% 10
Percentage decrease: (—m_u—)(lw) = 95% [ = RBI0 = GRIs10 = (101 = (1OR)2
Increases by a factor of 28210 or 107
1
© @ = Tmio
86. Since 2 = Ky - 90), 7. Since 2 = Ky - 20),
1= {kar L= fkdz
y—-90"7 y—20
In{y — 90) = kst + C. In(y — 20) = kt + C
When ¢ = 0,y = 1500. Thus, C = In 1410. When ¢ = 1, y = Ce® + 20,
y = 1120, Thus, When ¢t = 0,y = 72, Therefore, C = 52.
K1) = In 1030 — In 1410 When ¢ = 1, y = 48. Therefore, 48 = 52¢* + 20,
103 = (28/52) = (7/13), and k = n(7/13). Thus,
k=Ihn—- 181" y = 52¢00/13) 4 20,
T]Iusly . ¢[ln(lﬂ!ll4l)r+lnldlﬂ] +90 Whent = s,y = 52e51n(7,13) + 20 == 22.35°
~ 1410¢l0003/140k 4 90,

When ¢ = 5,y = 1410¢515103/141) + 90 ~ 383.298°.
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58. (a) t = 1.5385(1.0206)" = 1.5385¢00291

(b)

(c) s = 55 = t =~ 7.6 seconds

& _ 13
p 0.0448,0.029

Ats= ss.% - 0.22.

Section 5.7

(120,00;)3(0.095))(1 . m)ﬂt

12
' 12¢
v (985.93 !120.0(?;(0.095))(1 0.:):5)

59, (a) u =~ 985.93 — (985.93 ~

(b) The larger part goes for interest. The curves intersect when ¢ = 27.7 years.

(c) The slopes are negatives of each other. Analytically,

u=98593 —v at at

u’(15) = —v’(15) = —14.06.
(d) ¢t = 12.7 years 1200
Again, the larger part goes for interest, "

1. Differential equation: y’ = 4y

Solution: y = Ce**
Check: 'y’ = 4Ce™* = 4y

2. Differential equation; y* = -

—y?
Solution; x? + y? = Cy
Check: 2x + 2yy’ = Cy’
P 1
Y T®-0
f_ 2y —2y —2y _ 2y

R R e R T

3. Differential equation: y*+ y =0

Solution: y = C, cosx + C, sinx
Check: ¥ =-=Csinx+ Ceosx
y'==C,cosx— C,sinx

y+y=—-Ccosx— C,sinx + Cycosx + C,sinx =0

Differential Equations: Separation of Variables
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4, Differential equation: y”+ 2y’ +2y =0
Solution; y = C,e~*cosx + C,e"*sinx
Check: y'=—(C, + Cle*sinx + (—C, + Ce *cosx
y*=2Ce*sinx — 2C,e”"cos x
¥y + 29+ 2y = 2C,e*sinx — 2C,¢e"*cos x +
2(—(C, + Cpe~=sinx + (—C, + Ce™*cos x) + 2Ce*cos x + Cpe~*sinx)
= (2C, — 2C, — 2C; + 2C)e *sinx + (—2C; — 2C, + 2C, + 2C)e *cosx = 0

5. y= —cosx!n|secx + tan x|

1
= [— T S— o + 2 + gi +
y’ = (—cos x} — x(secx tanx + sec?x) + sinxInfsecx + tanx

= m%:nlx(secx)(tanx + sec x) + sinxIn|secx + tan x|

= —1 + sin x In|sec x + tan x|

y” = (sin x) (sec x - tan x + sec?x) + cos xInjsec x + tan x|

secx + tanx
= (sin x)(sec x) + cos x In|sec x + tan x|

Substituting,
y* + y = (sin x)(sec x) + cos xIn|sec x + tan x| — cos x In|sec x + tan x|

= tan x.

6. y=3e=+e)
y'=§(-2e7=+¢)
Y =3e >+ &)
Substituting, y* + 2y’ = ${de 2 + ) + 2AW(—2% + &)
= 2&".

In Exercises 7-12, the differential equation is y* — 16y = 0.

T y=3cosx 8. y = 3cos 2x
y® = 3 cosx ¥4 = 48 cos 2x
y9 — 16y = —45cosx# 0, No. y4 — 16y = 48cos 2x —48cos2x =0,  Yes.
9. y=e= 10. y=5lhx
¥ = 16e % 4 = %
=

y® — 16y = 167> — 16e* =0,  Yes.

¥ — 16y = —iA—O— 80mx#0, No.

11 y=C;e® + Ce~* + C;5in2x + C, cos 2x
y# = 16C,e¥ + 16C,e~% + 16C, sin 2x + 16C, cos 2x
y® —16y=0,  Yes.
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12. ¥=5¢"%* + 3cos 2x
y# = 80e2* + 48 cos 2x
¥# — 16y = (80e™% + 4Bcos 2x) — (802 + 48c0s2x) = 0,  Yes.

In 13-18, the differential equation is xy’ — 2y = x%"*.

13, y=2x2% y'=2 14. y = x%*, y' = x%* + 2xe* = & (x + 2x)
W' =2y =a{2%) — 23) =0 # 2, No. xp' = 2y = x((? + 2x)) — 2002} = 2%,  Yes.

15. y = x32 + ¢*), y’'=x¥e*) + {2 + &)
Xy’ — 2y = ax?e* + 2xe* + 4x] — xle* + 7] = A%, Yes.

1
16. y = sinx,y’ = cos x 17. y=lnxy'=

T x
xy’ — 2y = xlcos x) — 2(sinx) # x%*, No.
xy'—2y=x(£)—2lnxaﬁx3e", No.

18. y = x%* — 5x%,y' = x%* + 2xe* — 10x
xy’ — 2y = xx%* + 2xe* — 10x] — 2[x%* — 5x%] = %%,  Yes.

19, y=Ce& 20. y=Asinet
%=Cke”‘ j—:§=—Aaﬁ'sinm:
Since dy/dx = 0.07y, we have Cke®™ = 0,07Ce>. Since (d2y/d?) + 16y = 0, we have
Thus, k£ = 0.07.

—Aw? sin w# + 16A sin wt = 0.
- Thus, &* = 16 and w = +4.

21. y? = Cx® passes through (4, 4) 22, 2x? — y? = C passes through (3, 4) :
16=G64) = C=1" 20)—16=C= C=2
Particular solution: y? = 4 23 or 4y? = x? Particular solution: 2x2 — y2 =2
23, Differential equation: 4yy’ —x =0 2
General solution: 4y? — x2 = ¢ g c=0
-3 a

Particular solutions: C = 0, Two interesecting lines
C = %1, C = +4, Hyperbolas
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24. Differential equation: yy’ +x =0
Genéral solution: x2 4 y*>=C
Particular solutions: € = 0, Point
C = 1,C = 4, Circles

25, Differential equation: y*+ 2y =0
General Solution: y = Ce™*
y' +2y=C(-2)e ¥+ 2(Ce ) =0
* Initisl condition: y(0) =3,3=Ce*=C
Particular solution; y = 3¢™%*

27. Differential equation; y*+ 9y =0
General solution: y = C, sin 3x + C, cos 3x
y' = 3C, cos 3x —-3C2sin3x,
y* = —9C, sin 3x — 9C; cos 3x
y* + 9y = (—9C, sin 3x — 9C; cos 3x) +
9(C, sin 3x + C,cos3x) =0

Initial conditions: y(%) =32, -y'(%) =1
2=C sm("—zr) + c,cos("—;) = C, =2

y* = 3C, cos 3x — 3C, sin 3x

T T
1 = 3C, qos(i) - 3G sm(i)

Particular solution; y = 2 sin3x — %cos 3x

N ]

26. Differential equation: 2x + 3yy’ =0
General solution; 2x2 + 3y2=C

4x+6yy'=0=>y’=:3§—x

2 + 3y’ = 2% + 3 “T:"-)=o

Initial condition: y(1) = 2, 2(1) + 3(4) =

Particular solution: 2x? + 3y2 = 14

28. Differential equation: xy”+ y’' =0
General solntion: y=C, + C;Inx

- offr-okl)

xy*+y’ =x(—C2%) + C2i= 0

Initial conditions: y(2) = 0, y{2) =-%
0=C +Cn2
%=%’-=& C,=1C=-h2

Particular solution: y = —-In2 + Inx = In%

14=C

2
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29. Differential equation; x%y” — 3xy’ + 3y =0
General solution: y = Cyx + C,x®
Y =C +3Cx%y = 6Cx
xy" = 3xy’ + 3y = 2H6C,x} — 3x(C, + 3C,2?) + 3(Cix + ;%) = 0
Initial conditions: y(2) = 0, y{2) =4

0 =2C, + 8C,

¥y’ =C, +3C,x?

4=C, + 12€,

C,+4C, =0 1
c,+1zc,=4} C:=7p G=-2

Particular solution: y = —2x + %x’

30. Differential equation: 9y” — 12y’ + 4y = 0
General solution: ¥ = ¢*/3(C, + C,x)

1= 2, + C) + G = ehﬂ(%Cl +6,+2c,)
y'= %eﬁxﬂ(%cl +C+ %sz) + ezﬂ%cz = %ekﬂ(%c, +2C, + %sz)
. s 2 ,.\(2 2 (2 2 2
Oy —12y'+ 4y =9 Ee’* 'j'cl +.2C2 +§sz — 12(e2/3) gcl +C + ECZJC + de)(C, + Cx) =0
Initial conditions: (0} = 4, ¥(3) =0
0=¢C, + 3C)
4=(1)}C,+0) = C, =4
0=¢e%4 +3C,) = Cz=—§
Particular solution: y = e"fs(4 - g-x)
b _ d__x
N = =32 =T =
= 2 = x3 = X =l
y f3xdx B2+C ¥ fl+x2dx 2ll'l(1+.1:’)+C
(w=1+z%du=2xdx)
33.%=x;2=1—% 34.%=Jccmm:z
y:[[l—%]dx y=J-xcos(x3)dx=-;-sin(12)+C

=x—2Injx| + C=x—Inx2+C (= x?, du = 2x i)
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dy _ &y _ o2 _

SS.dx sin 2x S&dx tan? x = sec®x — 1
y=J’sin2xdx=—%0052x+C y=f(sec‘x—l)dx=tanx—x+€
(4 = 2x, du = 2dx)

3'[.%=xdx—3 Letu = +/x— 3,thenx = > + 3 and dx = 2udu.
y= ijx— 3dx= J.(uz + 3)(u)(2u)du

=2j(w‘+3u=)du=z(5;—+u=)+c=-§'—(x—3)5/=+2(x—3)=/=+¢

dy _ dy _x
38.dx-—xe"’ 39. ="y
y=fxe"d:=%e”+c fydy=jxdt
(u = x2, du = 2xd%) »y_=
=546
y2-x2=C
Q=xz+2 dr _
40. o 41 5 =005r
Iay=¢=fu=+z)¢ %=fo.05ds
28 In |r] = 0,055 + C,

y’=?+2x+c
r = PESHC = CRO05

42 %=0.05.s' _ 43. (2 +x)y’ =3y
Idr fﬂ.OSsds Jy 2+xdz
r=00252+C i ny=3m2+x)+MC=InC2 +x?
y=Clx+2p
M xy=y ' 48, yy’=sinx
dy _ [a&x Iydy=]sfnxdx
y x
2
y=hx+hC=hCx %=-—oosx+C,
y=0Cx

yl==2cosx+C
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X

Y= A

|
de_J.*.'l—4x‘dx

- -1 [ - ain-saa)

dx

y=—31- &3 +C

50, Vx+ /¥y =0

2o0na_2n
3 313 + €y I

P+ 32 =C

Initial condition: y(1} = 4,
@2+ (1pr=8+1=9=¢C

Particular solution: y*/2 + x3/2 =9

yi=l*x+C
Initial condition: y(1) =0, 0=1n*(1)+ C=C
Particular solution: y? = In?x = (In x)?

47. ylnx —xy’'=0
J“—’Z= LN (u=1nx,du=5"-)
¥ x x

Iny = S(n2% + €,

y= e(lﬂW"'q = Ceﬂ“)’/z

49, yy' - e =0

= e

"2
Le=e+C

y2=2+C
Initial condition: y{0) = 4, 16 =2 + C, C = 14
Particular solution: y2 = 2¢* + 14

5L ylx+ 1) +y'=0

& _ _

fgfeens

Iny= —(x;lz+C1
y=c¢-(x+l)’/‘4

Initial condition: y{—2) =1, 1 = Ce~'/2, C = ¢'/2
Particular solution; y = &1~ G+1V1/2 = g=(+24/2

53, y(1 +x’)%=x(1 +y?)

y S
1+y=d” T+ %

%ln(l +y7)=%ln(l +x3) + C,
In(1 +y?) =In{1 + % + InC = n[C(1 + 2]
1+y2=C(1 + %)
yO)=V31+3=C=C=4
1+ =41+

yr=3+ 4t
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54, le—x’%=le—y’

Ja=mriayay = [0 - anra
- = -t
0 = 1: 0=-1+C=>C=1

VIi-y¥=J1-x1-1

£— +3 —
56. ds—e' ee

je"’dr= e'ds
—eT=e&+C
eter=C
Initial condition: (1) =0, C=e¢ + 1
Particular solution: ¢* + e =¢ + 1,
r=-h(e+1-¢)

58. dT + KT — 70)dt =0

dT
T—170 "‘f‘*
In(T ~ 70) = —k¢t + C,
T-70=Ce"

Initial condition: 7(0) = 140;
40-70=70=C=C

Particular solution: T — 70 = 70¢™%, T = 70(1 + &%)

0 Lo

' dr 3x
3, [2
k@-L*
Iny=Inx®+InC
¥ =ca

Initial condition: ¥(8) = 2, 2* = C(8?), C = %

Particular solution: 8y* = 42, y = %x’/’

57,

59.

61.

Initial condition: u(0) =1, C =

el/2

L

e~1/2

Particular solution: u = £l ~son)/2

dP — kPdt=0

dP
?-J?

ImP=k+C,
P=Ce®

Initia] condition: P(0) = Py, P, = Ce® = C
Particular solution: P = Pye

dy  —9%
dx 16y
Imydy=— 9x dx

8y’=_Tgxz+C

Initial conditien: y(1) =1, 8 =

Particuler solution: 8y? = "Tgxz +

9 25
S+CC=3
25

?!

16y% + 9x2 = 25

Q=23 _
R

f3-4

2
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62. m=%=h=f 6. flny)=x—doy?+y
& _ [de fGx,09) =223 — dex12y2 + £ 3
y J=x = 5 ~ dxy? + )
hhy=Ihx+C,=lhx+InC=IhCx Homogeneous of degree'3
y==Cx
6 S = 6. flny)=2Inxy
, Slx,ty) = 2Intxey
Flox,1y) = — il ' - 2yy = 2
\/T;I-I-Ty’ 2lns2xy = 2(n¢2 + In xy)
_Pxy Not homogensous
r x’+y W
Homogeneous of degree 1
66. f(x,y) = tanfx + y) 6. f(x,y)=2|n§
f(ex, 8y) = tan(ex + ty) = tane(x + y)] oyt -
- fix, ty) = lna—Zln;
Homogeneous of degree 0
68. f(x.‘y)=tmf
=tan 2 = tan 2
flex, ty) = tan " = tan %
Homogeneous of degree 0
69. y——zxz.y"vx 70.y'=(x,++zﬂ
xy
dv _x+vx 2y = (x* + ) dx
vag =T xytdy = (3 y;),,+ .
dv 14y y=vw dy==x v
& 2 Y xvxPledv + va) = (2 + (=) dx
j fk Py + 2V = Rdr + VPP dx
1-v
xvidy = dx
—In(t — v)2 = In|x| + In C = In|Cx| .
(1—v‘}=|c"I TP
—=Ihjx| +C
= |csl :
[1—(y/x)]z
- e)l=3ln|x|+c
Gy~ lCxl = Clxl

= 323 In|x| + Cx®
Il = Ctx — 2 4 b
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92. —CONTINUED—

{a) If (x, ) is the point of tangency onthe y = x — &%, (b) Now let the transmitter be located at (—1, k).
then
Cpu_Y—h_x—2—h
l—2g=t=l_z=2-1 == 717 s+
x+1 x+1
. x—-2x2+1—-2x=x—-x2—h
—wHl-u=x-2—1
E * A+u=h=-1=0

(-2 + /4 +ah+ 1)
— x=
;=(—2*2‘M)=-1+J§ 2

=—-1+/2+h
y=x-2=3/3-35
J3+5 _6-33 S
1-0 1-3 + -
Th = - = o — h -
M —% -1+1-3 —/ 3V2+h—-h—-4
V3 =1+ x)(6 - 3/3) —L _h—3/2+h-h—4
= 6 — 33 + x(6 — 3v/3) “1-m -1-{-1+V25H)
B  2h+4-3/2+h
=M~1155 =" J_ -
o 6- 33 : -2 +h
Rtl_ 2+ h
© 1w B 2h+4-3/2+k
__ hv2+h
; BT oh+4—3/2+h
o 2
-3
There is a vertical asymptote at k = 4, which is the
height of the mountain.
93, Given family (circles): x2+y2=C 94. (a) Given family (hyperbolas): 2x? — y?=C
2+2)y'=0 4x — 2y’ =0
’—_£ y"=-—2£
4 y ¥y
Orthogonal trajectory (lines): y’=§ Orthogonal trajectory:  y’ = _%
y x* ¥ x
Iny=hx+Ink 2lny=-Inx+Iink
y=Kx 2=£
4 g *

-4
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95. Given family (parabolas): x* = Cy

96. Given family (parabolas): y2 = 2Cx

2% =Cy' 2yy’ = 2C
rYET 2fy x 4 y Zx\y 2
Orthogonal trajectory (ellipses): y= —% Orthogonal trajectory (ellipse): y' = —%
'2fydy=— xdx fydy=—fodx
x2 2
e -Eag 2o _asx,
2+22=K 22+ 9yt =K
P 4
-8 [] -8 []
-4 -4
97. Given family:  y? = G 98. Given family (exponential functions): y = Ce*
2yy’ = 32 ' y'=Ce=y
,_ﬁ_ﬁ(ﬁ)_éz ; . P
y'= 2 2y \e) "2 Orthogonal trajectory (parabolas): y
. . . p 2x
Orthogonal trajectory (ellipses): = —s—y- f ydy=— I dx
2
3J.ydy=—2.[xdx %'=—x+K,
2 = —2y +
EZL = -2 +K .
3 +22=K
4
=] ]
/ N
-4
99. False. Consider Example 2. y = x* 100. True 101, False
is a solution to xy’ — 3y = 0, but
y = x* + 1 is not a solution. %=("_ 20 +1) Flex,05) = 2% + P xy + 2
# 2 f(xy)
102. True )
x2+y2=2Cy x+y =2k«
dy __x & _K-x
d C-y dx y

x K-x K—-x2 2Kx-2 FP+2-22 y2_jx2

C-y 3y OG-y Wy-29 Bryi-2p gy !



434  Chapter 5

Logarithmic, Exponential, and Other Transcendental Functions

Section 5.8

1. y = arcsinx

Inverse Trigonometric Functions and Differentiation

lTos |1

@ T-1 [-08 |[-06 |-04 |-02 } 0|02 |04 |o6
F —1.571 | -0927 | -0.644 | 0412 | 0201 | 0| 0.201 | 0412 | 0.644 | 0527 | 1.5T1
®) ¥ (c) 2 (d) Symmetric about origin:
$ // arcsin{—x) = —arcsinx
= 0 Intercept: (0, 0)
-2
2. y = arccos x
@ | - I = =T T |
| x -1 -0.8 | -0.6 -04 | -0.2 0 0.2 04 0.6 0.8 1
|i 3.142 2499 | 2214 1.982 | 1.772 | 1.571 | 1.369 | 1.159 | 0.927 10.634 0
®) © 314 (d) Intercepts: (0, %) and (1,0)
No symmetry
-1 1
[}
3. False. - ( LAY (1 1,.)
1 =« A4 4
arccos = = —
2 3 ( _z) - (_ﬁ _z)
since the range is [0, ). —' 6 3' 6
(-v3 _)=(-v5-3)
S arcaini=2 6. aresin0 = 0 7. srccoss =T
2 6 ’ ) 23
- VAR =i
8. arccos 0 = 9, arctan 7 "6 10, arccot(—1) 2
11, arccac{— /2) = —% 12. mos(—%) - 26?: 13. arccos(—0.8) =~ 2.50
14. arcsin(—0.39) =~ —0.40 15. arcsec(1.269) = arcoos(l ;69) 16. arctan(—3) = —1.25

s 0,66
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Inverse Trigonometric Functions and Differentiation

“17. arctan0=0;1risnotintherangeofy= arctan x,

19. (a) sin(arctan i’) = %

20. (a) tan(amcos —?) = tan(%) =1

23. y = cos{arcsin 2x)
@ = arcsin 2x

y=cosb=1- 45 —p
25, y = sin(arcsec x)
6=arcsecz,0S 0S m 6% 7
i a
i AT
The absolute value bars on x are necessary because of the

restriction 0 € 0 < m, @ # /2, and sin 8 for this domain
must zlways be nonnegative,

X
ZM_M( 3) i
0='m'cse::£ = 3
3
y=tanf= -9

435

18. y = arcsin x represents the inverse of the restricted sine
function where —1 S x < land —m/2 S y < 7/2,

(b sec(a.rcsin §) =1

Ly
£y

()] eos(arcsi.n 1—53-) = -:% 13 ‘ s

® o o - 5)] = -2
12
Te
' -5
13
{_S5\]_ _SsVAI Ji
& t““[“"‘““( )] T b
H -5
24. y = gec(arctan 3x) W~
0 = arctan 3x ' S EX
%
y=secfh= .9z +1 1
26. y = cos(arccot x) W=rey
0 = arccotx i
= = x *
y=cosb= e
28. y = sec[arcsin(x — 1)]
1
6 = arcsin(x — 1) y L
y=sechd= _2;1——1:_’ Vi@
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- X - oy l T ( , ﬂ)
2. y csc(arctan J’I’) . 30. y = cos| arcsin — . -
x . ., X—h
0= arctan-ﬁ V2 # = arcsin - Y s3]
U p—, v
e YETE = cop g = L= B
x r
2x
1. si = -
31. sin(arctan 2x) s e 32, s
. f=8
-2 2
B L~ Fes i \
A -5
ory Asymptote: x =0
Asymptotes: y = +1 X
eIt 2
e ﬂ
- 2 =2
tan 6 = 2x ‘ = cos 6 = 3 e
sin @ =— s '
A+ad tn|p = A

33, (2) arcescx = m'csin%. [x] 21

Let y = arccsc x. Then for

w

w
25y<0and0<ysz,

cscy = x => siny = 1/x Thus, y = arcsin(1/x).
Therefore, arccsc x = arcsin(1/x).

34. (a) arcsin(—x) = —arcsinx, [x] £ 1.
Let y = arcsin(—x). Then,
—x=siny = x= —siny = x = sin(—y).

Thus, —y = arcsinx => y = —arcsin x. Therefore,
arcsin(—x) = —arcsin x.

35. f(x) = arcsin(x — 1) 814

x—1=siny

ii),

{
Domain: [0,2] _MEO' £l

=1
x=1+siny j

™ m

Range: [—-2; 2]
F(x) is the graph of arcsin x shifted 1 unit to the right.

(b) arctanx+a:ctanl=z,x >0
x 2
Lety = arctan x + arctan(1/x). Then,

tan{arctan x) + tunarctan(l /x)]
1 — tan(arctan x) tan[arctan(1/x)]

_ x4+ (1/2)
1 —x{1/x)

- ﬂ’o@ (which is undefined).

tany =

Thus, y = /2. Therefore, arctan x + arctan(1/x) = 7/2.

(b) arccos(—x) = « — arccos x, |x| < 1.
Let y = arccos(—x). Then,
—x=cosy = x=—cosy => x = cos(w — y).

Thus, 7 — y = arccos x =» y = 7 — 8[CCOS X,
Therefore, arccos(—x) = o — arccos x.

36.f(x)=arctanx+%
ey
8

Domain: (—oo, o0)

Range: (0, m)
F(x) is the graph of arctan x shifted #7/2 units upward.
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37. f(z) = arcsec 2x 828 38, fix) = moos(%) 38
_ (~4.%) |
2= seey o - N
= = CO8
x=-;-secy _""_"J ({':)..-—’ s : ¢ g (I \.u:.ms
r x=4cosy =7
Domain: (—oo, —%], [%, oo) Domain: [—4, 4]
Range: [0, 7]
e o3 1.
39, arcsin(3x — m) = 1 49, arctan(2x) = —1
3% ~ 7 = sin(l) 2« = tan(~1)
x = §sin(}) + ] ~ 1.207 x =4 tan(—1) ~ —0.779
41. arcsin/2x = arccos /x 42, arccos x = arcsecx
Vax = sin(arccos ﬁ) X = cos(arcsec x)
V= JT=z0<z21 o1 JP?T
A=1-x * ] g
i
1 A x==l]
x=3 v
43. £(x) = 2 arcsin(x — 1) 44, (t) = arcsin 12
*2 2
i) =- = _x
Vi-G-1F /-2 f’(r)_—__‘/f-—ﬂ
48, g(x) =3 arccns% 46, f(x) = arcsec 2x
iy o —3(1/2) -3 = 2 _ 1
S(x)—‘ﬁ— = e |2x] 4a? = x| /422 = 1
47. f(») amtanf 48. f(x) = arcten V%
{1 1), 1
J6) 1 +1(./tg/a’) =z _T_xz ) = (1 +I)(2J§) 2/x(1 + x)
49, g(x) =arc_sin£ 50. A(x) = xarctan x
o) = r[3/,.1—9.::|-arcsin3x h’(x)=1—:—;+arctanx
_ 3x =1 — 9% arcsin 3x
21— 922
51, A(r) = sin(arccos ) = /1 — 22 52. f(x) =.arcsin i + arccos x =%’

VT "o fw=o0

WO =30 - -2y =



-

438  Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions -

53, y=%(%]n%}-+mtanx) 54, y=l(xJ1Tx_’+arcsinx)
= Yinx + 1) - 1nx — 1] + Sarctanx -1 ,__)+J__+ A
4 2 dx = ~
11 1 /2 _ 1 =/1-27
%_Z(x-!-l-_x—l)+l+x3_l—
85, y=xarcsing + V1 — 2 56. y= xartan 2z — 31n(1 + 45)
b _ 1 o - .
dx M) L 1-x B % =1 -?4,:;2 + arctan(2x) — 7:(]%) = grctan(2x)
57. f(x) = arcsinx, %
1
O ===
X
% == pm

-2
o~

PO) =50) + £~ D =F + 50~ D

Pis) =) + £ = 1) + 37 - 12 =T + 3 — -4 -1p

59, f(x) = arcsecx — x 60. f(x} = arcsinx — 2x
) = e 1 - 0 - — 1,
/2 =1 F@= =2 Owhen /T =2 = 3 or
= Owhen |x] V¥ -1 =1. - iizg._
2r-1)=1 5
J:‘—x’—1=0whenx’=1+2‘/§or f”(x)=(1—_xz)m

x=:|:\,11_+TJ_§=:I:l.272 f(§)>o /i )

Relative minimum: (—. -0.68
Relative maximum: (1.272, —0.606) 2

Relative minimum: (—1.272, 3.747) f'(-—%) <0
Relative maximum; ( ‘f oea)
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6L (a) h(8) = —16:2 + 256
—16¢2 + 256 = O when 1 = 4 sec.
_~h _ -16F + 256 n
®) tan 6= 306 = 00 A
16 .
= g2
. 8 a.rctan[sm 7+ 16)]
dg _ —81/125 _ —1000¢
1+ [(4/125)(—:’ + 16)2 15,625 + 16(16 — £2)2
When ¢ = 1, d8/dt =~ —0.0520 rad/sec.
When ¢ = 2, d8/dt = —0.1116 rad/sec,
62. wsﬂ—ﬁg ‘
g 2
0= arccos(@-) 4‘ !
g 750
NGk ol (INE_ 70
&t ds dt /1 - (50757 & Jdt 5? — 7502 dt
tan(arctan x) + tan(arctany)  x + y
63. tanfarctan x + arctany) = 7= tan(arctan x) tn(arctany) 1 — 5y 7 1
Therefore,
arctan x + arctan y = arctan(lﬁ_i.%),xy #* 1.
Letx=}oandy =1,
i ). 1/ +(1/3) _ s,fs 5/6 _m
""'“(2) * ”“‘““(3) T T /2y - /3] T TR T (1) Mtan g = arctan ] =
64, (a) Let y = arcsin . Then {b) Lety = arctan u. Then 1
+ i
cosy -y’ = u’ ] sec’y%= T
Q i u’ _ 'u.-
dt cosy /ST—u@ - __u
2
(¢) Lety = arcsec u. Then & e’y 1+
Cy = u " T (d) Lety = arccos u, Then 1
COSYy =u T-u
secytanyﬂ= w’ J
& —siny—==y .
w dx
& _
dx secyta.ny ]u],/uﬂ ‘_12=_i’_=_ u’
dx y V1=

Note: The absolute value sign in the formula for
the derivative of arcsec  is necessary because the
inverse secant function has a positive slope at every
value in its domain,

—CONTINUED—
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64, —CONTINUED—
(¢) Let y = arccot u. Then
- coty=u

1+u

—-csc"ydx=u'

’ ’
[

= L =
dx  —csc?y 1+

65. fix) =kx +sinx
P =k+cosx 2 Qfork 2 1
FE) =k+cosx s Ofork S —1

T

(D) Let y = arccsc & Then

cscy =u 1
—cscyooty%=u’ S
dy  _ w L

dx —cscycoty = ‘|u| Jur =1

Note: The absolute value sign in the formula for the
derivative of arcesc u is necessary because the inverse
cosecant function has a negative slope at every value in
its domain.

Therefore.f(x)=br+sinxisauicﬂynmnomnicandhnsaninveneforks —lork 2 1.

66. f(x) = sinx
g(x) = arcsin(sin x)
(a) The range of y = arcsin x is -m/2 £y S af2
() Maximmum: /2
Minimum: —7/2

67. True

d 1
'd_x[mx]=l+x3 > O forall x.

69. True
d sect x sec? x
Jerctan(tan )] = 1" s = oty =

ot

68. False

The range of y = arcsin x is [—%.—12!].

70, Falsc

2
arcsin’0+arccoszo=0+(1—;) #1
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Section 5.9  Inverse Trigonometric Functions and Integration

1 Letu=3xdu=3dx

j:ls s dx J.llsmn:s)dx [ mmn(sx)]m =1_1;

o‘/4—x 2lo 6

3. Letu = 2x,du = 2 dx.

in | ik S 1 g
,[, 1+4x=d"=EJ; T+ @zp% [zmm(z")]o i

[ ], - 2
AT+ AT 3J‘36

1 . 2 1 1 (x—l)
k= |k = +c v |y dx = > arctan{ =) +
SJ‘x\-"tlu’-—l fsz—)—(zx=—1"‘ s °f4+c=-1)=“"‘ 3 7 )*t¢

2 1,1
Ix,+1¢ f 1’+1 J-dx——x“_ldx—?“ ln(x3+1)+C (Use long division.)

* -1 1 1 R
8..,.134_1 I)dx=?’ x+C 9.J-T_J_ﬁdx—mn(x+l)+c
10, Letu = ¢2,du = 2t dt. 11, Let e = 2, du = 2t dr.
1. g t o 1f 1 1
I:‘+16 I(4)=+(:ﬂ=”)d' gaemng ¢ fm“‘:f‘W”’“‘:“‘“““”*c
12. Letu = 2, du = 21 dx. 13, Letu = aretn s, do = —Ls .
J‘ dx J.—-'{Zx)dx l"‘/_lu't;:uin.\: _[1 . ]llf_ﬁ‘_
it J(?) z A \/T:? = |~ arcsin . 7 0.308
=1 b
-4nrcsec2+C
14, lztu=arceosx.du=—‘/ll_?dx. 15.L:tu=1—x3.du'= —2xdr.
13 VA j x 1 —1/2(—
Arccos x — arccos x dx=~ (1 -3V (—2) dx
dx = — —_—dx - - . 2]
I O [
/42 === _M3-2
=[—%ar<:c.os2:|:]'J =%~0.925. [ ! 12]—112 2

=~ —0.134
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16, Letu =1 + 22, du = 2x dx. 17. Let u = &, du = 2> dx.
dx = L arctan &
an f T s j4+(&r)z gen T+ €
- [iln(l + xz)]:/i - 2
1 2 1 [1 (—2)]1 VIw
— = ——dx = | —arctan| —— = ——
18'[3+(x—2)2d” £|,/§)=+(x-2)2 3 J3/hT 18
19. Let # = cos x, du = —sinxdx. 20.Letu=\/§,du-?dx
T ginx —sinx
——dx = — dx 1 1
J; 1 + cos®x J- 1 + cos?x I_, = j -
/2 . /2 ] Ji(l+x)dx 2 1+u2d" 2 arctan{u)} + C
= [-—m‘t:tzm(::os.7:)]",2 =% = 2arctan(\/.;) +C
2 1 J'z 1 [ ]: T
Nt | = - ==
A J;x’—Zx+2dx LT+ (k- 12 arctan(x — 1) | =5
T _ 1. x+3' _ @
22. _,f+6x+1§d”'j_,(x+3)=+4d"‘[2"°“'“ 2 ]_ T8
2x _ 2u+6 1 o 2%+ 6
”‘fﬁ+6:+134”“ 2+ 6x+13 6fx’+6:+13dx J-I"+ﬁx+13dx ﬁj4+u+3)=d’

=1n|x2+6x+13]73arctan(x;3)+c

2x+ 2
24',L’+2x+2dx-[x"+2x+2dx_7f1+(x+1)2dx In|x® + 2x + 2| —~ 7arctan(x + 1) + C

1 1 x+2
. —— =] —_— -+
25 J.”_—_ = 4xdx j — zzdx arcsm( 2 ) c

D ST ES S _
%.IV__.W& J: o l)zdx arcsin(x — 1) + C

21.Letu=—x=-4xdu=(—2x—4)dx. 28, Letu = 2 — 2x,du = (2x — 2) dx.
x+L: = —— 1/2 J. x—1 =l = =-1/2 -—
jx___xz_ﬁxdx (-2~ dxy V=22 — &) dx =0 - 20V - D)
=-/2-&+C =J/2-2%+C
29, P u-3 a'.x— : e I(u 274 - 2x)dx+f
2'»..4x_ w‘ 4x 12 44 (x ?.jz

[ —2/4x — x* + arcsm(x ] -2/3 + -16! = 1,059

1— = for 1: = —
. J(I—l)s/x’—Zxdx J‘I_.r—u\,-'(x_l)z_ld" arcsec|x — 1| + C



443

Section 5.9 __Inverse Trigonometric Functions and Integration
31 Letu=2x+ 1,du = 2xdx. 32. Letu =2 — 4,du = 2xdx.
=i [ =i e
=%arctan(x’+l)+c =%arc ("154)+c
33.(;)J.Jll__fdx=msinx+c.u=x (l'.w)J‘\/lx__l‘zdx=—\/ﬂ+c.m=l—1f2
(© fx ﬂdxcmotbeevaluamd using the basic integration rules.

3. () je" dx cannot be evaluated using the basic integration rules.

=1 -
(b) J.Ie"dx—ze"+C.u—x’ (C) J.%el/xdt=_elf:+c?“=

=

35 (@) fJx—ldx=%(x—l)’”+C,u=x—l
(b) Letu = /x — 1. Then x = 12 + 1 and dx = 2u du.
fo__x— 1¢x='f(u=+ 1)()(20) dt = 2 (u4+u=)du=z(§+§)+c

=%u’(3u’+5)+c=l—zs(x—1)312[3(.7:--1)+5]+C=%(;_1)sjz(3x+2)+c

{c) Letu= /x— 1. Thenx = 4> + 1 and dx = 2udu.
"X _ | +1 _ ) = of¥ 2 _2 —
J.J;__ldx—j—"—&u)du—lf(u’+l)du 2(3+u)+c—3u(u=+3)+c—3Jx 1x+2)+C

Note: In (b) and (c), substitution was necessary before the basic integration rules could be used.

36. (a) fl _'1_ = dx cannot be evaluated using the basic integration rules.

® flffd’:lfi +2x(1275dx=%arctan(x3)+c.u-x’

=1 -
(c)f1+x4dx I1+x‘ —41n(1+x‘)+C,u 1+ x4

3. Letu= /@~ 5. Thenu? + 3 = ¢, 2udy = ad:m:,"f"s .

(2w, B 1
[0 [ aum fran- ot

=2u—2ﬁuctan—‘;—§+c=2Jé—3—2J§mtan

3. Letu=/x— u’+2=x,2udu=dx
N W +6-6, . 1
x+1dx u=+3 vy H=2du-6 u3+3d"

6 7]
=2u - + 2/x—-2-2
3arctanﬁ C=2Jx /3 arctan
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ot ’ ®»2=—2-00

y=3J.l—i-x-F=3arctanx+C

(0,0:0=3arctan(0) + C = C=0
y = 3 arctan x

40. (a)

(b) % =x./16 — }’2. (o! —2)

3 3
1 1
'"'4"_£x=—2r+1+4“"I,(x—1)=+z=d"

= [% m(i‘;_‘)]: = 2 arctan(1) = 5 ~ 0.3927

43. Area = (1{1) =1 44, jlmﬂnxdx ~ 00.571
Matches (c) ’

¥
i

¥

,5_.
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1oy _ L _ o7 _ _
45.(a)Lmdx-[4arctanx]o=4amtml—4arctan0—4(z) 40)=m

(b} Letn = 6.

' 4 1 4 2 4 2 4 1
g J:, T+a%"~ 4(3)[1 Trae tTram T Tr @ T 1T @9 T+ esEe 5] = aseE
(c) 3.1415927

]:+2 p)
6 FA=3), med

(8) F{x) represents the average value of f{x) over the interval [x, x + 2]. Maximum at x = —1, since the graph is greatest on
(-1,1}

(b) F(x)=[arctam]: z=arctan(x+2) arctan x

1 .l 0+ -2 +4ax+5) —4(x + 1) _ .
e P 137" @+ 0@ 4+9 T @ D0t axts) O vhenz= -l
L_ &
Jaxr -2
(@ 6x—x2=9—(x~6x+9) =9 — (x— 3)2 © 4
¥
1 _ dx i =3 1
f ﬁ“”‘f So=(- 3 “"""(‘_s )*C - ,,._:*"" 7
®) u= /%1 =x 2udu=dx =
Jr The antiderivatives differ by,
f*ﬁuz u42udu) fﬂdu Zmnn(‘/g)+c szE +C 2 constan, /2.
Domain; [0, 6]
d ] 1 u '__ u’
m(”ﬁm(;)+c]-ﬁ17_51-uaz(_') = a

Thas, fJ‘"_ = arsin(%) + c.
® d-‘[ wotm ] all+ Ei‘;aﬁ] 1 @l {a? +ua:=)/a=] s :- @
Ia’+uz a’l-:-uzdx arctan-+C

(c) Assume u > O,

—[ arcsec — +C] [(u/a)\/fg:_zfi—_] l[ﬁ]=ﬁ.mﬁauu<mshmﬂhﬁna

similar manner.
du 3 u’ _1 Iu]
Thm'fu\/u’_—? J.uq?—_a’dx 5 omsec 2 + C,
49, (@) v() = —32¢ + 500 £
0 20

~—CONTINUED—
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49, —CONTINUED—
o st = Jv(t) dt = J.(— 32¢ + 500) dt

o fatpenfe
= —162 + 500: + C
K
5(0) = —16(0) + 5000) + C =0 = € =0 J——- (\/:21:)——”01
s(f) = —16:2 + 500z \/T
arctan| « / —=v] = — /32t +
When the object reaches ifs maximum height, ¥(9) = 0. ( 32") e
We) = =321 + 500 = 0 J%v=m(c_mt)
—32¢ = —500
t = 15.625 y= .:% tan(C - /3% ‘)
[r— 2
5(15.625) = — 16(15.625)% + 500(15.625) O (e e T
— 390625 ft (Maximum height) have

- Vielrfon )

(@ Whenk = 0.001, »(?) = /32,000 tan|arctan(500., 0.00003125) — /0.032 .

w(f) = 0 when r, = 6.86 sec.

6.86

©h=| /32,000 tan]arctan(500./G.00003125) — ~/0.032 4 dt
]

Simpson's Rule: n'= 10; h == 1088 feet
(f) Air resistance lowers the maximum height.

50. Letf(x)=a:ctanx—1—f§
', 1_12 _ 212
f) = 1+:¢2 QTR Qs > frx>0

Since £(0) = 0 and fis increasing for x > 0, arctan x — ﬁ > Oforx > 0. Thus,

X
arctan x > i.+_xz

Let g(x) = x — arctan x

g'(.w:)=l—r|_1—x—z 1fxz>0fl:)m:>0

Since g(0) = 0 and g is increasing for x > 0, x — arctanx > O forx > 0. Thus, x > arctanx.
Therefore,

X
1+xz<arctanx<x.



